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oreface

This book originated out of our activities in developing materials on the use of hand-
held calculators by real estate executives. More specifically, over a period of four
years, we have been involved in presenting a short course on real estate financial analy-
sis for the Costa Institute of Real Estate, Edwin L. Cox School of Business, Southern
Methodist University. For several years we have been interested in organizing the formu-
las and methods for solution in financial analysis into a form that would be directly
usable on hand-held calculators. This effort resulted in publishing the book Financial
Analysis Using Calculators: Time Value of Money. In this prior work, we attempted to
reorganize and integrate the traditional topics into a form that is suitable for use by
practitioners in modern financial applications. In this early volume, we also attempted
to develop material that would be applicable on all types of hand-held calculators, from
the simplest manual calculators to the most advanced programmable units. Such material
has its proper place but we have something much more specific in mind for the current
volume, which is described below.

What we hoped to develop for the Costa Institute was a very pragmatic short course that
would spell out how to solve problems in real estate financial analysis by use of hand-
held calculators. In order to present in a clear, concise manner how to solve real es-
tate financial problems on a calculator, we organized the course around one and only one
popular financial calculator, the Hewlett Packard HP-12C. The selection of such a calcu-
lator with its enriched financial function keys enabled us to eliminate the use of tables
and extend the methods to problem areas that are usually considered too involved or com-
plex using traditional methods and tables. As this course became popular with real es-
tate executives, appraisers, consultants, bankers, accountants, lawyers, and students, we
had repeated requests to develop material that could be used in the short course and for
future reference.

This is the book that emerged and its description is given in Chapter 1. Typically, in a
short course, we will work through essentially all of the material in this book in 16 to

18 classroom hours. We do believe that the same material can be covered on a self-study

basis by individuals who have a background in traditional real estate financial analysis

but no prior exposure to financial hand-held calculators.

We would like to express our gratitude to the late Professor Robert 0. Harvey, Chairman
of the Real Estate Activity and Director of the Costa Institute at the Edwin L. Cox
School of Business. We shall miss him as a friend and colleague who was always encour-
aging and enthusiastic about this work to which he made a contribution.

We also would like to express our appreciation to Ms. Jean Long, Assistant Director of
the Costa Institute, for her cooperation in organizing the short courses. We owe thanks
to the Word Processing Department -- Mary Kesner, Edith Benham, Bonnie Campion, Madelon
Gafford, Wanda Hanson, Betty Johnson, Patricia Shield, Nancy Thomas and Bess Vick -- who
diligently worked on the manuscript through all the phases of its production.

Elbert B. Greynolds, dJr.
Julius S. Aronofsky

vi



AN INTRODUCTION

This book deals with financial applications that will be useful to real estate profes-
sionals and real estate students. The emphasis is on the use of hand-held calculators as
a tool to analyze the many financial problem situations that realtors encounter in the
conduct of their practice. More specifically, this book deals with the use of a special
class of hand-held calculators in real estate analysis: namely, financial calculators.

In recent years, changing market conditions and high interest rates have forced many
changes on individuals who perform financial analysis. New types of mortgages and other
“"creative financing" arrangements require analysis that is either difficult or impossible
with traditional tables. As a result, real estate professionals have found that finan-
cial calculators are devices uniquely designed to satisfy current financial analysis re-
quirements. Examples of such problem situations are analysis of investments, regular
mortgages, graduated payment mortgages, wrap-around mortgages, variable payment leases,
and other financial arrangements where time value of money plays a critical role. Al-
though several financial calculators are available in the marketplace, a particular fi-
nancial calculator was selected for use in this book: the Hewlett Packard HP-12C.

PURPOSE OF THIS BOOK
The purpose of this book is to:

1. Present self-study material on how to use the HP-12C calculator to solve commonly
occurring real estate problems in financial analysis.

2. Demonstrate how the fundamental concepts in time value of money can be used to
extend the use of the HP-12C calculator to solve more advanced real estate prob-
lems.

3. Provide sufficient drill and exercise material so that this text can be used to
help study for certification examinations.

4. Introduce a unique template-format approach that will enable a busy manager to
solve advanced problems essentially by "filling in the blanks" in the template.
The manager can also prepare a template and give it to a subordinate for solution.
The template serves as a "hard copy" record of the analysis for later reference.

5. Aid managers who do not perform financial analysis on a day-to-day basis. All ap-
plications in this book are self-contained, so the manager fills in the informa-
tion required by the template and solves the problem. For problems without tem-
plates, the user is shown how to develop the appropriate input values using either
time-line diagrams or "canned" programs.
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6. Show the manager how to enter and execute a canned (pre-written) program. A
number of useful programs are included in the book. These programs include amor-
tization schedules for regular, graduated payment, and constant principal payment
mortgages, construction loans, graduated payment loan schedules, and financial
management rate of return as well as other programs.

READING THE BOOK

The following chapters are based on discussions with attendees of the short course de-
scribed in the Preface. In developing the format for the following chapters, consider-
able effort was given to a clear and concise presentation of the more complex problems
that are emerging due to changing money markets and the decline in availability of fixed
rates and/or fixed-term mortgages.

No attempt is made to present a complete story on the HP-12C calculator, nor on the fun-
damentals of time value of money. However, sufficient material has been included so that
the following chapters are reasonably self-contained, assuming the reader has ready ac-
cess to the HP-12C Owner's Handbook and Problem-Solving Guide, (2),* and will refer to it
occasionally. For additional materials on the concepts of time value of money the reader
is referred to the book by Greynolds, Aronofsky, and Frame (1).**

Based on our short course experience, we recommend two approaches for reading this book
-- one for the reader who is well-grounded in time value of money theory and another for
the reader who intends to use the book for a self-study program.

For the reader well-grounded in time value of money, the recommended sequence
is:

1. Read Chapter 2 which covers the function keys and keystroke procedures necessary
for performing the analysis techniques in the book.

2. Read Chapter 3 to become familiar with the terminology and financial function
keys.

3. Read pages 163 and 164 of Chapter 8 to learn how canned programs are entered and
executed with the HP-12C. Then perform the monthly mortgage amortization schedule
application on page 165.

4. Go to the application of interest in the book.

For the reader intending to use the book for a self-study program, the recommended se-
quence is:

1. Read Chapter 2 and work all examples in the chapter. This provides practice with
the function keys and keystroke procedures used for analysis in this book.

2. Read the sections of Chapter 3 entitled "The Equivalent Value of Money" and "Com-
pound Interest." This provides the basic theory for the applications in this
book .

3. Read the section of Chapter 3 entitled "Unequal Multiple Cash Flows." This ex-
plains present values and interest rates (IRR) and how they are calculated on the
HP-12C.

*See Reference (2) in the Bibliography.

**See Reference (1) in the Bibliography.
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Work the following applications to reinforce the material on unequal multiple cash
flows.

Chapter 7 a) So]v;ng for the Price (Present Value of a Graduated Payment Mort-
gage

b) Solving for the Yield of a Graduated Payment Mortgage

Chapter 5 a) Solving for the Present Value of a Lease with Variable or Grouped
Payments

b) Solving for the Interest Rate of a Lease with Variable or Grouped
Payments

Read the sections of Chapter 3 entitled "Equal Multiple Cash Flows" through "Ordi-
nary Annuity." This explains how to use the Financial or Annuity keys and ordi-
nary annuities.

Work the following applications to reinforce the material on ordinary annuities.

Chapter 4 a) Regular Mortgages
Amount of Mortgage Payment
APR of Regular Mortgage
Price of a Regular Mortgage - Scheduled Payments Assumed
Remaining Balance of a Regular Mortgage

b) Balloon Mortgages
Amount of Payment
APR for Balloon Mortgages
Price of Mortgage with Balloon

Read the section of Chapter 3 entitled "Annuity Due."
Work the following applications to reinforce the material on annuities due.
Chapter 5 Ordinary Leases

Solve for Lease Payment

Solve for Yield on Lease

Solve for Present Value of Lease

Read pages 163 and 164 of Chapter 8 to learn how canned programs are entered
and executed with the HP-12C.

Work the following applications to reinforce the material on canned programs.
Chapter 8 a) Monthly Mortgage Amortization Schedule

b) Annual Mortgage Amortization Schedule

c) Amortization of Constant Principal Payment Loans

Read Chapter 9, enter the Financial Management Rate of Return program and solve
the example.

Read Chapter 10 and then solve the two wrap-around mortgage examples in Chapter 7.

After following the above schedule, the reader should be able to solve all applications
in this book.

ORGANIZATION OF THE BOOK

Chapter 2 presents the KEYSTROKE FUNDAMENTALS for the HP-12C. The point is made in this
chapter that careful study of the keystroke instructions is a prerequisite for applying
the calculator to the applications outlined in subsequent chapters. No attempt is made
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to explain all the function keys on the HP-12C, but the function keys and procedures
necessary for solving the applications in this book are explained.

Chapter 3 introduces some fundamental concepts on the TIME VALUE OF MONEY. It is strong-
ly recommended that you review the material in this chapter on how to use the grouped
cash-flow keys on the HP-12C to solve a broad class of problems. Also a distinction is
made in this chapter as to when to use the so-called financial keys, or the annuity keys.
Both the "grouped cash-flow keys" and the "financial keys" will be used in subsequent
chapters with an indication when one set of keys is applicable or even preferable to the
other.

Chapter 4 covers in some detail how to make calculations related to REGULAR MORTGAGES and
BALLOON MORTGAGES. Most of the commonly-occurring problems for regular ordinary mort-
gages are presented here, almost in the form of a catalog, along with a reusable template
for each problem situation. The "blank" template is reusable in the sense that the user
first has to identify the correct template for a particular problem situation and then
simply fill in the "blanks" with specific data in the order requested.

Chapter 5 deals with LEASES. The key difference between the material in Chapters 4 and
Chapter 5 is that for ordinary mortgages the payments occur at the end of each payment
period whereas for leases the payments occur at the beginning of each period. In many
ways Chapter 5 is a companion to Chapter 4 and builds on the material already learned in
the prior chapter.

Chapter 6 covers the three commonly used methods for DEPRECIATION -- straight-line,
sum-of-years'-digits, and declining balance. Such material on depreciation is in-
troduced here to set the stage for solving more advanced problems on an after-tax
basis. Again the same blank-template approach is used to present the keystroke se-
quences.

Chapter 7 introduces you to a group of SPECIALIZED MORTGAGES. A manual keystroke
template and a program are provided for computing the payment schedule for a grad-
uated payment mortgage. Templates are also provided for determining the price and
yield of a graduated payment mortgage. Deferred mortgages are treated in depth with
templates provided for computing the payment, price, yield or balloon. Two wrap-
around mortgage procedures are discussed. A simple wrap-around procedure and tem-
plate are provided where both mortgages have equal terms. A second procedure for a
complex wrap-around allows any combination of mortgage terms and payments. Two pro-
cedures with templates and programs are provided for determining the yield on con-
struction loans. The interest on the loan can be included or omitted from the
periodic draw.

Chapter 8 deals with AMORTIZATION of regular mortgages, variable payment mortgages,
graduated payment mortgages, constant principal payment mortgages, and deferred
mortgages. For each mortgage type, a manual template and/or program are provided.
The procedures are designed for calculating a monthly or annual schedule. The ex-
planation of how a canned HP-12C program is entered and executed is explained in
this chapter.

Chapter 9 explains the concept and solution procedure involving VARIABLE CASH FLOWS
for net present value and internal rate of return. The problem of multiple internal
rates of return that can occur when multiple negative cash flows are present in the
cash-flow stream is discussed, along with the calculator procedure necessary to find
the rates. One alternative to IRR, Financial Management Rate of Return, is dis-
cussed and a program provided for computing the value.

Chapter 10, EVALUATING PROJECT USING CASH FLOWS, shows you how to combine the tech-

niques contained in the previous chapters for evaluating projects using cash flows.

Because such projects often differ, several examples are employed to demonstrate the
underlying solution procedures. The chapter also shows you how to calculate annual

effective interest rates and how to convert interest rates.



KEYSTROKE FUNDAMENTALS

The keystroke techniques needed to master the HP-12C for this book are introduced in this
chapter. Careful study of the keystroke instructions is prerequisite to applying the ap-
plications outlined in subsequent chapters.

The Timited keystrokes described here may be found, also, in the HP-12C Owner's Handbook
and Problem-Solving Guide. For an in-depth discussion of the features of the HP-12C,
refer to the Owner's Handbook.

A number of programs -- sequences of calculations placed in the calculator that can be
activated as a unit -- and their applications are described in subsequent chapters. In-
structions for programming are not included. For programming instructions, refer to the
Owner's Handbook.

ARITHMETIC

HP calculators use a logic system for arithmetic called Reverse Polish Notation (RPN).
For details of RPN, refer to the manual, Your HP Financial Calculator, which accompanied
the user manual. Numbers are entered first, then an arithmetic operation (+, -, x, %) is
performed. Adding two numbers, for example, requires entering the numbers and then
pressing the [+] key.

The basic procedure is:

1. Enter the first number, then separate it from values entered subsequently by
pressing [ENTER].

2. Enter a second number and press the appropriate symbol, +, -, %, or X, to perform
a calculation.

3. To use the displayed result in a calculation, key in another number and press the
arithmetic operation (+, -, #, or X).

Complete the following arithmetic calculations:
EXAMPLE 1:

?

?

?
0+5+8=7?

. 2
. 7
. 6

2

S wn =
> 1 +
S oo
oo

Keystroke Solution:

Procedure Keystrokes Display

1. a. enter 2 2, [ENTER] 2.00
b. key in 5 5 5.
c. add + 7.00
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Keystroke Solution: (continued)

Procedure Keystrokes Display
2. a. enter 7 7, [ENTER] 7.00
b. key in 5 5 5.
c. subtract - 2.00
3. a. enter 6 6, [ENTER] 6.00
b. key in 4 4 4.
c. multiply X 24.00
4, a. enter 20 20, [ENTER] 20.00
b. key in 5 5 5.
c. divide + 4.00
d. key in 8 8 8.00
e. add + 12.00

Always anchor the first number by pushing the [ENTER] key immediately after entering it.
Sometimes it is appropriate to use a negative number. Enter a negative number in two
steps: 1) key in the number, and 2) press the [CHS] key. The [CHS] key changes the sign
of the number shown in the display. Pressing [CHS] changes a positive (+) display number
to a negative (-) number, and changes a negative number to positive.
Example 2 shows a series of arithmetic operations that use the same steps as in Example
1, but only the first number is followed by [ENTER].
EXAMPLE 2:

(-6 +5) X33 (-1) =2

Keystroke Solution:

Procedure Keystrokes Display
1. key in 6 6 6.
2. change sign CHS - 6.
3. Enter [ENTER] - 6.00
4, key in 5 5 5.
5. add (-6 + 5) + - 1.00
6. key in 3 3 3.
7. multiply (-6 +5) by 3 X - 3.00
8. key in 1 1 1.
9. change sign CHS - 1.
10. divide (-6 + 5) X 3 by -1 + 3.00

The [CHS] key is pressed before pressing [ENTER] or an arithmetic operator (+, -, X, %)
as indicated in steps 2 and 9.

Example 3, below, illustrates the difference between using a negative number and com-
pleting a subtraction operation, and also demonstrates the use of the decimal point key

C.1.
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EXAMPLE 3:
(-7.5 -5+ 2.5) + 4X6 =2

Keystroke Solution:

Procedure Keystrokes Display
1. key in 7 7 7.
2. key in decimal point [.] 7.
3. key in 5 5 7.5
4, change sign CHS - 7.5
5. enter [ENTER] - 7.50
6. key in 5 5 5.
7. subtract 5 from - 7.5 - - 12.50
8. key in 2 2 2,
9. key in decimal point [.] 2.
10. key in 5 5 2.5
11. add 2.5 to -12.5 + - 10.00
12. key in 4 4 4,
13. divide -10 by 4 + - 2.50
14. key in 6 6 6.
15, multiply -2.5 by 6 X - 15.00

The calculator always shows a decimal when a number is entered. This decimal point is
assumed to be to the right of the last number entered unless the decimal point key is
pressed [.] as in steps 2 and 9 above. Pressing [.] fixes the decimal point location
for the number in the display. The (-) in front of 7.5 means that 7.5 is negative and
obtained by pressing [CHS], but the (-) preceding the 5 means subtract 5 so the [-] key
is pressed.

MEMORY (STORAGE REGISTERS) OPERATIONS

Using Stored Values. The HP-12C calculator has the capacity for storing up to 20 indi-
vidual items. Numeric values are stored and recalled using the [RCL] and [STO] keys.
Each storage register has an address or locating number. For the first ten registers the
addresses are 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. The second ten registers have a decimal
point in front of the address number and the addresses are .0, .1, .2, .3, .4, .5, .6,
.7, .8, and .9.

Store information by keying in the number and pressing [STO] and the desired address, re-
call numbers by pressing [RCL] and the storage register address. For example, to store 7
in register 2 and 8 in register .3 press:

7 ST0 2

8 STO .3
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To recall these values press:
RCL 2
RCL .3

When [STO] is pressed followed by a memory address, any previous value in the register
selected is replaced by the new display value.

Arithmetic operations previously discussed may be performed by using values stored in
memory as shown in Example 4.
EXAMPLE 4:

Store -5 in register 1, and 10 in register 2 and perform the following arithmetic opera-
tions.

1. -5+10 =2
2. 10 & (-5) = ?
3. -5X10=7?

Keystroke Solution:

Procedure Keystrokes Display
1. key in -5 5 CHS - 5.
2. store in register 1 STO 1 - 5.00
3. key in 10 10 10.
4, store in register 2 STO 2 10.00

5. add -5 + 10

a. recall -5 RCL 1 - 5.00

b. recall 10 RCL 2 10.00

c. add + 5.00
6. divide 10 by -5

a. recall 10 RCL 2 10.00

b. recall -5 RCL 1 - 5.00

c. divide + - 2.00
7. multiply -5 by 10

a. recall -5 RCL 1 - 5.00

b. recall 10 RCL 2 10.00

c. multiply X - 50.00

A value stored can be recalled any number of times for use in calculations. Do not press
[ENTER] after recalling an entry because the [RCL] command does it for you. A value re-
mains in memory until changed or cleared. The clearing keys and strokes are discussed in
the next section.

Performing Operations Without Using RCL. Arithmetic operations can be performed on the
contents of storage registers 0, I, 2, 3 or 4 without recalling the values stored in
them. Let # REG stand for any one of the registers 0 through 4; to complete an arithme-
tic calculation with a number in the display and a stored value, simply enter a number
into display and then press:
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STO [+] # Reg to add
STO [-] # Reg to subtract
STO [X] # Reg to multiply
STO [+] # Reg to divide
The sequence STO [+] # Reg adds the display value to the value stored in # Reg.
The sequence STO [-] # Reg subtracts the display value from the value stored in # Reg.
The sequence STO [X] # Reg multiplies the contents of # Reg by the display value.
The sequence STO [+] # Reg divides the contents of # Reg by the display value.

The display value is not changed by the keystrokes described above. To see the contents
of a register after a calculation, press the [RCL] key and the register number.

Arithmetic operations using a memory register can be inserted in the middle of a calcula-
tion without affecting the current calculation.
EXAMPLE 5:

Store 5 in register 3 and while calculating 7 X 6 = ? Add the 6 to the contents of reg-
ister 3. Recall register 3 (RCL, 3); its value should now be 11.

Keystroke Solution:

Procedure Keystrokes Display
1. store 5 in register 3 5 STO 3 5.00
2. key in 7 7 7.
3. enter [ENTER] 7.00
4, key in 6 6 6.
5. add the 6 to the contents of

register 3 STO + 3 6.00
6. multiply 7 X 6 X 42.00
7. Recall the contents of register 3 RCL 3 11.00

The STO [+] # REG sequence is frequently used for summing a series of values during cal-
culations. Remember to store the first value in the series or to store a zero in the
register before starting the summing operation; otherwise, the process may start with an
undesired value in the register.

SPECIAL KEYS

Keys with special functions frequently used in financial calculations are described be-
Tow.

The key with the white [1/x] on its face is used to divide one by the display value.

Above the [1/x] key is [YTM] in gold; it is used to calculate the yield to maturity for a
bond. The [1/x] key becomes the [YTM] key whenever the gold key, [f], is pressed before
pressing [1/x] and the calculator calculates the yield to maturity. The gold keys on the
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HP-12C are used for internal programs. We will show you examples of these keys in the
applications.

The blue key [g] activates the functions shown in blue on the front of certain keys. The
front of the [n] key has [12X] in blue and the [i] key, [12¢] in blue. When [g], [12X]
are pressed, a display value is multiplied by 12 and entered as [n] for annuity or com-
pound interest calculations. The [12X] key is used most often to convert years to months
for mortgage calculations. The [g], [12:] key sequence divides the contents of a display
value by 12 and enters it as the monthly component of an annual interest rate. These key
sequences are employed in mortgage calculations and are labeled g, [12X] and g, [12:] in
subsequent keystroke instructions.

Other special keys are [%], [yX] and [X%Y].
The [%] key is used for percent calculations. The format is:

1. Enter value on which percent calculation is based.

2. Enter the percent to be calculated.

3. Press [%] to compute the percentage amount.

4a. Press [+] to add value in step 3 to amount in step 1.

4b. Press [-] to subtract value in step 3 from amount in step 1.

To compute 5% of 100 and add it to 100 requires the following keystrokes:
100 [ENTER] 5 [%], [+] answer = 105

To compute 10% of 200 and subtract it from 200 requires:
200 [ENTER] 10 [%], [-] answer = 180

The [yX] key is used to raise a number to a power. "y" is the number to be raised and
X" is the exponent or power. The sequence is:

1. Enter the y value.
2. Enter the x value.
3. Press [yX].

For example, raise two to the third power, (23). The keystrokes are:

2 [ENTER] 3, [yX] answer = 8
Squaring 5 to obtain 25 requires:
5 [ENTER] 2, [yX] answer = 25

The [XZY] is the symbol used in this book for the key above the [STO] key. An exact
replica of the key symbol is not available. Pressing [X2Y] exchanges a display value

(x) with a value stored in the register y. The [X2Y] key is used following the
calculation of items such as mortgage amortization and days between dates. If an amorti-
zation schedule has been developed, pressing [X2Y] will display the principal component

of a payment.

Additional information on all keys on the HP-12C may be found in the Owner's Manual.

DISPLAY CONTROL

When the HP-12C is turned on, only two decimal places are shown in the display. The num-
ber of decimal places displayed may be changed by pressing f, and a digit 0 through 9.
Regardless of the display setting, the calculator uses all nine decimal places in

10
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calculations. Setting the display to, say, three decimal places has no effect on the
values calculated or stored in memory.

The calculator rounds displayed values using the "5/4" rule. When two decimal places are
specified, a third value, not shown, if less than five does not alter the second decimal
place, but if the third decimal value is 5 or greater the second decimal place value is
increased by one. The rounding rule is illustrated in Example 6.

EXAMPLE 6:

Enter the number 1.548298339; observe the display when decimal settings of 0, 4, 6, 9,
and 2 are employed.

Keystroke Solution:

Procedure Keystroke Display
1. turn calculator on 0.00
2. key in 1.548298339 1.548298339
3. enter [ENTER] 1.55
4, zero digit display f, 0 2.00
5. four digit display f, 4 1.5483
6. six digit display f, 6 1.548298
7. nine digit display f, 9 1.548298339
8. two digit display f, 2 1.55

Remember, rounding changes only displayed numbers; calculations within the instrument use
all known digits to the right of the decimal point.

CLEARING THE CALCULATOR

The HP-12C has five clearing functions. Four are for manual calculations and one is for
programs, where a program is a sequence of calculations placed in the calculator that can
be activated as a unit. These functions are:

[CLX] -- This key clears the display register and does not affect any calculations in
progress.

f, [FIN] -- clears the n, i, PV, PMT and FV registers when pressed but does not clear the
dispTay or other storage registers.

f, [£] -- clears the storage register 0, 1, 2, 3, 4, 5, and 6. Other storage registers,
financial registers and the display are not cleared. The [z] key is normally used with

statistical applications in which values are automatically calculated and stored in reg-
isters 0 through 6.

f, [REG] -- clears the display, financial registers and storage registers, but does not
erase a program.

11
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f, [PRGM] -- is used to erase programs that have been stored. If the calculator is set
in the mode to recieve a program, pressing f, [PRGM] erases the program. In the regular
keystroke mode (non-programming mode), pressing f, [PRGM] prepares the calculator to exe-
cute the program from its beginning. See the amortization program in Chapter 8 for more
details.

ENTERING FRACTIONAL INTEREST RATES

A minor but cumbersome procedure is required to enter an interest rate that has a frac-
tion. Entering 12 7/8% requires the following steps.

1. Key in and enter the numerator of the fraction (7).
2. Key in the denominator (8) and divide.
3. Add the integer value (12).

For example:

Display
7 [ENTER] 7.00
8 3 0.88
12 + 12.88

Reducing the fraction to decimals in the calculator will make available all digits to the
right of the decimal point, displayed or not, when entering an interest rate using the
key [i].

ENTERING YEARS AND MONTHS

Mortgage and lease terms may be expressed in years and months: 5 years, 3 months. But
if the compounding period is monthly, the input for [n] must be in months. To convert
years and months to months enter the number of years, multiply by 12, then add the
months.

For example:

Display
5 [ENTER] 5
12 X 60
3 + 63

12



TIME VALUE OF MONEY THEORY

The HP-12C allows you to discard financial tables and to perform real estate analyses
that are ordinarily feasible only on a computer. Using the concept of the time value of
money will enable you to frame an approach to a problem and to determine an answer. This
chapter reviews the basic concepts of the time value of money. The approach is non-
mathematical; the focus is on concepts and not equations.

Many applications in this book can be solved omitting this chapter's material, but the
advanced applications in Chapters 7 and 10 require a careful study of this chapter.

THE EQUIVALENT VALUE OF MONEY

“A dollar today is worth more than a dollar a year from now!" A dollar available today
can be invested for a year and become worth more than one dollar at the end of the year.
For example, $10 invested for one year at 10 percent earns $1 of interest by the end of
the year. So, $10 invested at 10 percent will grow to $11 one year later.

The Time Diagram, below, depicts the investment and the interest process.

-$10 +$11

years 0 1
Time Diagram 3.1

The 0 indicates the point in time when money was invested and the 1 indicates the end of
one year. The -$10 is shown as a negative value since the HP-12C treats money paid out
as a negative number. The +$11, on the other hand, represents the amount available at
the end of the year and is a positive value.

The next step is to label the time values as shown in Time Diagram 3.2

Present Future

Value = -$10 Value = +$11

1
|
I
1

i = 10% n =

Time Diagram 3.2

The present value, called PV, is the amount of money invested at the beginning of year
one or at time period zero. The future value, labeled FV, is the amount of money accumu-
lated at the end of year one. The difference between PV, $10, and FV, $11, is the
interest earned on the investment. The annual interest rate is 10 percent represented by

13
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the symbol "i.
terest.

The symbol "n" represents the number of time periods for compounding in-

A PV of $10 is equivalent to a FV of $11 assuming an annual interest rate (i) of 10 per-
cent. As a result, if money can be invested at %0 percent, an investor would be indif-
ferent between the worth of $10 at time period 0 or $11 at time period 1.

To restate, the future value (FV) is the equivalent value after n time periods of the
present value (PV) invested at i percent. The present value (PV) is the equivalent value
that must be invested at time period zero for n periods at i percent in order to have a
specified future value (FV).

When computing FV, the term compounding is used to indicate that interest is being com-
puted on interest previously earned. gn investment of $10 at 10 percent for one year
will become $11 and interest will be earned on the $11 in year two.

If the future value and the interest rate are known, the term discounting is used when
determining the present value. The future value of $11 is discounted one time period at
10 percent to determine the present value of $10. In both cases the value used for com-
pounding and for discounting is the interest rate of 10 percent. The term compounding is
employed when computing the future value of an investment, and discounting when deter-
mining the present value of an investment.

If $10 is invested at 10 percent, what is the investment amount at the end of one year?
Time Diagram 3.3 shows, once again, that

PV = -$10 FV =
|
0

i = 10% n =

Time Diagram 3.3

the FV value is $11. The FV is often called the value of the reversion: the sum that
will revert to the investor at the end of one year.

An investment opportunity will produce $11 at the end of one year. How much should be
invested to earn 10 percent? Time Diagram 3.4 shows that the unknown value, PV, is $10.

PV =

? = $10 $11

| |

| I

0 i = 10% n=1
Time Diagram 3.4

Depending on the problem situation, the PV of $10 may be called the price of the invest-
ment, the market value, or the cost of the investment.

An investment opportunity requiring a $10 outlay returns $11 at the end of one year.
What interest rate will be earned on the investment? Time Diagram 3.5 shows the unknown
value.

i=27 n =

Time Diagram 3.5

14
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It can be determined that an interest rate of 10 percent will either compound the PV of
$10 forward to the FV of $11, or discount the FV of $11 back to a PV of $10. The inter-
est rate of 10 percent is variously called the internal rate of return, the yield, or the
return.

SUMMARY: This section has shown the relationship between FV and PV when the interest
rate (i) is known. Time diagrams and other key items in solving time value of money
problems have been introduced.

COMPOUND INTEREST
In this section, compounding over several periods is explained. Suppose $10 is invested
for 3 years at a 10 percent annual interest rate. The situation is shown in Time Diagram
3.6.

PV = -$10 FV =7

1
|
[ |
0

| |

| |
1 2 n=3
i = 10%

Time Diagram 3.6

The original investment, the PV, is -$10, the i is 10 percent and the FV is the unknown,
and there are three time periods. Compound interest means that interest previously
earned is added to the investment and interest is earned both on the original investment
and accumulated interest.

Compound interest calculations are based on several assumptions. First, interest is cal-
culated at the end of each compounding period. The compounding period is a standard
period of time such as a day, month, quarter or year. Second, the interest rate used for
calculations is the effective interest rate per compounding period. Finally, the symbol
n represents the number of compounding periods. In this example, years and compounding
periods are the same because interest is compounded at the end of each year.

Manual Calculations of FV and PV, With an effective interest rate of 10 percent per year
and a compounding period equal to one year, a future value is derived as follows:

Amount invested $10.00
Interest earned at the end of year one $10 x .1 = _1.00
Value at end of year 1 $11.00
Interest earned at the end of year two $11 x .1 = _1.10
Value at end of year 2 12.10
Interest earned at the end of year three 12.1 x .1 = _l.21
Future value at end of year three $13.31

Ten dollars invested at 10 percent annual rate becomes $13.31 after three years. That
is, an investment amounting to $13.31 at the end of three years is produced by an origi-
nal investment of $10 earning 10 percent annually, or, an investor paying $10 for such an
investment would earn 10 percent compounded annually.

Interest is usually compounded in periods of less than one year even though rates are
quoted in annual terms. The effective interest rate per compounding period in the United
States is normally determined by dividing the stated annual rate by the number of com-
pounding periods per year. Accordingly, the compounding period is one year for the

15
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preceding example with an effective interest rate per compounding period of 10 percent.
Furthermore, the interest is "discrete" which means the interest is calculated at a spe-
cified point in time -- at the end of each yearly compounding period.

Now change the example by assuming interest is compounded at the end of each six months
(semi-annually). The $10 is still invested for three years at a 10 percent annual rate,
but the number of compounding periods is six instead of three, as shown in Time Diagram
3.7.

PV = -$10 FV = 2
| | | | | | |
1 | | | | |
0 1 2 3 4 5n =6

10%/2 = 5%

—
1]

Time Diagram 3.7

The effective interest rate per compounding period is 5 percent because the annual rate
of 10 percent is divided by the number of compounding periods per year (2). Notice that
while the number of compounding periods has doubled to six, the time period for the in-
vestment has remained constant at three years.

The future value can be computed as follows:

Amount invested $10.00
Interest at the end of first six months $10 x .05 = __.50
Value at end of first six months 10.50
Interest at the end of second six-month period $10.50 x .05 = __ .53
Value at end of the first year 11.03
Interest at end of third six-month period __ .55
Value at end of third six-month period 11.58
Interest at end of fourth six-month period .58
Value at end of second year 12.16
Interest at end of fifth six-month period .61
Value at end of fifth six-month period 12.76
Interest at end of sixth six-month period .64
Value at the end of the third year $13.40

The future value at the end of three years is $13.40 with semi-annual compounding as com-
pared to the future value of $13.31 with annual compounding. The increase of $0.09 oc-
curred because the number of compounding periods per year increased.

Equivalent value is an important concept to understand in conjunction with compound in-
terest. Compound interest means determining the equivalent future value of the present
value or vice versa while holding the interest rate constant. For example, $10 invested
at 10 percent annual compounded semi-annually is equivalent to:

$10.50 at the end of 6 months, or

$11.03 at the end of 12 months, or

16
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$11.58 at the end of 18 months, or
$12.16 at the end of 24 months, or
$12.76 at the end of 30 months, or
$13.40 at the end of 36 months.

The number of compounding periods determines the specific future value. So if the in-
vestment were for two years, the future value would be $12.16.

If $11.03 is invested at the end of year one rather than $10 at time period zero, the fu-
ture value at the end of year three is still $13.40.

Furthermore, the future value of $13.40 at the end of year three has a present value at
the end of year two of $12.16, or at the end of year one of $11.03, or at the beginning
of year one (time period zero) of $10.

In summary, the future value is the equivalent of a series of payments compounded for-
ward. The present value is the equivalent worth of a series of discounted cash flows.
Thus, the principal sum of a mortgage, the price of leased property, or value of a bond,
is actually the present value of a future cash flow or flows for a given interest rate.
The yield or internal rate of return is the interest rate that makes the present value of
future flows equal to an initial investment.

A simple but cumbersome method was used to calculate future values in the preceding
example. The HP-12C calculator, however, computes present and future values directly and
simply.

Calculator Solution Using "Financial" Keys. Your HP-12C has a row of keys we call the
"Financial" or "Annuity”™ keys. These keys are [n], [i], [PV], [PMT], and [FV]. These
keys are used to solve compound interest problems and annuities (explained later).

First, the HP-12C logic requires that all cash flows be positive or negative. We will
normally show cash outflows as negative (minus) values and cash inflows as positive
(plus) values. For compound interest, the keys* are defined as:

n = The number of compounding periods.

i = The effective interest rate per compounding period. This value is entered as
a percent and is computed by dividing the annual interest rate by the number
of compounding periods per year.

PV = The equivalent value of the discounted future cash flow (FV).

FV = The equivalent value of the compounded cash flow (PV).

PMT = A zero value for a single payment, or compound interest.

Either PV or FV must be entered as a negative number when computing n or i; otherwise you
will see "Error 5" in the calculator display when you solve for an unknown value. So
enter a positive value if you receive the cash and a negative value if you pay out the
cash.

Solving for an unknown value is easy because you enter three of the four values (n, i,
PV, FV) and solve for the unknown by pressing its key.

*The five keys [n], [i], [PV], [FV], and [PMT] will be referred to as the financial
keys or as the annuity keys (see the owner's handbook). Likewise, the five registers
associated with these five keys will be referred to as the financial registers or some-
times as the annuity registers.
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To demonstrate, let's solve two of the previous examples using the HP-12C.

EXAMPLE 1:

Compute the future value of $10 invested for one year at 10 percent compounded annually.
Solution:

First identify the known values, which are: n = 1 because there is one compounding pe-
riod; i = 10, because the 10 percent interest is compounded annually; and PV = -10, be-
cause we invest $10. Remember, clear the calculator by selecting the option [f], [REG],
or [f], [FIN], or with the [PMT] register by entering zero. This last option is used in
the keystroke solution below.

Keystroke Solution:

Action

Procedure Step Display
1. Clear the PMT register 0, PMT 0.00
2. Enter the number of compounding periods 1, n 1.00
3. Enter the effective interest

rate per compounding period 10, i 10.00
4., Enter the cash outlay at time

period zero as a negative number 10, CHS, PV - 10.00
5. Compute the equivalent value at

the end of year one FV 11.00

Notice that after entering the known values, we found the unknown future value by simply
pressing [FV]. Also, because the present value is entered as a negative number, the fu-
ture value is shown as a positive number. Remember you can solve for any unknown if
three other values are entered. Now solve the second example.

EXAMPLE 2:

Assuming an initial investment of $10 with annual interest of 10 percent compounded semi-
annually, what is the future value or amount you will receive at the end of three years?

Solution:

Because interest is not compounded annually, we cannot use the annual rate of 10 percent
for [i] and the number of years for [n]. We must compute the number of compounding pe-
riods for [n] and the effective interest rate per compounding period for [i]. First,
determine n by multiplying the number of years by the number of compounding periods per
year -- so, n = 6 (3 years x 2 compounding periods per year). Second, determine the ef-
fective interest rate per compounding period by dividing the number of compounding pe-
riods per year into the annual interest rate and get 5 percent (10% : 2 compounding pe-
riods per year). Finally, [PV] is -10 and [PMT] is 0. We compute the input values for
[n] and [i] to avoid rounding errors.

In order to demonstrate the power of the calculator, we first solve for future value in
the keystroke solution, and then solve for n, i, and PV, assuming the other values are
known.
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Keystroke Solution:

Action

Procedure Step Display
1. Clear the PMT register 0, PMT 0.00
2. Enter the number of years 3 [ENTER] 3.00
3. Enter the number of compounding

periods per year 2 2
4., Compute the total number of

compounding periods X, n 6.00
5. Enter the annual interest rate 10 [ENTER] 10.00
6. Enter the number of compounding

periods per year 2 2
7. Compute the effective interest

rate per compounding period L | 5.00
8. Enter the cash outflow at time

zero as a negative number 10, CHS, PV - 10.00
9. Solve for the equivalent value

after six compounding periods FV 13.40
10. Assuming i, PV and FV are

known, solve for n n 6.00
11. Assuming n, PV and FV are

known, solve for i i 5.00
12. Assuming n, i, and FV are

known, solve for PV PV - 10.00

Please notice that in the example above, the calculator computed the effective interest
rate per compounding period of 5 percent, not the annual rate of 10 percent. You must
multiply the computed i value by the number of compounding periods per year in order to
determine the annual rate. Also, the computed n value is the total number of compounding
periods. The number of years is found by dividing the computed n value by the number of
compounding periods per year.

SUMMARY: The concepts discussed in this section on compound interest are the fundamental
building blocks for all time-value-of-money applications. The key point is the equiva-
lent value concept which we continue to discuss in the next section on multiple cash
flows.

UNEQUAL MULTIPLE CASH FLOWS

Multiple cash flows can be converted to equivalent present or future values using the
compound interest approach discussed in the previous section. The only difference is
that more than one cash inflow or outflow exists. Consider, as an illustration, the cash
flows shown in Time Diagram 3.8.
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$1?0 52?0 $3?0 $3?0 $5?0

?
|
! | I I I |
0 1 2 3 4 5

i=10%
Time Diagram 3.8

The unknown value is PV, because we want to determine the equivalent present value of the
five cash flows at time zero. Or you can treat the unknown as an investment returning
the five cash flows on which you want to earn 10 percent compounded annually. How much
should you pay now, in the present, for the future cash flows?

The equivalent present value at time zero (amount to pay) is determined by treating the
future cash flows as five individual compound interest problems. As a result, Time Dia-
gram 3.8 is separated into five individual diagrams as shown in Time Diagram 3.9.

PVy = 27 $100
0 n=1
PVp = ? $200
|
I
0 1 n=2
PV3 = ? $300
| |
I I
0 1 2 n=3
PVgq = ? $300
| | | |
I | | I |
0 1 2 3 n=4
PVg = ? $500
| | I | | |
I | I I | I
0 1 2 3 4 n=5
i = 10%

Time Diagram 3.9

As the diagram illustrates, we now have five individual compound interest problems. The
sum of the five present values represents the total equivalent present value of the five
cash flows.

Using the calculator, you can easily compute the five individual present values. Rather
than showing a detailed keystroke solution, only the inputs are given. The detailed key-
strokes would follow the same format as in Example 3.

input values | | unknown |
n i PMT FW T T PV |
1 10 0 $100 $ -90.909
2 10 0 $200 -165.289
3 10 0 $300 -225.394
4 10 0 $300 -204.904
5 10 0 $500 -310.461

Sum of present values $-996.957
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The equivalent value at time zero, present value, of the $100 received at the end of year
1 is $90.91. The other four present values are also the equivalent values at time zero
of the individual future cash flows. The sum of the five present values is the total
equivalent value of the future flows. The total present value of $996.96 is the equiva-
lent cumulative value of $100 at the end of year 1, $200 at the end of year 2, $300 at
the end of year 3, $300 at the end of year 4, and $500 at the end of year 5 assuming an
interest rate of 10 percent. Thus assuming that 10 percent is the best rate you can re-
ceive on invested money, you would pay $996.96 for the five future payments.

As you see from this example, determining the equivalent present value for a stream of
cash flows is accomplished simply by finding the present values for the individual cash
flows and then summing these values to determine the total present value.

Once the equivalent present value of the future cash flows is known, we can move it to
any point in time, such as five years later, assuming the interest rate remains constant.
For example, the equivalent value at the end of five years for the five cash flows is
$1,605.61. First draw Time Diagram 3.10.

PV = -$99?.96 FVv =2

l
| I I
0 1 2

| |
| |
4 n =5

wW—t—

i = 10%
Time Diagram 3.10

The present value of -$996.96 is shown on the diagram rather than the five individual
cash flows because we want to move one equivalent value to another point in time -- the
end of five years. As a result, finding the future value of the five cash flows at the
end of five years is a compound interest problem. Using values of n =5, i =10, PV =
-996.96, PMT = 0, the future value is easily computed as $1,605.61.

So holding the ten-percent interest rate constant, we can say the five cash flows are
equivalent to $996.96 at time zero or $1,605.61 at the end of year five. Putting this
equivalency relationship into problem statements, we can say that the amount to invest,
or the price to pay, in order to receive the five cash flows is $996.96. We can also say
that if the five cash flows are deposited into a savings account at the end of each year
when they occur, we could withdraw $1,605.61 at the end of five years.

Now let's change the example and assume that the interest rate is the unknown value while
the present value is known. The revised Time Diagram 3.11 for the new problem is shown
below.

PV = -$99?.96 $1?0 52?0 $3?0 $3?0 55?0

year | | | | | |
0 1 2 3 4 5

i=2?
Time Diagram 3.11

When solving for the interest rate that makes the five cash flows have an equivalent
value at time zero equal to $996.96, we are also solving for the internal rate of return.
Here we know the interest rate is 10 percent. Solving for the interest rate requires
lengthy and complex mathematical techniques. Because your calculator solves for the in-
terest rate directly by pressing the i key, we will not discuss the mathematics involved.
Instead we will concentrate on teaching you the meaning of the calculated values. While
we discuss the general concepts here, Chapter 9 has an in-depth discussion on rates of
return.
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Assumptions for Multiple Cash Flows. The preceding material presented an overview for
understanding the meaning of the present value, the future value and the interest rate
for multiple cash flows. Now we discuss three key assumptions underlying these values.

First, the length of the cash-flow period and the compounding period are equal. For
example, if cash flows occur monthly, then compounding occurs monthly; if cash flows oc-
cur annually then compounding occurs annually.

Second, interest is compounded at the end of each cash-flow period. Thus, a cash flow
occurring at time zero is not discounted. Third, unless otherwise specified, a constant
interest rate is assumed when solving for the present value, the future value, or the in-
terest rate.

Finally, the interest rate used for computations is the effective interest rate per com-
pounding period. It is also the interest rate per cash-flow period because the cash-flow
and compounding periods are equal. When you solve for the interest rate, it is the ef-
fective rate per cash-flow period and compounding period. As a result the interest rate
used for calculations is the annual rate divided by the number of cash flows occurring
per year.

The process of determining the present value or the future value of a series of cash
flows is simply an extension of the compound interest concepts. The same concepts apply
whether single or multiple cash flows occur.

A more complex problem involving multiple cash flows is shown in Time Diagram 3.12.

PV =2
100 100 200 200 300 400 400 400
| | I | | | | I
| I | I | I I [
quarters 0 1 2 3 4 5 6 7 8
i =12%/4 = 3%

Time Diagram 3.12

This cash-flow pattern is representative of a lease because a cash flow occurs at time
zero. The annual interest rate is 12 percent but the effective rate per cash-flow period
is 3 percent (12 + 4) because cash flows occur quarterly. As before, we can determine
the present value by finding the equivalent value of each cash flow at time zero and
summing them. Our first step is drawing Time Diagram 3.13.
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PVg = ?
iig
n=20
PV =? 100
|
[
0 n=1
PVp = ? $200
0 l n =2
PV3 = ? 200
|
|
0 1 2 n=3
PVg = ? 300
| | | | |
| I [ ] |
0 1 2 3 n=24
PVg = ? 400
1 | | | |
| | l l |
0 | 2 3 4 n =5
PVg = ? 400
| | |
[ I [
0 1 2 3 4 5 n=6
PV7 = ? 400
| | | | |
| | I [ | I
0 1 2 3 4 5 6 n=17
i =12%/4 = 3%

Time Diagram 3.13

Notice that the first cash flow occurs at time zero; thus no compounding occurs, and its
equivalent value at time zero is $100. Also, while eight cash flows occur, the last cash
flow is at the end of period 7 or the beginning of period 8.

Using the calculator the individual present values are found using the keystroke values
shown below:

input values | unknown |
n i PMT V| PV
0 3 0 $100 -100.0000
1 3 0 100 -97.0874
2 3 0 200 -188.5192
3 3 0 200 -183.0283
4 3 0 300 -266.5461
5 3 0 400 -345.0435
6 3 0 400 -334.9937
7 3 0 400 -325.2366

Sum of present values $1,840.4548

23



REAL ESTATE FINANCIAL ANALYSIS: USING THE HP-12C

The equivalent value at time zero (present value) of the eight cash rows, rounded to two
places, is $1,840.45. That is, the outlay of $1,840.45 at time zero is equivalent to re-
ceiving the eight cash flows assuming an effective interest rate of 3 percent per quar-
ter. We can also say that if you pay $1,840.45 in order to receive the eight cash flows,
the interest rate that makes the cash flows equivalent to the outlay cost is 3 percent
per quarter, or 12 percent per year (3% x 4 quarters per year).

Calculator Solution for Multiple Cash Flows Using "Grouped Cash Flow" Keys. In order to
explain the meaning of the present value, future vaTue and interest rate for multiple
cash flows, we repeatedly used compound interest for single cash flows. But your HP-12C
has special keys to use for computing the present value and the interest rate. The cal-
culator has three cash-flow entry keys: g, [CFgl; g, [CF ]; and g, rN ], and two unknown
value keys f, [NPV]; and f, [IRR].

Cash outflows are entered as negative values and cash inflows are entered as positive
values. The cash flow occurring at time zero is entered using the g [CFg] key. If no
cash flow at time zero occurs, then enter a zero. The g, [CF:] key is used to enter the
cash flows occurring at the end of each period starting with period 1. The "j" is an
index indicating j =1, 2, 3, ..., n with n being the last cash-flow period.

You can enter 20 different cash flows using the g, [CF ] key. But if you have cash flows
that are identical and grouped together, then you can use the g, [N ] key to tell the
calculator how many grouped cash flows occur together and enter the entire group at one
time. For example, if you have 5 cash flows of $1,500, the key sequence 1500, g, [CF;]
enters the amount and 5, g, [Nj] enters the number of $1 500 cash flows. You are then
ready to enter the next cash flow. You can enter up to 99 cash flows using the [N 1 key,
but if you have, say, 150 cash flows, then two entries must be made, i.e., 1500, g,
[CFJJ, 75, ¢ [NJ] enters the first 75 flows and 1500, g, [CF ], 75, g [N ] enters the
second 75 flows. You can enter 20 grouped cash rows in your caIcuIator.

After the cash flows are entered, you can solve for the present value by first keying the
interest rate per cash-flow period in [i] and then pressing NPV]. The f, [NPV] key
stands for net present value but for now we will use the key to solve for present value
as explained in this section. We will discuss the net present value in a later section.

Solving for the interest rate is accomplished after entering the cash flows by pressing
f, [IRR]. The [IRR] stands for internal rate of return and is discussed in Chapter 9.

Now let's demonstrate the use of these keys by solving the two multiple cash-flow exam-
ples previously discussed.

EXAMPLE 3a:

Find the present value of the annual cash flows shown in Time Diagram 3.14.

PV = ?
0  $100 $200 $300 $300  $500
I | | | | |
years | I I I I I
0 1 2 3 4 5
i =10%

Time Diagram 3.14
Solution:

If you set up your time diagram properly, the input values for the various keys are al-
ready labeled in the diagram. First, the input for [i] is 10 percent as shown. Second,
the value to enter for g, [CFg] is shown above the time period 0 mark. In this case the
g, [CFg] value is 0. Third, the values to enter using the g, [CF;] key are shown above
the periods marked 1, 2, 3, 4, and 5. The first value entered using the g, [CFj] key is
100 because we start with period 1 when using the g, [CFj] key. We will use the g, [Nj]
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key to enter the two $300 flows at the end of periods 3 and 4 because they are identical
cash flows occurring in a group.

Keystroke Solution:

Action

Procedure Step Display
1. Clear the calculator f, REG 0.00
2. Enter the interest rate per

cash-flow period 10 i 10.00
3. Enter the CFg value 0 g, CFp 0.00
4, Enter the first cash flow 100 g, CFj 100.00
5. Enter the second cash flow 200 g, CFj 200.00
6a. Enter the amount of the third

and fourth cash flows 300 g, CFj 300.00
b. Enter the number of identical

cash flows 2 g, Nj 2.00
7. Enter the fifth cash flow 500 g, CFj 500.00
8. Solve for the present value f, NPV 996.96

Notice that the sign of the answer is not opposite to the sign of the cash flows as it is
when using the compound interest keys for single cash flows. The positive present value
of the positive cash flows is $996.96. So, if you wanted to buy these cash flows and
earn 10 percent, you would pay $996.96. The next example will clarify this sign differ-
ence.

EXAMPLE 3b:

Find the interest rate that makes the discounted cash inflows equal to the initial outlay
for the values shown in Time Diagram 3.15.

-$996i96 $1?0 $2?0 $3?0 $3?0 $5?0

l 1 l | | |
0 1 2 3 4 5

i=2?
Time Diagram 3.15
Solution:
In this example, the unknown value is the interest rate. Again, the time diagram shows

the input values for g, [CFp] and g, [CF;]. Enter -$996.96 for the g, [CFy] value and
the other cash flows using the g, [CFj] ﬂey as shown in the previous example.
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Keystroke Solution:

Action )
Procedure Steg Display
1. Clear the calculator f, REG 0.00
2. Enter the cash flow at time
zero 996.96 CHS, g, CFg - 996.96
3. Enter the end-of-period cash
flows
a. period 1 100 g, CFj 100.00
b. period 2 200 g, CFj 200.00
c. periods 3 and 4 300 g, CFj 300.00
2 g, Nj 2.00
d. period 5 500 g, CFj 500.00
4, Solve for the interest rate
per payment period f, IRR 10.00

The answer of 10 percent is the interest rate that makes the five end-of-period cash in-
flows equal to the zero period cash outflow. So the equivalent value for the five in-
flows is +$996.96 while the outflow at period zero is -$996.96.

The next example also demonstrates the usefulness of time diagrams when working with the
cash-flow keys.

EXAMPLE 4a:

Find the present value of the quarterly cash flows shown in Time Diagram 3.16.

PV = ?
100 100 200 200 300 400 400 400
| | | | | | | |
quarters l | | | l l | |
0 1 2 3 4 5 6 7
i = 12%/4 = 3%

Time Diagram 3.16
Solution:

As in Examples 3a and 3b, the cash flows are entered as shown on the time diagram. But
in this example, we have to deal with a non-zero cash flow at time zero in addition to
the present value calculation at time zero. So, $100 is entered for g, [CFp], and the g
[CFj] keys are used to enter the other cash flows beginning with period 1. The g, [N;]
key is used a number of times to reduce the number of keystrokes. The keystroke solution
shows the preliminary calculation of converting the annual rate to the effective interest
rate per quarter. Remember, you should calculate the effective rate per cash-flow period
on your calculator to avoid rounding errors.
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Keystroke Solution:

Procedure
1. Clear calculator
2. Enter the annual interest rate
3. Enter the number of cash flows
per year and calculate the
effective interest rate
4, Enter the cash flow at time zero
5. Enter the cash flow at the end
of period 1
6. Enter the cash flows for
periods 2 and 3
a. amount
b. number of times the $200
occurs together
7. Enter cash flow for period 4
8. Enter the cash flows for
periods 5, 6, and 7
a. amount
b. number of times the $400
occurs together
9. Compute the equivalent value

of the cash flows at time
period zero - the present value

Action

§te9
f, REG
12 [ENTER]

4, &, i
100 g, CFg

100 g, CF;

200 g, CF;

Zg, Nj
300 g, CFj

400, g, CF;

f, NPV

Display
0.00
12.00

3.00
100.00

100.00

200.00

2.00
300.00

400.00

3.00

1840.45

Notice how the use of the g, [Nj] key not only reduced the keystrokes, but only used four

registers to store the seven cash flows after the initial cash flow at time zero.
$1,840.45 is the equivalent value of the eight positive cash flows at time zero.

The
Since

the +$100 cash flow at time zero has an equivalent present value of $100, we can also say
the equivalent value at time zero (present value) of the seven cash flows starting at the
end of period 1 is $1,740.45 (1,840.45 -100).
shown below.

EXAMPLE 4b:

The next example will use this value as

Find the interest rate that makes the eight cash flows in Time Diagram 3.17 have an
equivalent value equal to an outlay of $1,840.45.

PV = -$1,840.45
+100 +100

quarters | [
0 1

0 200 300 400 400
|
]
5

0
l
I
6

Time Diagram 3.17
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Solution:

Because two types of cash flows occur at time period zero, we must add them together to
have one equivalent cash flow. We must do this because the calculator allows only one
value to be entered for g, [CFg]l. As a result, the net value for time period zero is
-$1,740.45 (-1840.45 + 100). In fact, when multiple cash flows occur at the end of any
time period, they must be added together because the calculator allows only one value per
time period to be entered using either the g, [CFp] or g, [CFj] key. The revised Time
Diagram 3.18 is shown below.

-1,740.45 1

quarters |
0

—_—0

Time Diagram 3.18

Now that we have a time diagram with one cash flow per period, we can proceed to solve
for the interest rate. Remember, the interest rate found by the calculator is the effec-
tive rate per cash-flow period and you must convert the effective rate to the annual
rate. The annual rate is found by multiplying the effective rate per cash-flow period by
the number of cash flows per year.

Keystroke Solution:

Action
Procedure Step Display
1. Clear calculator f, REG 0.00
2. Enter the cash flow at time
period zero 1740.45 CHS, g, CFyg - 1740.45
3. Enter the remaining cash flows
a. period 1 100 g, CF; 100.00
b. periods 2 and 3 200 g, CFj 200.00
c. period 4 300 g, CFj 300.00
d. periods 5, 6, and 7 400 g, CFj 400.00
3 g, NJ 3.00
4, Solve for the effective interest
rate per cash-flow period f, IRR 3.00
5. Convert to the annual rate by
entering the number of cash flows
per year 4 X 12.00

As shown in Step 4 above, the calculator shows 3 percent as the effective interest rate
per cash-flow period (quarter), and the annual rate is found by multiplying the effective
rate by the number of cash flows per year. The material in Chapter 9 discusses the as-
sumptions underlying the interpretation of the interest rate as a return rate. We will
not repeat that discussion here.

SUMMARY: In this section above we have shown the extension of compound interest concepts
to situations involving multiple cash flows. We have stressed the understanding of the
present value and the interest rate when multiple cash flows are involved, omitting the
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underlying mathematics. If you are interested in the mathematical theory, refer to
Chapters 7 and 9 of Financial Analysis Using Calculator: Time Value of Money by
Greynolds, Aronofsky and Frame.

Next, we discuss the situation where all multiple cash flows are equal.

EQUAL MULTIPLE CASH FLOWS (ANNUITIES)

Before the easy access to calculators and computers, tables were normally used when work-
ing with time value of money problems. One popular set of tables is called Annuity
Tables. An annuity is simply a series of cash flows where all cash flows were equal.
Because the tables are static, an elaborate system of notation was developed which per-
haps confused some users as much as it helped them. Here we will 'show you the linkage
between the Standard Annuity Tables and the grouped cash-flow keys on your calculator.

In the following section we will solve more advanced annuity problems by use of the "fi-
nancial" keys and then give a side-by-side comparison of the two keystroke approaches.

Using the Cash Flow Keys. Consider the series of equal cash flows in Time Diagram 3.19.
Solve first for present value, PV, and then for the future value, FV.

PV = ? FV =2
100 100 100 1

| l

| I

0 1

o

0 0 0
l I l
months [ /! | |
2 7 7

2
i=12%/12 = 1%
Time Diagram 3.19

In the diagram there are 72 cash flows, starting at the end of month 1. By use of the
grouped cash-flow keys, we can determine the equivalent present value at time period O.
This is the first answer requested. In order to obtain the second answer for the FV, we
will abandon the convenience of the grouped cash-flow keys. A simple approach is to use
the equivalent value at time period zero (PV), and convert it to the equivalent future
value at the end of month 72 (FV), using the financial keys previously discussed in the
compound interest method.

Solution:

For the first answer, the grouped cash-flow keys with the input are shown below. We find
that the present value is $5,115.04. The inputs are:

Grouped Cash Flow Keystrokes Display
f, REG 0.00
1, i 1.00
0 g, CFg 0.00
100 g, CFj 100.00
72 g, Nj 72.00
f, NPV 5115.04

For the second answer we compute the equivalent future value at the end of month 72 (FV)
where the present value and interest rate are known. The future value of $10,470.99 is
found using the financial keys with the following inputs.
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Annuity Keystrokes Display
f, REG 0.00
5115.04 CHS, PV -5115.04
72 n 72.00
1, i 1.00
0, PMT 0.00
FV 10,470.99

As we have seen, the grouped cash-flow keys were used to solve for the PV, but not for
the FV. Another convenient use of the grouped cash-flow keys is to solve for the inter-
est (i) when the cash flows and PV are known. Refer back to the problem worked out above
after the first question was answered.

Monthly rate. We can also solve for the monthly rate of 1 percent with the grouped
cash-fTow keys using the inputs shown below.

Grouped Cash Flow Keystrokes Display
f, REG 0.00
5115.04 CHS, g, CFg -5115.04
100 g, CFj 100.00
72 g, Ny 72.00
f, IRR 1.00

In summary, the grouped cash-flow keys are very convenient to use when solving for either
the present value (PV) or the interest rate (i). For more common annuity situations we
will use the financial keys, as described in the next section.

Using the Financial Keys. Whenever the cash flows are equal there is an alternative to
using the grouped cash-flow keys; namely, to use the financial keys for annuities.

Because the cash flows are all equal we can use equations to solve for the values, thus
reducing the keystrokes involved. These equations are generally called "Annuity Equa-
tions" and utilize the financial keys. Furthermore, we can solve for the amount of each
payment and the number of payments. These equations are widely used in real estate anal-
ysis because many mortgages and leases have equal payments. You, however, must learn
some new terms in order to solve annuities on your calculator.

First, the cash flows are called payments and the [PMT] key is used to enter the amount
of the equal payment. Payments received are positive and those paid out are negative.

Second, the number of equal payments is entered with the [n] key. Notice that, while the
[n] key 7s used for the number of payments when solving annuities, the [n] key is also
used for the number of compounding periods when solving single-payment, compound-interest
problems. The calculator knows the difference by checking the value entered for [PMT].
If [PMT] is zero, then [n] is the number of compounding periods. If [PMT] is not equal
to zero, then [n] is the number of equal payments. This is the reason we showed O being
entered for [PMT] in the compound interest section described above.

Third, the [i] value is the effective interest rate per payment period. The interest
rate for annuities has the same meaning as in the previous section on unequal multiple
cash flows.
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Fourth, the [PV] key represents the equivalent present value at time period 0 and is
equivalent to the following cash flows; all of the equal multipTe cash flows and, in ad-
dition, an extra final payment which is entered by use of the [FV] key and occurs at the
end of the last period.

Finally, the [FV] key represents the equivalent future value at the end of the last pay-
ment period and is equivalent to the folTowing cash fTows: all of the equal muTtipTe
cash flows and, in addition, an extra initial payment which is introduced by use of the
[PV] key and occurs at time O.

In summary, you have five values when working with annuities -- n, i, PV, PMT and FV.
You can solve for any unknown as long as the other four values are known.

A point that often confuses calculator users is the fact that up to three cash flows are
identified with annuities: an outflow at time zero (PV), the regular even cash flows
(PMT), and an additional cash flow at the end of the final payment period (FV). In the
following discussion we will clarify these three values for you.

A major assumption for annuities is the timing of the first of the even payments. When
the first payment occurs at the end of the first period, it is called an "Ordinary Annu-
ity." If the first payment occurs at the beginning of the first payment period (time 0),
it is called an "Annuity Due." As a result, in order to solve annuities on your calcu-
lator you must identify the annuity type as an ordinary annuity or an annuity due.

You indicate the type of annuity you are solving by pressing the g, [END] or g, [BEG]
keys. For cases where the first payment occurs at the end of the first payment period,
press the g, [END] key. This tells the calculator you are solving an ordinary annuity.
Press the g, [BEG] key if the first payment occurs at time period 0, or the beginning of
the first payment period. Forgetting to set the payment timing key (switch) is a common
error HP-12C users make. That is the reason we show the keys being set in all keystroke
solutions in this book even when it has no effect. For instance, the calculator ignores
the [END] and [BEG] setting when solving problems using the financial keys with a single
payment or using the cash-flow keys.

Ordinary annuity. Now let's return to the example in Time Diagram 3.19 and solve
for the PV and FV using the annuity keys. Refer to the new diagram below.

i=12%/12 = 1%
Time Diagram 3.20

We have only one unknown value (PV) because a zero is shown for FV and this zero indi-
cates that no additional payment occurs at the end of the last period. First, we set the
payment timing to g, [END] because the first payment occurs at the end of period 1 and
this indicates an ordinary annuity.

Second, we enter the values as shown on the time diagram, and compute the present value.
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Annuity Keystroke Solution:

Procedure

1. Clear calculator

2. Enter the number of payments

3. Enter the annual interest rate

4, Enter the number of payments
per year and calculate the
interest rate per payment
period

5. Enter the payment

6. Enter O for additional payment
at the end of last period

7. Solve for the present value

12 [ENTER]

12, =, i

100 PMT

0 Fv

PV

Display
0.00
72.00
12.00

1.00

100.00

0.00
- 5,115.04

We get an answer of -$5,115.04 which, except for the sign, is the same answer we calcu-

lated using the grouped cash-flow keys.
is positive the [PV] entry is negative and vice versa.

The annuity keys assume that if the [PMT] amount
You can solve for any unknown as

shown here by entering the known values and pressing the key for the unknown value.
Notice that when either PV or FV is zero, you must make sure that there is a zero in the
appropriate register.

Now let's solve for the future value of the cash flows.

diagram:

PV =0

|
I
0

i=12%/12 = 1%

Time Diagram 3.21

Again we will draw a new time

When solving for the equivalent future value (FV) for an ordinary annuity, it means solve

for FV after the last payment is made.

example, only the inputs are shown without commentaries. The inputs are:

Annuity Keystrokes

CLX, f, FIN

72, n

1, i

0, PV
100, PMT
FV

Display
0.00

72.00
1.00
0.00

100.00

-10,470.99

Because the keystrokes are so similar to the last

Again we see the answer is the same as that computed for time Diagram 3.19, except for
the sign.
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For real estate analysis, ordinary annuities are used when computing mortgage values. A
common situation is to compute the balloon, or payoff amount, if the mortgage is paid off
early. One point you must remember -- THE BALLOON CALCULATED BY THE CALCULATOR IS THE
ATOUET10UE AFTER THE LAST PAYMENT IS MADE. We will explain this statement with the exam-
ple below.

EXAMPLE 5:

Lgt's assume a $60,000, thirty year mortgage at 12 percent annual, compounded monthly,
with payments of $617.17 and where the mortgage is paid off at the end of ten years.
What is the payoff amount or the balloon?

First, we draw Time Diagram 3.22.

PV = Loan amount = 60,000 FV =2
-617.17 -617.17 -617.17 -617.17
| | | |
months | | | /! | |
0 1 2 119 n=120
i = 12%/12 = 1%

Time Diagram 3.22
Solution:

The time diagram is developed from the borrower's viewpoint. Thus, the amount

received (PV = 60,000) is shown as a positive number with the monthly payments shown as
negative values because the borrower makes the payments. The FV = ? is shown above the
payment made at the end of month 120. As a result, the FV value we compute will be the
amount owed on the mortgage after payment 120 is made and will be a negative value be-
cause it is the amount necessary to pay off the mortgage. Now that the values are iden-
tified, we can compute the payoff amount as shown in the keystroke diagram.

Annuity Keystroke Solution:

Action

Procedure Step Display
1. Clear calculator f, REG 0.00
2. Set switch g, END 0.00
3. Enter number of payments 120, n 120.00
4. Enter interest rate per payment

period 1, i 1.00
5. Enter cash flow at time zero (PV) 60000 PV 60,000.00
6. Enter payment amount 617.17, CHS, PMT - 617.17
7. Solve for equivalent value at

end of month 120 FV - 56,050.24

The future value of $56,050.24 is the equivalent future value of the combination of the
+$60,000 and the 120 payments of -$617.17 all compounded to the end of month 120. The
calculator shows a -$56,050.24 because that is the amount necessary to balance the rela-
tionship. Again, notice that the calculator treats the equivalent future value sepa-
rately from the final payment amount. The total amount necessary to pay off the loan at
the end of the 120th month is $56,667.41 (56,050.24 + 617.17).
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We can also say the $60,000 at time 0 is equivalent to the 120 payments of $617.17 and
the balloon or payoff amount of $56,050.24.

Now let's reverse the problem and solve for the monthly interest rate. Two diagrams are
shown because the inputs vary depending on whether you are using the grouped cash-flow
keys or the annuity keys. We will indicate both keystroke types, side-by-side.

FV = -56,050.24
PV = 60,000 -617.17 -617.17 -617.17 -617.17
| | // |
months | | | | |
0 1 2 119 n=120
i=2?

CASH FLOWS USING FINANCIAL KEYS

Time Diagram 3.23

60,00? -617.17 -617.17 -617.17 -56,667.41
|

months | | | /! | [
0 1 2 119 120

CASH FLOWS USING GROUPED CASH-FLOW KEYS
Time Diagram 3.24

Time Diagram 3.23 shows the cash flows in a form suitable for use with the financial
keys. Notice that the cash flow at time 0 is labeled as PV. The FV amount is shown
separately from the final payment because the calculator treats it as an individual
value. On the other hand, Time Diagram 3.24 does not label a PV or FV value because you
enter the total cash flow occurring in period 0 in 9, CFO, and 119 payments of -617.17 in
CF and N with a final total payment of -56,667.41 in CFj. Both methods will give the
same answer with the HP-12C, as the f011ow1ng inputs show

inputs for financial keys inputs for grouped cash flow keys
CLX, f, FIN f, REG
120, n 60000 g, CFy
60000 PV 617.17 CHS, g, CF;
617.17 CHS, PMT 90 g, Nj
56050.24, CHS, FV 617.17 CHS, g CF;
i, which displays 1.00 29 g, Nj

56667.41 CHS,
g, CFj
f, IRR, which displays 1.00

As you see, both methods give the same answers for i, but each method requires slightly
different inputs.
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In either case, the 1 percent interest rate is necessary to make the 120 payments of
$617.17 and the balloon of 56,050.24 equivalent to the initial cash flow of $60,000. It
is also the rate that makes the initial cash inflow of +$60,000 and the 120 payments of
-$617.17 equivalent to -$56,050.24. This interpretation of the interest rate is consis-
tent with the earlier definitions because it is the rate that makes a series of cash
flows equivalent to a single flow at some point in time. The assumptions necessary to
call the interest rate a return on earnings rate are discussed in Chapter 9.

The annuity keys are used to compute the n, PMT, or FV values, but either the annuity
keys or grouped cash-flow keys may be used to calculate the present value or interest
rate. The keystroke solutions in this book use the more convenient option for the appli-
cation.

Annuity due. We defined ordinary annuity by the fact that the first payment oc-
curred at fﬁe end of the first payment period. If the first payment occurs at the be-

ginning of the first payment period (time period 0), we have an annuity due. We will
i1lustrate an annuity due situation with a lease example, because most leases require a
payment at the start of the lease (time period 0).

EXAMPLE 6:

You have considered leasing an asset that has 24 quarterly payments of $2,767.60 with a
residual value, or market value, of $20,000 which occurs at the end of the final period.
However, you can purchase the asset outright. How much should you pay if the money used
for the purchase would otherwise earn 16 percent annual compounded quarterly? The first
step in determining the purchase price is to draw Time Diagram 3.25.

PV =72 FV = 20,000.00
2,767.60 2,767.60 2,767.60 2,767.60
| | | /1 |
quarters | | | ] [
0 1 2 23 n=24
i = 16%/4 = 4%

Time Diagram 3.25

Solution:

First, notice that the regular lease payments start at time 0, thus indicating an Annuity
Due. While 24 payments are scheduled, the last payment occurs at the end of quarter 23
or beginning of quarter 24. From the seller's point of view, if he sells the asset he
will forego the 24 payments and the residual value of $20,000. You want to determine the
amount at time period O that is equivalent to these cash flows with a quarterly interest
rate of 4 percent. As a result, the purchase price you will pay is the present value of
these cash flows, using interest of 4 percent per quarter.

Second, observe that the future value of $20,000 is also the total of all cash-flow
amounts compounded to the end of period 24. As a result, the FV for an Annuity Due is
also the residual and the total final cash flow, as contrasted to an Ordinary Annuity.
The difference is due to the timing of the regular payments.
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Grouped Cash Flow Keystroke Solution:

Action
Procedure Step Display
1. Clear calculator f, REG 0.00
2. Enter the interest rate period 4 4,00
3. Enter first payment 2767.60 g, CFp 2767.60
4. Enter next 23 payments 2767.60 g, CFj 2767.60

23 g, N; 23.00
5. Enter final total payment 20000 g, CFj 20000.00
6. Compute present value f, NPV 51687.82

For grouped cash flows we enter 25 cash flows -- 24 payments of $2,767.60 and one for
$20,000. But if we use the annuity keys to solve for the present value, then the 24 pay-
ments are treated separately from the final flow of $20,000.

Annuity Keystroke Solution:

Action

Procedure Step Display
1. Clear calculator cLx, f, FIN 0.00
2. Set switch g, BEG 0.00
3. Enter number of even payments 24, n 24.00
4., Enter the interest rate per

payment period 4 4 4.00
5. Enter the payment 2767.60 PMT 2,767.60
6. Enter the cash flow at the

end of the last payment period 20000 FV 20,000.00
7. Solve for the equivalent value

at time zero, (PV) PV - 51,687.82

The solution using the financial keys, except for the sign, is the same as that using the
grouped cash-flow keys. In either case, the 51,687.82 represents the equivalent value of
the future cash flows at time period 0 assuming an interest rate of 4 percent per quar-
ter.

In Step 2, we set the payment switch to g, [BEG] because the first regular (equal) pay-
ment occurs at time period zero. This tells the calculator you are solving an Annuity

Due. Setting the payment switch is critical when you use the financial keys because it
determines the type of annuity you are solving.

Now let's assume next that the purchase price is known and we are solving for the inter-
est.

EXAMPLE 7:

You have the option of purchasing an asset for $51,687.82 or leasing it for 24 quarterly
payments of $2,767.60. The asset has a residual (market) value of $20,000 at the end of
the 24th quarter. What interest rate makes the cash flows equivalent to the purchase
price? As usual, our first step is drawing a time diagram.
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PV = Purchase price = -51,687.82 FV = Residual value = 20,000
2,767.60 2,767.60 2,767.60
quarters L | | /! { {
1 2 23 n=24
i=2?

Time Diagram 3.26

Diagram 3.26 is in the form suitable for using the financial keys. The present value is
shown separately from the first regular payment, and the future value is shown separately
from the last regular payment. The inputs, using the annuity keys, are:

Annuity Keystrokes Display
f, REG 0.00
g, BEG 0.00
24 n 24.00
51,687.82, CHS, PV -51,687.82
2767.60 PMT 2767.60
20000, FV 20,000.00
i 4,00

The answer of 4 percent agrees with the interest rate used in Example 6.

Using the grouped cash-flow keys to solve for the interest rate requires adding together
the cash flows for each period so that only one occurs at each period.

-48,92?.22 2,7?7.60 2,747.60 2,767.60 20,000.00

quarters | | /! [ 1
0 1 2 23 24

i=7
Time Diagram 3.27

Because we can enter only one cash flow in g, CFg, the -51,687.82 and the 2,767.60 were
added together to get -48,920.22. Next the interest rate is found using these inputs.

Grouped Cash-Flow Key Strokes Display
f, REG 0.00
48920.22 CHS, g, CFg -48,920.22
2767.60 g, CFj 2767.60
23 g, Nj 23.00
20000 g, CFj 20,000.00
f, IRR 4,00

Again we get an interest rate of 4 percent. Notice that we did not set the payment
switch because it is ignored when you use the grouped cash-flow keys. While you can use
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either approach to solve for the present value or interest rate, the financial keys must
be used to solve for n, PMT or FV when you have equal payments. You cannot solve di-
rectly for n or the individual cash flows when the cash flows are uneven.

SUMMARY: In summary, you can use either the grouped cash-flow keys or the financial keys
to solve for the interest rate or the present value. But if you use the financial keys,
then remember the timing assumptions for the cash flows. For your convenience, four com-
mon annuity cash-flow patterns are shown below. If your application matches one of the
patterns, you can solve for n, i, PV, PMT, or FV. Remember, one of the three values, PV,
PMT or FV, must be negative when solving for i and n or the calculator will give you an
error message.

ORDINARY ANNUITY - USED FOR MORTGAGE CALCULATIONS

-FV
4PV -PMT  -PMT -PMT  -PMT
| | | // | |
l | l [ |
0 1 2 n-1 n

Switch = g, END

Time Diagram 3.28

ANNUITY DUE - USED FOR LEASE CALCULATIONS

+PV -FV
:TMT -PMT  -PMT -PMT
| | // | |
[ I | l I
0 1 2 n-1 n

Switch = g, BEG

Time Diagram 3.29

ORDINARY ANNUITY - USED FOR DETERMINING FUTURE VALUE OF AN INITIAL DEPOSIT
AND A SERIES OF END-OF-PERIOD PAYMENTS

+FV
-PV  -PMT  -PMT -PMT  -PMT
| | l // I l
| | [ [ |
0 1 2 n-1 n

Switch = g, END

Time Diagram 3.30

ANNUITY DUE - USED FOR DETERMINING FUTURE VALUE OF AN INITIAL DEPOSIT AND A
SERIES OF BEGINNING OF PERIOD PAYMENTS

-PV

-PMT  -PMT  -PMT -PMT  +FV
— -
0 l 2 n-1 n

Switch = g, BEG

Time Diagram 3.31
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Special Annuity and Compound Interest Features of the HP-12C. The HP-12C has a special
feature buiTt Tnto the annuity and compound interest routine. This feature allows "odd-
period" calculations, but does cause problems with certain estate calculations.

First, the calculator will always show an integer value when solving for n, even though
the value may be a fractional amount. The calculator rounds the answer to the next whole
number. You will be shown how to compute the number of whole payments and the amount of
the final partial payment when computing n values. You can, however, enter a fractional
n value and when the payment register has a zero value compute the correct PV and FV
values for compound interest.

Second, when computing annuity or compound interest values where n is a fractional amount
of a whole number plus a fractional amount, the calculator does not use the same annuity
equation as when n is a whole number. Furthermore, depending on the type of compounding
selected for the partial n period, you can get two different answers. As a result, in
this book, you will always have the compound interest option selected for all calcula-
tions. This option is selected by pressing [STO] [EEX] until a "c" appears in the dis-
play. Once you have made this selection, the calculator will not change it even when the
machine is turned off and back on. So at this time, press [STO] [EEX] until the "c" ap-
pears. All following applications assume the "c" is in the display.

For a detailed discussion of these two special features see the HP-12C Owner's
Handbook and Problem-Solving Guide, pages 44-49 and 57-61.

SUMMARY

The concepts discussed in this chapter should help you to understand the applications
described in this book, especially those in Chapter 7. Whether you use the annuity keys
or the grouped cash-flow keys, the first step is to draw a time diagram and then to de-
cide on which set of keys to use -- the financial keys or the grouped cash-flow keys.
The financial keys require that the present value and future value be entered separately
from the regular equal payments. You must also identify the timing of the first payment
and set the switch to g, [END] or g, [BEG]. You can solve for n, i, PV, PMT or FV.

The grouped cash-flow keys allow only one cash flow per period to be entered using g, CFg
or g, CFi, so the present value and future value are treated as part of the regular cash

flows. Qor practical purposes, you can use these keys to solve for the present value or

interest rate.

The key to understanding the values you compute, using either the financial or grouped
cash-flow keys, is the discussion on compound interest and the equivalent value of money.
We explained the concepts without showing the actual equations used. If you are inter-
ested in the mathematics, consult Financial Analysis Using Calculators: Time Value of
Money by Greynolds, Aronofsky and Frame.
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REGULAR MORTGAGES

In this chapter, you are shown the solution procedure for regular mortgages with and
without balloon payments. A1l examples assume even or level mortgage payments. The cal-
culator solution procedures for the traditional Six Functions of One Dollar conclude the
chapter. Other mortgage types such as Graduated Payment Mortgages or Wraps are discussed
in Chapter 7.

To avoid confusion on the signs (+, -) for the PV, PMT, and FV values, we always compute
the mortgage from the borrower's point of view. The money borrowed is an inflow and en-

tered as a positive value. The monthly payments and final balloon amount are outflows
and entered as negative values.

AMOUNT OF MORTGAGE PAYMENT:
Objective: To calculate the monthly payment for an ordinary mortgage.

Information Required:

1. Annual interest rate as a percent.
2. Number of payments.
3. Amount borrowed.

Example:

What is the monthly payment for a 30 year, $75,000 mortgage with a 12 percent annual in-
terest rate compounded monthly?

HP-12C Solution:

Action
Procedure Step Display
1. Clear calculator CLX, f, FIN 0.00
2. Set payment switch g, END 0.00
3. Enter years* 30 g, [12x] 360.00
4. Enter annual interest rate* 12 g, [12+] 1.00
5. Enter amount of mortgage 75000 PV 75,000.00
6. Solve for monthly payment PMT - 771.46

*See Chapter 2 for additional information on g, [12X] and g, [12:].
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HP-12C Keystroke Template:
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Amount of Mortgage Payment:

Procedure

1. Clear calculator

2. Set payment switch

3. Enter years

4. Enter months®

5. Enter annual interest rate
6. Enter amount of mortgage
7. Solve for monthly payment

Action
Step
CLx, f, FIN
g, END
g, [12x1,
[ENTER] +
g, [12+]
PV
PMT

Display
0.00

0.00

*This keystroke template allows for loans with years and odd months, but for loans

with whole year terms omit step 4.
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APR OF REGULAR MORTGAGE:

Objective:

Information Required:

Number of payments.
Amount of payment.
Amount borrowed.

To compute the Annual Percent Rate (APR) on a regular mortgage.

Any fees that must be included in the APR calculation.

Comments:

The APR occasionally differs from the yield of a mortgage because some fees are omitted

from the calculation.

from the amount borrowed before computing the interest rate.

Example:

John Doe borrows $60,000 for thirty years from the Any City bank.

are $617.17. Assuming no fees or points are paid, what is the APR?

HP-12C Solution

Procedure

1. Clear calculator

2. Set payment switch

3. Enter years

4. Enter amount borrowed

5. Enter monthly payment

6. Solve for monthly percent
rate

7. Compute APR

g, END

30 g, [12x]
60000 PV
617.17 CHS PMT

12 X

42

Fees and points included in the calculation should be deducted

His monthly payments

Display
0.00
0.00

360.00
60,000
- 617.17

1.00

12.00
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HP-12C Keystroke Template: Solving for APR of a Regular Mortgage:

Procedure
1. Clear calculator
2. Set payment switch

3. Enter years
4, Enter amount borrowed

5. Less Fees if any, otherwise
enter a zero.

6. Enter monthly payment

7. Solve for monthly percent

rate

8. Compute APR

Action

Steg

CLX, f, FIN

g, END
g, [12x]
[ENTER]
- PV
CHS PMT

i

12 X

43

Display
0.00
0.00




YIELD OF REGULAR MORTGAGE WITH FEES AND POINTS:

Objective:

REAL ESTATE FINANCIAL ANALYSIS: USING THE HP-12C

on a regular mortgage.

Information Required:

AP wn =
e o o

.

Number of payments.
Amount of payment.
Amount borrowed.
Points as a percent.
Amount of fees.

Example:

John Doe borrows $60,000 for thirty years from the Any City Bank.
are $617.17.

HP-12C Solution:

Procedure

1. Clear calculator

2.  Set payment switch

3. Enter years

4, Enter amount of monthly payment
5. Enter amount borrowed
6. Enter points

7. Net cash less points

8. Enter fees

9. Net cash received

10. Solve for monthly yield
11. Annual yield

a4

To calculate the yield (annual nominal interest rate)

Action
Steg

CLX, f, FIN
g, END
30 g, [12X]

617.17 CHS PMT

60000
[ENTER] 3%

150

- PV

12 X

His monthly payments
He pays 3 points and a $150 fee to obtain the 12 percent mortgage. What is
the yield per month and the annual yield?

Display
0.00

0.00
360.00

- 617.17
60,000
1,800.00
58,200.00
150.00
58,050.00
1.04

12.45



HP-12C Keystroke Template:
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Yield of Regular Mortgage with Fees and Points:

Procedure

1. Clear Calculator

2.  Set payment switch

3. Enter years

4, Enter months*

5. Enter monthly payments

6. Enter amount borrowed

7. Enter points; if none, key in
zero

8. Net cash less points

9. Enter fees; if none, key in
zero

10. Net cash received

11. Solve for monthly yield

12.  Annual yield

Action

Steg

CLX, f, FIN

g, END
g, [12x],

[ENTER] +n
CHS PMT
[ENTER]
%

- PV

;

12 X

Display
0.00
0.00

*This keystroke template allows for loans with years and odd months, but for loans with
whole year terms omit step 4.
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PRICE OF A REGULAR MORTGAGE - SCHEDULED PAYMENTS ASSUMED:

Objective: To determine the price to pay for a mortgage without a balloon payment to

earn a specified annual yield.

Information Required:

. Annual yield compounded monthly.
. Number of payments remaining.

. Current loan balance.

. Amount of monthly payment.

S wWwnN =

Comments:

A11 payments made on schedule without extra payments made on principal.

Example:

You are buying a mortgage and you require a 12.5 percent annual yield compounded monthly.
The mortgage has a balance of $37,825.02 with 295 monthly payments of $293.51 remaining.

What is the maximum price you can pay and earn the specified yield?

percent annual rate.

HP-12C Solution:

Procedure
1. Clear calculator
2. Set payment switch

3. Enter number of remaining
payments

4., Enter desired annual yield

5. Enter amount of monthly
payment

6. Solve for price of mortgage

46

Action
Ste

:

CLX, f, FIN
g, END

295 n

12.5 g, [12+]

293.51 [CHS][PMT]
PV

The loan has an 8

Display
0.00
0.00

295.00

1.04

- 293.51
26,851.87



HP-12C Keystroke Template:
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Price of a Regular Mortgage - Scheduled Payments Assumed:

Procedure

1. Clear calculator

2. Set payment switch

3. Enter number of remaining
payments

4, Enter desired annual yield

5. Enter amount of monthly
payment

6. Solve for price of mortgage

47

Action
Steg Display
CLX, f, FIN 0.00
g, END 0.00
n
g, [12+]
CHS PMT
PV
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PRICE OF A REGULAR MORTGAGE - NONSCHEDULED PAYMENTS MADE:

Objective:

yield when nonscheduled payments have been made.

Information Required:

. Current loan balance.

P wWwnN -

Comments:

Extra payments on principal have been made.

Example:

You are buying an 8 percent mortgage to yield 12.5 percent.

balance of $35,547.83 with 295 scheduled monthly payments of $293.51.

principal have been made. What price should you pay?

HP-12C Solution:

Procedure

1. Clear calculator

2. Set payment switch

3. Enter original loan annual
rate

4., Enter amount of monthly
payment

5. Enter current balance

6. Compute number of remaining
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