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Welcome...

... to the HP-28S and HP-28C Step-by-Step Books. These books are
designed to help you get the most from your HP-28S or HP-28C calcula-
tor.

This book, Calculus, provides examples and techniques for solving prob-
lems on your HP-28S or HP-28C. A variety of function operations and
differential and integral calculus problems are designed to familiarize you
with the many functions built into your calculator.

Before you try the examples in this book, you should be familiar with cer-
tain concepts from the owner’s documentation:

m The basics of your calculator: how to move from menu to menu, how
to exit graphics and edit modes, and how to use the menu to assign
values to, and solve for, user variables.

m Entering numbers, programs, and algebraic expressions into the calcu-
lator.

Please review the section "How To Use This Book." It contains important
information on the examples in this book.

For more information about the topics in the Calculus book, refer to a
basic textbook on the subject. Many references are available in university
libraries and in technical and college bookstores. The examples in the
book demonstrate approaches to solving certain problems, but they do not
cover the many ways to approach solutions to mathematical problems.

Our thanks to Ross Greenley of Oregon State University for developing the
problems in this book.

Welcome... 3
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How To Use This Book

Please take a moment to familiarize yourself with the formats used in this
book.

Keys and Menu Selection: A box represents a key on the calcula-
tor keyboard.

In many cases, a box represents a shifted key on the calculator. In the
example problems, the shift key is NOT explicitly shown. (For example,
requires the press of the shift key, followed by the ARRAY key,
found above the "A" on the left keyboard.)

The "inverse" highlight represents a menu label:

Key: Description:

=DRAW= Found in the menu.

ZISOLE Found in the menu.

=ABCD= A user-created name. If you created

a variable by this name, it could be
found in either the menu or
the = SOLVR = menu. If you created a
program by this name, it would be
found in the menu.

How To Use This Book 7



Menus typically include more menu labels than can be displayed above the
six redefinable menu keys. Press and to roll through the
menu options. For simplicity, and are NOT shown in the
examples.

To solve for a user variable within = SOLVR £, press the shift key, followed
by the appropriate user-defined menu key:

[ JEABCDE=.

The keys above indicate the shift key, followed by the user-defined key
labeled "ABCD". Pressing these keys initiates the Solver function to seek a
solution for "ABCD" in a specified equation.

The symbol indicates the cursor-menu key.

Interactive Plots and the Graphics Cursor: Coordinate values
you obtain from plots using the and digitizing keys may differ
from those shown, due to small differences in the positions of the graphics
cursor. The values you obtain should be satisfactory for the Solver root-
finding that follows.

Display Formats and Numeric Input: Negative numbers,
displayed as

-5
-12345.678
[[-1,-2,-3 [ -4,-5,-6 [ ...

are created using the key.

5 [cHs]
12345.678
[[1 [cHs], 2 [cHS], ...

The examples in this book typically specify a display format for the
number of decimal places. If your display is set such that numeric displays
do not match exactly, you can modify your display format with the
menu and the = FIX = key within that menu. For example, to set the calcu-
lator to display two decimal places, set it to FIX2 mode by pressing
2=FIX=.

8 How To Use This Book



Programming Reminders: Before you key in the programming
examples in this book, familiarize yourself with the locations of program-
ming commands that appear as menu labels. By using the menu labels to
enter commands you can speed keying in programs and avoid errors that
might arise from extra spaces appearing in the programs. Remember, the
calculator recognizes commands that are set off by spaces. Therefore, the
arrow ( — ) in the command R—C (the real to complex conversion func-
tion) is interpreted differently than the arrow in the command — C
(create the local variable "C").

The HP-28S automatically inserts spaces around each operator as you key
it in. Therefore, using the [R],[—], and [C] keys to enter the R—C com-
mand will result in the expression R — C, and, ultimately in an error in
your program. As you key in programs on the HP-28S, take particular
care to avoid spaces inside commands, especially in commands that
include an —.

The HP-28C does not automatically insert spaces around operators or
commands as they are keyed in.

A Note About the Displays Used in This Book: The menus

and screens that appear in this book show the HP-28S display. Most of the
HP-28C and HP-28S screens are identical, but there are differences in the
menu and = SOLVR = screen that HP-28C users should be aware of.

For example, the first screen below illustrates the HP-28C menu,
and the second screen illustrates the same menu as it appears on the
HP-28S.

HP-28C display. g:

1:

[ sto IIGEHIESEITEN] vec IETTH
HP-28S display. g:

1:

[ s70m | FIR | SCI | ENG [[EGe | RAb |

Notice that the HP-28C highlights the entire active menu item, while the
HP-28S display includes a small box in the active menu item.

How To Use This Book 9



The screens shown below illustrate the HP-28C and HP-28S versions of
the = SOLVR £ menu.

HP-28C = SOLVR = display.

L b 100
us ss =8

i 1k | K | =1 JewFrs] ]

HP-28S = SOLVR = display. %:
1:
I | S 77| -

Both of these screens include the Solver variables A, =BE, ZRE, = S15,
and = EXPR= =. The HP-28C displays Solver variables in gray on a black
background. The HP-28S prints Solver variables in black on a gray back-
ground.

User Menus: A command follows most of the examples in this
book. If you do not purge all of the programs and variables after working
each example, or if your menu contains your own user-defined vari-
ables or programs, the menu on your calculator may differ from the
displays shown in this book. Do not be concerned if the variables and pro-
grams appear in a slightly different order on your menu; this will
not affect the calculator’s performance.

10 How To Use This Book



Function Operations

The primary goals of this chapter are to write user-defined functions and
introduce the root finding, plotting, and calculus capabilities of the
HP-28S and HP-28C. Problems include definition and assignment of the
trigonometric co-functions in the USER menu, analysis of a cubic equa-
tion, and both specific and general cases of computation of the angle
between two intersecting lines.

Function Operations

11



Function Definition

This section demonstrates creation of simple user-defined functions. The
use of functions of this type is basic to efficient use of the HP-28S.

Example: The HP-28S and HP-28C have three basic trigonometric
functions built in - sine, cosine, and tangent. It is simple to add the remain-
ing co-functions to the USER menu. Built-in functions of the calculator
can be easily combined to create new functions. The use of programs and
local variables permits the newly defined functions to be used in the same
manner as the built-in functions.

The inverse of the sine is the cosecant.
«— X 71+SIN(x

=R

€ 2+ x '"1/SINCxD>' »

Store the user-defined function.

résc

=R

The inverse of the cosine is the secant.

«— X 71+COS(x

=MNWp

€+ x '"1/C0SCx)" »

Store the user-defined function.

'SEC

=PI

The inverse of the tangent is the cotangent.

«— X "1+TAN(x

=MW R
us am =8 =0

€ 3+ x "1/TANCX) ' »

12 Function Definition



Store the user-defined function.

’COT

=W

Example: Evaluate, in radians, COT(X) and CSC%(X)- COT?(X),
where X =.2.

First, store the value of X and select radians and standard display modes.

.2 3:
‘X it
[MODE|] =RADE =STD= [GT0m | FIi | SCI | ENG | DEG | Al |

Now enter the expression for COT(X') and evaluate it.

'COT (X 3
EVAL et
1: 4.93315487558
[sTom [ FIu | 2T JENG | DEG [ Rnbe ]
Enter the second expression and evaluate it.
“SQ(C5C(X) ) =5Q(COT (X)) %= 4.93315487558
EVAL 1: - 1
[sT0m ] FIN | ST ] ENG | DES | Rl |

As expected, this identity returns the value 1.

Purge the variable X created in this section. You may also purge the
user-defined functions if you wish.

X’

Function Definition 13



Function Composition

This section demonstrates additional utility of user-defined functions.
Arguments of the functions may be both numeric and symbolic.

Example: Form the compositions F (G (x)) and G (F (x)) given
F(x)=x?+1and G (x)=5+2.

Create F and G as user-defined functions.

First, create F.

4
«— X TX"2+1 8
1: €+ x 'xh2+1' 3
Store in the variable F .
'F 4:
21
i:
Now create G .
«— X 5 x X+2 [ENTER] 4:
3:
2%
i: & 2+ x 'SEx+2' »
Store in the variable G .
'G 4
2:
i:

To form the composition G (F (x)), enter F as an argument of G .

'G(F (X 4:

21

1: 'GCFCKI !
Evaluate the composite function.
EVAL 4z

5

E 'SE(RA2H1I+2!

14 Function Composition



This expression can be simplified using EXPAN and COLCT.

[ALGEBRA| = EXPANZ

E coLCT

3
2
1 'DERN2+5%1+2"
[COLCT[ERFAN] STZE [Pk JUESUE[ERSLIE]

Lo LtN]

'7+oER 2!
CULCT[ERFAN] STZE [FORHM JOESUE[EHRSLIE]

Repeat the process using G as an argument of F.

"F(G(X [ENTER]

Evaluate the composite function.

EVAL

Simplify the expression.
S EXPAN=

1

EXPAN

= COLCT

i

| CHIERT2)
'FOGCRY D!

"".‘.".‘.’

[COLCTJERFAN] STZE [Pk JOESUE[ERSLIE]

'FHoERN2!
' (O¥KF2IM2+]!
CTERFAN] ST2E [FORM [0EZLIE[ERSLIE]

&) =Moo
l:— a8 58 an

N [}

7+5
! é 5;@X)"2+2* ( S¥XI%2+2
[CuLCT [EXFAN] ZIZE [FORHM [0EZUE[ERSLIE]

=M

: '7HoERN2 !
: 'g*g*(5*X)+2*(5*X)*E

[COLCT[ERFAN] STRE JFORH JUESUE[ERSLIE]

=M

1 7+5ERAD !
| 5+25% X 2 F2B%R '
[E0LET[ERFAN] ST2E JFUkH [ESUELE:SUE]

=] MW

Purge the variables created in this problem section.

{('FI'G’

Function Composition 15



Function Analysis

The ability to locate extreme values and other key features of functions is
critical to the solution of many problems in science and engineering. This
section demonstrates the use of calculus to locate such features.

Example: Locate the roots, local maximum, mimimum, and inflection

points of

F(x)=x®+6x2+11x +6.

Enter and name the given function.

I'X"34+6 x X"2+11 x X+6

'FN

=MWp

"HABHEERM2H1 1 ¥K+6 !

=MW

Recall the function, enter the PLOT menu, and store it for plotting.

SFNE
=STEQ=

Clear the plot parameters and plot the function.

' PPAR

=DRAWE=

16 Function Analysis

3:
21
1: 'R+ ERM2HL 1 ¥X+6 !
I I N I
3:
o
[STEC [RCEC [FIIN|FEAR JTNDEF] DAL
~ 1
v ]l




Digitize all the roots.

.-o 3E “a
& 3
(<] ... [<] [INS] [STEG: | KR | FMIN|FHit [INGEF

ATTN

Note: Differences from the displayed results may appear due to slightly
different digitizing locations.

Now enter the = SOLVR = menu and compute the three roots.

[sOLv] =SOLVRE 3: (-.9,8)
2: (-1.9,8)
1: (-32.1,8)
I | 7775 I I

Enter a guess from the stack and compute the root. Remember, to calcu-
late the value of a Solver variable, press the shift key followed by the

appropriate variable key.
x= [ I R
ero

|

1
]

X

'IHH
1L

L .H JEREE=II || || || ]

After obtaining the exact root, make note of it and prepare to locate the
next root. Discard the first root. Then repeat the process for the other two
roots.

EXE [ ] EXE ero

=== === 1: - 2. 008060006006
CEEsrRaC—— 11

Compute the last root

=X= [] =x= 5 ° -1
| P | 7775 | I | | N —

With the three roots located, find the extrema. The extrema are located by
finding the roots of the first derivative.

Recall the function.

[CLEAR] [USER] EFNZ g:
1: 'RABHEEKA2+H] 1RK+HE
[~ i JFFaR ] G | PN ] —— |

Function Analysis 17



Purge the current value of X and differentiate with respect to X .

’X [ENTER] [ENTER]

Store the first derivative.

'DR1

o
o
e |

STEQ

I
1

il
2
2

3:
%E 'X“3+6*XA2+11*XTE:
I EE T I N
3
1: '3ER2H6X(2ERI+1L !
T T T I N B
3:
2
[ DRl [FRaR] EC ] FN ] | ]
3:
2: '3xUM2+H6X(2¥KI+11!
1: 'RAGHEEXN2+] 1 ¥ K46
L OrL JFFrR] EC ] PN ] | ]
2
18 '3¥K2+6%(2xKI+1 1=K
3+6%X"2+11%K+6"
I T I T I
]

Observe that the derivative is positive in regions where the function is
increasing and negative in regions where the function is decreasing.

Digitize both roots of the derivative.

ATTN

3:

2: ¢-1.4,8)
1: (-2.6,8)
[ZTEC JRCEC [FMINTFHAR [INDEF] DAL ]

Note: Differences from the displayed results may appear due to

differences in digitizing locations.

18 Function Analysis



Recall the derivative and enter = SOLVR = to pinpoint the roots as above.
The computed values may differ slightly depending on the seed provided

as an input to the Solver.

=DR1=
=STEQ=

S SOLVRE

1
x

[]
i

This is one of the roots. Recall the function and evaluate to get the func-

tional value.

=FN=

EVAL

31 (=1.4,0)
2: -2.577350826917
1: . 38490081 794
T T N T A

Now repeat the process for the other root. First discard the root and func-

tion value.

DROP| |DROP
[SOLV] =SOLVRE
EXE

=XE=
USER| =FN=
EVAL

CEIEzEE:] Il I ||

3:

23 -1.42264973081
1: - . 384906817949
I T T I T

The extreme values of the function have been located. Clear the stack and
find the inflection point. The inflection point, located at the root of the
second derivative, is the point or points at which the function changes con-
cavity. That is, it changes from concave up to concave down. The second
derivative of a cubic is linear and has only one root. Therefore a cubic has

only one point of inflection.

Function Analysis 19



Clear the value of X to obtain symbolic results.

[CLEAR]
X [PURGE]

Recall the first derivative.
=DR1Z

’X [ENTER]

Differentiate it with respect to X .

Store the second derivative.

'DR2 [STO]

3:
o
N N N T
3:
2 '3WK246%(250+L)
[oia riwil e [ PN ] |
3:
28
i: ' 3% C2¥X)+12"
I T I
3:
e
[ie | Gl [Fbni | EC | PN | ]

Plot the function and its second derivative. Observe the location of the
root and how the function behaves at that point. It is coincidental that a
function root is located at the point of inflection. It remains only to repeat

the root finding procedure.

DR2
FN

Set them equal for plotting.

[=] [ENTER]

Store and plot the equation.
SSTEQ=

= DRAWE

20 Function Analysis

3:
23 '3x(2xK)+12!
1: 'ROSHEERM2+H] 1 XK+E
[ or2 | DR1 JFFAR ] EC | FH 1
2%
13 'S*(2*X)+12=K"3+6¥K"

2+11%X+6'
[ k2 [ okl JFFRET EC | FN 1 |

3“i,fi
!




Digitize the root.

. [ ) g

ATIN 1: (-2.1,0)
[ETEC: |RCEC | FHIN]FHAR [TNGEF|DFRH |

Recall the second derivative and solve for the root.

=DR2Z 3:
2: (-2.1,8)
1: 32 (2eK3+120
| 0F2 | 0kl [FFaR [ EC | FN | |

=STEQ= 3:
= SOLVR= e

=XE _
[] Ex= ero

1: -2
[ JEsPR:l | — I ]

This completes the analysis. We have found roots atx = -1,-2,-3,
extrema atx = —2.58,—1.42, and an inflection point atx = -2.

Exit from the Solver menu and purge the user variables created in this sec-
tion.

Note to HP-28S owners: If you do not exit from = SOLVR = before
attempting to delete the current equation, the calculator will display the
message NO CURRENT EQUATION.

{(’FN’’X’’DR1’ 'DR2’ ’ PPAR’

Function Analysis 21



Angle Between Two Lines

This section develops a user function to compute the angle of intersection
of two lines. The slopes of the intersecting lines are supplied as argu-
ments. The user function is used in the subsequent section in computing
the angle of intersection of two general functions.

Example: Compute the angle between the lines
Y=3+1landY=-2x+5.

The angle between two curves is the angle formed by the tangent lines at
the point of intersection.

my—m
f=tan~1—— .
1+m 1Mo
Form a function that, given the slopes, computes the angle between two
functions at a point of intersection.

[CLEAR] [MODE| =DEG= 21
«— a b ’ATAN((b-a)+ 1: fljagb'%'mﬂ““b'a)’
(1+axb [s7om | P ] wcr | ENG JoEGe ] R |
' ANG g:

1:

 2T0m | FIN [ 0T | ENG | DEGE | RHD

Lines have a constant slope. Read the slope for each directly from the
given formula.

3 g:
-2 it 3
[sTom ] FIN ] 50T ] ENG | DEGE] RAD ]
Now compute the angle.
SEANGE % :
it

The lines intersect at an angle of 45°.

ANG is used in the next problem section.

22 Angle Between Two Lines



Angle Between Two Curves

The angle of intersection for two curves is defined to be the angle formed
by the tangent lines at the point of intersection. When an intersection
point is located, the slopes of the functions at that point can be found.
The problem is then that of two intersecting lines.

Example: Find the angle formed by the tangent lines at the points of
intersection of the following functions.
F=3x+1
Y =2x2

Enter and save the given functions.

4:
"3%X+1 %

i: 'K+
'F gg

2z

i:
r2%X”2 gg

2:

1: 12ERA2!
'Y 4

21

i:

Plot the two functions to obtain initial guesses at the points of intersection.

First, set the two functions equal to each other.

[USER] EYE =F= g:
(=] [ENTER] 1: ' DERA2=ZEN+L !
N T N S I

Angle Between Two Curves 23



Store the equation.

SSTEQ=

3:
2
mmmm

Clear the plot parameters and draw the equation with the two functions.

' PPAR

= DRAWE=

points.

Expand the height to see both intersection
10 =*HE
= DRAWE=

Soefet T

1

Digitize both intersection points. Enter the Solver to refine the guesses.

5
oo [ (s & .89
ATTN [ZTEC: |RCEC | FMIM[FHiN [THOEF] DFifik |
[SOLV] =SOLVRZ= 3:
23 (-.3,8
1: 1.9, 7>
[ 3 | — -
Use the displayed value as an initial guess.
=EXE
1: (-.3,8)
== 1]

Calculate a solution to the equation by pressing the shift key followed by

the Solver variable that you wish to solve.

[[] ExE W_
1an eyversa
1: 1.7887764864
CEREET=EICRT=100 Il Il ]
Repeat the procedure for the other point of intersection.
=X= 1: 1. 7807764064
I | W=7 50| S | I | —

24 Angle Between Two Curves



]
i

Recall Y to compute the slope at an inters

=Y=

Take the derivative with respect tox.

"X [ENTER]

Evaluate at one intersection point.

i
I_JIEIFEE'II_H—u—l

. 288776406485

ection point.

3: 1.7887r64864
2: -. 288776486405
1: ' 2ERN2 !

The last root computed remains assigned to x. The slope of the line can be

read from the given expression.

3 |ENTER

Use the ANG function to compute the angle.

=ANG=

This is in degrees.

3: -. 2807764064085
%E -1.1231856256%
[t JFFRR ] EC | & ] F | AHG ]
3: 1.7887re4864
2: - . 288776486485
1: -68.11644684136
% JFFRR ] EC | v ] F ] HNG ]

Ready the stack to operate on the second intersection point.

DROP

3:
23
1: 1. 7887764064
I G EEN G T

Angle Between Two Curves 25



Compute the derivative of Y.

Assigning a numeric value tox at this point will mean a numeric value for

the derivative when it is computed.

'X H
1:
| it JFFRE ] EC ] v ] F | HNG |
=YY= 3:
2
1: '2ER2!
| JFFRE ] B | v ] F ] HNG |
The derivative is computed with respect tox .
‘X 3
1: 7. 1231056256
i JFFrR ] EC ] v F ] ANG |
Enter the slope of the line.
3 3:
%- 7 1231856258
[ JFFrR ] B2 | v ] F ] KNG |
Again use the ANG function to compute the intersection angle.
SANG = g:
1: -10.443524758
[ JFFRR ] ES ] v ] F ] HNG |

Purge the variables created in the last two

{IFI ryrrxrirpaNGg’

26 Angle Between Two Curves
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Differential Calculus

This chapter includes problems of differential calculus, including minimiz-
ing functions, calculating tangent lines, and several methods of implicitly
differentiating functions. Several important features of the calculator are
highlighted, including creating user-defined derivatives, the use of key-
board algebra for solving complex problems, and effective use of flag 35
for symbolic evaluation of constants. For HP-28C users, this chapter also
describes use of user flag 59 (the infinite result flag).

Differential Calculus 27



Minimize Perimeter

Science, engineering, and business share the need to find the minimum
values of given functions as some parameter changes. In this section, the
function represents area, and the parameter is the area’s perimeter.

Example: To minimize material expense, find the mimimum amount of
fencing required to enclose a rectangular plot measuring 200 square feet if
one side is next to a building and needs no fence.

Let the sides be calledx andy withy parallel to the building. The perime-
ter to be minimized is
P =2 +y.
The area of the plot
x*y =200
gives the relationship betweenx and y.

Clear the display and make certain variables X and Y have no assigned
values.

[CLEAR] [MODE| 2 =FIXE [<>]
X [PURGE
'Y

=MW P

Note: HP-28C users must clear flag 59 to ignore "Infinite Result" errors
that may occur while plotting. Before proceeding, press the following keys
to clear flag 59.

59 CF [ENTER]

Enter the perimeter.

7 2xX+Y g

%: '2ER+Y!
Enter the area.
'Xx¥=200 g

it 'ReY=S00"
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Isolate X.

X [ALGEBRA] =1SOL

Store the equation for X .

"X [sT0]

Evaluate the expression for the perimeter.

=0

: DENAY !
: 'S8Ry
[THiLR] TZ0L | LD | SHOkA (0EGET[ESGET

This expresses the perimeter in terms of one variable.

Collect terms.

ECOLCTE

3:
21
1: '2EXEY!
[THYLE] T20L [UAD ] SHuM [0EGETIERET]
3:
23
1: '2%(208/Y)+Y"
[THYLE] T30l [iUA0 ] SHuk [DESET]ERGET]
3:
28
1: '408-/Y+Y'
[COLET JERFHN] STZE PRk [0ESLE[ERSLIE]

Compute the derivative. Roots of this will yield the mimimum value of Y.

'Y [ENTER]
[d/dx]

Plot the derivative to obtain a guess at the

ESTEQ=
' PPAR [PURGE]
'Y =INDEP=

I - (4BB /Y 2+ !
[EL T (EFHN] 126 |F R [0 SUEJEELE
root.

3:

2

FTE Rk s |PMIN | PP [TNDEF Db |

Minimize Perimeter 29



The steps below expand the plotting area and draw the graph. If you have
no prior knowledge of the appearance of the graph, you may first wish to
plot the graph, modify the plotting area accordingly, and then plot the
graph a second time. (Press = DRAW = followed by , and then

proceed with the steps below).

Digitize a seed for Y. Pick the guess near the positive root.

oo 3

ATTN 2t
1: ¢19.60,0.00)
[STEC: |RCEGE | PMIN | FRis [INDEF|DRAL

Use the digitized value as a seed to compute Y.

[SOLV] ESOLVR= !mm_
ﬁ_ ero

== 1: 28.80
EYS CFJESEE=Il I Il | —

1
1

[]

The side parallel to the building must be 20 feet long.

Recall and evaluate the expression for X'.

X |ENTER g: 0.0
: .80
1: 10. B0
= Iml I || Il |

Forty feet of fencing is required (two ends ten feet long and one side 20
feet long).

Purge the variables created in the example.

{(rxrry’
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Minimize Surface Area

This section uses differential calculus to minimize surface area. An appli-
cation of this solution is in manufacturing, where minimization can reduce
wasted raw material and increase profit. Other problem specifications
may, of course, add constraints or considerations to the final real-world
solution.

Example: Find the dimensions of a one liter can that has the minimum
surface area.

Note: In this problem, user flag 35 is set to maintain symbolic constants
until the end of the solution.

The surface area of a can (a right circular cylinder) is
A =2rR%*+2nRH .
The volume is
V =nR*H
where R is the radius and H is the height of the can. To minimize the
surface area, the area is expressed in terms of either R or H, and that
expression is then differentiated with respect to that variable. Proceed by

isolating H in the volume equation and finding the root of the derivative
of the area taken with respect toR.

53

Clear the variables R, V', and H, and set

{R V_H [ENTER] [PURGE]
35 SF [ENTER]

g 35.

=MW B

Factor out 27R and key in the expression for the surface area.

I 2xmxRx (R+H g

% '2¥m#R¥ (R+H)> '
Duplicate the expression and store a copy for later use.
‘A 4

%. '2xm¥R¥(R+H> '
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Enter the volume.

" V=mxR 2xH 4:
21 1 2%mERE (R+H) !
1: "Y=rxR~2%H"
Isolate H .
'H -ENTER H
§= ' 2%mERECRAH) !
2: "R~ 2%H "
1: TH
[ALGEBRA] ZISOLE %: D ErERECRAD
: 1 Tf 1
1: "W mERM2Y
(ThLE| 150 | QUAD | SHOM [0EGET|ERGET]

Store it as H.

"H [sT0] EH
i: ' 2ETERE (RHHD !
[THVLE] TS0l JoltR0] SHO [0EGET]ERGET]
Now substitute for H in the area equation.
EVAL 2:
1: ' 2*¥w¥R¥(R+¥-(w*¥R"22)

[TAYLE] T50L JOURD | SHOb J0EGET]ERGET]

Take the derivative with respect toR .

‘R 1t ' 2*m*(R+Y/(T¥R 2} 1+2
AR

[TAVLE] TS0l JCURD | SHOM JOBGET]ERGET]

Collect terms.

=COLCT= 1: '2%(1-2%(R"2%¥w)"(-2)
*REVETIXRET+2¥ (R (-2
JEV /TR ¥

[CoLCT[ERFAN] SIZE |FURH [0EZLIE[ERSLIE]

Prepare to plot the derivative to obtain a guess for the root.

PLOT| =STEQ= %
1
(ZTE: | KCEC: [FHIN| FHi LTNDEF] DRk
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One liter is the same as 1000 cubic centimeters. Enter the volume as

1000; the answer will be in centimeters.

1000
'V

3:
%:
FHIM [P JINOEF| DEAL

Purge the existing plot parameters and expand the plotting area.

' PPAR
100 =
5

i
*
1

*wW

3:
%:
LFEAE | RES [ RRES JCENTR] 1 ] #H ]

Note: HP-28C users must clear flag 59 to ignore "Infinite Result" errors
that may occur while plotting. Before proceeding, press the following keys

to clear flag 59.

59 CF [ENTER]

To find the radius that minimizes the area, specify R as the independent

plotting variable.

R =INDEP=

3:
%:
[STEC [RCEC [FHIN]FHAR JINDEF] DEAL

Draw the graph and digitize an initial guess for the Solver.

SDRAWE [>] ...

~1

Now store the initial guess and compute the root.

[ATTN] [SOLV] =SOLVR
=R= [ | ERE

This is the radius. Now find the height.

"H [ENTER

EVAL

!ero

1: 9.42
| I | 777 | N —

3:

2: o9.42
1: 'MoCTERN2D !
7 | T | 77| I | | —
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Compute the area.

A |EVAL

Evaluate to a numerical result.

EVAL

Reduce the expression to a real number.

[=NUm]

3
-H 5.42
1: '18008/ (T%29.37) "
I | T | 7725 | I | —

2: '16088/(r*¥29.37)"'
1: '2¥w¥5.42%(5.42+V /(1
*R 22"
CE 1y JEzrE:Il [ [ ]
2: '1868/(T*29.37)"'
1: '2xw%5.42%(5.42+16088
/Cm¥29.37))'
R v _JEsFR=Il i [ ]
3: 5.42
2: ‘1868 (r*29.37)"'
1: 593.58
CE Iy JEsee=I[ I ] ]

To check that this is a minimum, compute the second derivative.

=RCEQ=

'R [ENTER]

553.58
'2%(1-2% (RA2FN 2y
N EET

SOLYE

‘1888 (r¥29.37) !
093.58

.
ZOLVR] TE0L [ CUARD] SH |

The second derivative is positive; therefore, the curve is concave up. The

root is a local minimum.

Purge the variables created in this problem section.

{IAI THI 'R’ V!
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Lines Tangent to a Circle

This section demonstrates manipulation of equations using the algebraic
capabilities of the HP-28S and HP-28C. It is often necessary to calculate
the derivative of a function that cannot easily be expressed in terms of one
variable. In this case we use implicit differentiation. This is the first of
three methods for implicit differentiation shown in this book. Problem
sections "Implicit Differentiation With User-Defined Derivative" and
"Implicit Functions" show two other methods.

Example: Find the two points on a circle of radius 1 that have tangent
lines passing through the point (2,2).

There are two expressions for the slope of the tangent lines — one from the
circle itself and the other from the point exterior to the circle.

Clear the working variables to ensure a symbolic answer. This problem
also demonstrates a simple error recovery procedure. To ensure that the
recovery works, turn on UNDO.

Note: The UNDO mode is set differently on the HP-28S and HP-28C.
Both sets of instructions are provided below.

Also note that the display is quite different on the two calculators.
The displays used below depict the HP-28S display. As shown
below, on the HP-28S a small box appears in the = UNDO = menu item to
indicate that it is on. On the HP-28C the = +UND = menu item is
highlighted when the UNDO mode is active.

3:
{IYIIRIIBIIAIIEQIIXI %:
[CH JINDOa] LAST | MLa | FDi. | PRHD]

HP-28S Keystrokes:
[MODE| =UNDO

i

HP-28C Keystrokes:
[MODE]| [NEXT| = +UND =
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The general equation for a circle is x2+y2-r2=0, where r is the radius.
Implicitly differentiate this equation.

Enter this equation for step-by-step differentiation. The "3" character is
obtained by pressing the key while entering an equation that begins
with the ['] key.

rgX (X~2+Y~2-R"2 |ENTER g:
1: LAKCRARHYAZ-R™2) !
[oHir bNDoa] LhsT | FiLe | R, PEHMD]
EVAL 23
T3 ' OXCRA2HYA2I-K(RM2)
T X T T N 2

Step through the derivative, watching for the term representing the dy /dx
term.

EVAL 2%
1: ! ax<x*2)+ax<v'*2> =-aR(
RY*2¥R™(2-1)
mmmm

One more step-by-step differentiation will generate the dy /dx term from
the 8X(Y"2) term in the expression.

EVAL -H
13 oR(RI%2%K~(2-12+dK(
Yix2x¥Y~(2-1)"'
| cHD JuNoos] LhsT [ s | RO JFRRD]
Now collect terms to shorten the expression.
[ALGEBRA| =COLCT = 2:
I 1 OR(RI*2ER+IR(YI%2%Y
[CuLiT[ERFAN] STRE JFukitd JUESUEERSLIE]

This is a critical step. Replace the derivative sub-expression with a vari-
able that can be isolated. Count all characters, except parentheses and
quotes, up to and including the second partial derivative symbol (8). The
derivative symbol is the ninth item. Therefore "9" is used for making the
substitution.

9 [ENTER] H
DY ZEXSUBE 1 ; LR CHI #2XRADY222Y
[CULCTJERFAN] ST2E [Fukit JuEsLIE[ERELIE]
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Evaluate once more to clear the last derivative.

EVAL

Solve for 2.
0O1ve 1I0r dx

1

DY =ISOL=

Collect the 2’s.
=COLCTE

3:
-H
1: ' 2EK+DY 2%
COLCT[ERFRN] STZE JFORH [0ESUE]ERSLE]
3:
2:
1: ‘= (2K 2)!
TAvLE] TS0l Joelnn [ ZHOl 0B GET]ERSET]

3:
-H
1: - (R
COLCTJERFAN] STZE JFukt J0ESUE[ERSLIE]

This is the slope of any line tangent to the circle. Tangent lines that pass
through a point (4 ,B) exterior to the circle have slope (y -B)/(x -4),

where the point (x,y) is on the circle.

’ (Y-B)+(X-A

3:

2: '= (RN
1: '(Y-B)s(X-RA)'
[COLCTIERFRR] ST2E [FORH [0EZLE[ERSUE]

This line must be a tangent to the circle; that is, the expressions for the

slope must be equal.

(=] [ENTER]

Use algebra to solve for y.
Y [

=M

P (RYI=CY-B)/CH-A)
(2L |EsFAN] 2 T2E |FORH [ELE EHEVE]

=M

: SR YEI=CY-BY/ (XA
CoLCTJEE RN SI2E [F b [nESUEIERSUE

Clear the denominators by collecting terms and multiplying through by

denominator terms.

ECOLCT=

2:
1: ;;’§<=INV(-H+X)*(-B+Y)
[CULCT[ERFAHN] SIZE | POkt [OESLIE[ERSLIE]
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Extract the denominator term.
7

i

EXGET =

=M
an us an

- H+x 1
[THVLE] T20L {CUIRD ] SHOL JOESET]ERGET]

Since EXGET "consumes" the original expression, a copy should have
been made first. It is easy to recover from the error.

[UNDO]

Make a copy and re-execute EXGET.

[ENTER]

7 ZEXGET

Multiply through by the extracted term.

[x]

The denominator is now cleared.

ECOLCT=

2:
1: ;;$=INV(-H+K)*(—B+Y)
THYLE] T0L [ CUAD] SHOW JOESET[EXGET]

3:
21 '-X=INVC(-R+K)*(-B+Y.,
1 f- Ryt

[TRYLE] T20L JOURD ] SHOW J0BGET[ERGET)
24
18 '=(KxC-A+X) )=INV(-A+

RI*¥(-BHY I ¥Y2(-A+XD"'
[THYLE] T20L JoelRb ] SHOb J0EGET]ERGET)

-H
1: +7((-H+X)*H)=(-B+Y)*
[COLCTIERFAN] STZE | FORHM J0ESUE[ENLIE]

The following expansions distribute the x andy terms.

S EXPAN =

]

EXPAN =

EXPAN =
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=MW

'= C-A+X ) EX=-BxY+YEY'
COLCT[ERFAN] ST2E [FORH J0ESUIE[ERSUE]

H

=M

'(A-R)¥R=—-BEY+Y%Y'
LET[ERFAN] ZIZE [FORH [0EZUE[ERZLIE]

3:
2%
1: ' AXR-RER=-BEYHYEY !
COLETIERFHN] ST2E [FOR JoESUE[ERSUE]




Now collect terms.

SCOLCT=

Gather like powers.

First gather powers of 2.

’—'
i
Y,
o)
q
i

=COLCT =

Now gather powers of 1.

7 ZEXGET=

= COLCT

IIIH

] =Maw
s um wn

=X 2+A%XX=Y " 2-BEY '
COLCT[ERFAN] ST2E [FORH [0ESUE[ERSUE]

'=KT2+AEK=Y 2~ E*Z !
VLR T0L Rt ] ZHk J0ESETIERGET]

=] =00
Rt

:

=M

+;§:ETH*X+K"2=Y"2- B*
[THLR Tl [ LR SHOk 0B GETERGET]

q =MW

'AxXR=- (BXY)+X 2+Y 2!
COLCT[ERFAN] STZE [Pkt J0ESUE[ERSLIE]

3:
28 'A¥X=-(BEY)I+XN2+Y2!
1 H ] B*Y ]

\;ﬂ;ﬁaB*Y—- (B¥Y)+X" 2+
[TAYLE] 20l | CURD ] SHOM J0EGET]ERGET]

] =M
s un an

' A¥X+BEY=K" 2+Y2"
[COLCTIERFAN] SIZE [FORM J0ESUE]ERELIE]

The right-hand side of this equation is 72. Make a substitution for the

right-hand side.
12

'R™"2 ZEXSUBZE

3:
21
1 : ' A¥X+B*Y=R"2"'
COLETJERFAN] STZE [FORM [0EZUE|ERELIE]
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This linear equation can now be solved fory.

Y =ZISOL=

Save this for later use.

'Y [sTO]

Enter the equation for the circle.

I XA24YA2-RA2

Substitute in the expression for y.

EVAL

3:
2:
It ' (RA2-R¥X) /B
TRVLE] 200 | GUAD | 2Ok (e SE T[EABET
3:
2
TRYLE | 1201 | AL SHOM (0EGE T EXGET
3:
21
It | RAZEYAZ-RAD!
TRVLE] L2k | AL | ZHTM [0 SETIERGET
21
Tt 1%AD4+( (RA2-A¥K)/B) 2
-R~2!

[THYLE] T20L JolAn ] S [0k SETIERGET]

This is a quadratic equation for x, and is easy to solve.

X ZQUADE

Shorten it by collecting terms.

= coLCT

1

Duplicate and store this expression for x.

[ENTER] ’X [STO]

1 'C(A-/B*¥2*(R"2/B)+s]1*{
C(-CA/B¥2% (R 2/B) ) 2™
2-4%((2-A-B*2*%(-(R-B

TAYLE] 0L oD ] SHOL [0k SET|ERGET]

18 ' CPC=-C2%C2+2%AM2%B™ ¢
=22 2¥CCINVCB)Y ¥R™2) "2
=R*22 )+ (- (2%A*B"~(-2)

COLCT[ERFAN] SIZE [Pkt JoESUE[EREUE]

12 '¢ 2+2¥A2%B" ¢

J(-¢2%¢
=22 2% (CINVCBY*¥R™2) ™2
=R*2) )+ (- (2%A¥B"(-2)

COLCT[ERFAN] STZE JFORM 0B SUE]ERELE]

In the Solver, you can assign the numbers needed to complete the given

problem.

SSTEQ=

ESOLVRE
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The exterior point is (2,2).
2

1
>
i

i

|

\S]
1
@
1

|

|

The radius of the circle is 1.
1

11l
o)
1

|

[y
s

Ca e 1w W= ERrRsIC

Ca I I s EsrRslC_]

Ca e 1w ICEesrRslC]

There are two roots, one for each point on the circle.

1

1

S1

111

|

Solve for the x coordinate.

ZEXPR==

Now solve for the y coordinate.

=YS

Repeat the process for the other point.

[sOoLv] =SOLVRE

| O | 5 | 77 .

{i

8.91
Ca e 1CE 1CE JERrR]

8.91
' (R™2-A*KX) /B’
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-1 =81= F‘H
i: -8, 41
CaCE IR s JEReeEll ]

Solve for the x coordinate.

ZEXPR=Z= !mmm
1: -9.41
Ca e 18 I ExPRs]

Now compute the y coordinate.

EYE g: -0.4
1: ' (R 2-A%X) /B
I D I N R

3 -8.4
1: 8.
.+ ! { [ [ | |

The points of tangency are (0.91,-0.41) and (-0.41,0.91).

The general solution approach solves the problem for any circle and any
exterior point.

Purge the variables created in this problem section.

{IXI IYyITpATIBIIRIIg) !
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Implicit Differentiation With User-Defined
Derivative

This section uses a user-defined derivative for implicit differentiation of a
function. Refer to the reference manual for additional information.

Example: Given the equation Vx +\/; =3, express % in terms of x
andy.
Create a user-defined derivative for the function y (x). User-defined

derivatives must take two inputs from the stack; the definition below sim-
ply discards them and returns the variable DY, which can be isolated.

<> 4
2
«— X dx ‘DY [ENTER] 1: € % x dx 'DY' »
Store it in the variable derY .
'deryY g:
2
1:
Enter the Y variable as a function of X .
VX + JY(X) - 3 4
2
1: 'THEHIY(K)-3'
Differentiate with respect to X .
X H
i: TNy (2% T)+DY/ (22 C

Solve for DY . Remember that DY represents %

"DY [ALGEBRA| ZISOL= 2:
1: ;;g;Nv(E*{X)*(E*IY(X

[TRVLE] T20L [ CelRD] SHokd JOBGET|ERGET]
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Simplify to get the solution.

=COLCT = g:
1 - (Y CRIZTRY !
[EOLET [ERFHN] ZIZE | FOFH JiES LE[ERZLIE]

Purge the user-defined derivative created in this example.

‘derY
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Taylor Series Error Term

Many physics and engineering problems are made solvable by expanding
non-linear terms in a Taylor series. Ignoring the quadratic and higher
degree terms leads to an approximate solution that is good for small dis-
placement. This problem shows how to find the range for which the error
in a Taylor series expansion stays small.

Example: Find the range of x for which the error in the 3rd degree
approximation of sin(x ) is less than .1.

The Taylor Series error term is

Rue)=f ) 2

The exponent of f indicates the order of differentiation.

It is important to recognize that the error is the next term in the expan-
sion. Since the sine function contains only odd-powered terms, look at the
difference in the Sth and 3rd degree approximations. For the sine function
the n +1 derivative has a maximum of 1.

n+l

X
Thus R(u+1)< m‘ .

Compute the 5th degree expansion.

Set the angle mode. Key in the function and the variable name.

[CLEAR] [MODE| ZRADZ 3: , _
7SIN(X e SINCXR),
X [ST0 [Fris | So1 | ENG | DES | R |

Key in the order and find the Taylor Series.

5 [ALGEBRA]| =TAYLRE %

1R-0. 17%¥X"3+0. 01 ¥X"3
[TiLE] T5aL Joeltin] sHikd [0EGETERGET]

Now compute the 3rd degree approximation.

' SIN(X T
X %. ®-8. 1?*XX356 %I&KS.P
3 ETAYLRE [TAYLE [ T30l [CLia0 ] SHb [0EGET[ERSET]
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Make a copy and store this result for later use.

[ENTER] ’APS [STO]

3:

20 'X-0.17¥X 3408, B1xX".,
1: 'R-B.17¥x"3'
[THYLR]T20L [ CoAD | SHOR JOEGETIERGET]

Subtract the two approximations.
'¥oB. 17¥R"3+0, B1¥K"S

[-] 2
T _(%-B, 17%K~3)
[THYLE| T20L ] CHORD] ZHOM (VB GETIERGET

Collect terms. The remaining expression is the 3rd degree error term.

=COLCT= g:
1: '@, B1EKNS !
[COLCT [ERPAN] S12E | FORM [0ESLIE|ERSUE]
Set it equal to .1 and then solve forx.
.1 [ENTER] [=] [ENTER] g:
1: '@, B1£X"5=0, 18"
[COLCT [EFAN] ST2E [FORM [WESUE|ERSUE]

There are several ways to solve for x. The ISOL command will isolate x
in the displayed equation and result in a generalized expression forx. A
second approach is to use Solver to compute x. A third approach would be
to use the laws of algebra and the capabilities of the calculator to solve for
x "long-hand." All three methods are shown below; the third approach is
included to illustrate the power of FORM in the ALBEGRA menu.

Choose any one of the three methods which follow, then proceed to the
"Conclusion" portion of this problem.
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Method 1: Using ISOL. Find the generalized expression for x. The
status of flags 34 and 35 will affect the next display. The expression below
is the result with both flags 34 and 35 clear. (To clear these flags, press
34 CF 35 CF.)Refer to the reference manual for a discussion on
alternate settings for these flags. With flag 34 set, you would immediately
obtain the result 1.64 found after the next several steps.

X ZISOLE %

'EXP((0.00,6.280%n1~
2)%1.64"
[TAVLE] T20L ] QURD [ZHOM J0EGETERGET)

Assign a value of zero to the arbitrary integer n1 introduced into the isola-
tion of the variable x.

0 [ENTER] 71 Ewpeco.om, 6. 28)%n1
HE - - *nl/7
‘nl 55%1.647
THTLE ] ToIL ] il SHOM [DEGET E4ET

Evaluate the expression.

EVAL

=MW

(1.64,08.00)
[TvLE] T20L | CURD ] SHok [OEGET]ERGET]

Extract the real component of the complex result.

REAL| =ABS= §=
1: 1.64
[REz | ZTGN | MANT LBFON ] | ]

Now skip to the discussion and keystrokes labeled "Conclusion" to com-
plete this problem.
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Method 2: Using Solver. This method illustrates a simple
approach to solve for x with the Solver.

Proceed to the Solver menu and store the equation.

SSTEQ= 3:
=SOLVR= e
CEIREFT=ICRT=1I [ [ ]

Solve for the variable x .

=XE ymﬁ_
1gn aversa

1.64
L_a_li.:r_r_u A - I ]

Now skip to the discussion and keystrokes labeled "Conclusion" to com-
plete this problem.

Method 3: Using FORM and Algebraic Manipulation. This
method illustrates the use of FORM and the keyboard capabilities of the
calculator to manipulate algebraic expressions. While the two methods
above are more direct, this alternative follows a traditional "paper-and-
pencil" approach toward the solution.

First, compute the fifth root of the equation.

’1+5 [ENTER] [* :
1: '¢(BA.81%X"5)~(1-5>=
B.18~¢(1-5>"'
[COLCT[ERFRN] SIZE [FORM [ESLIE[ERZLIE)

Enter FORM, distribute the left hand exponential, and then associate the
5 and 1/5. Finally, collect terms in the expression.

(((W(X*S))"(1/5))=(
a.1 /9330
COLCTERFANJLENELJERGET] [+ | [+ ]

1

FORME=

Move to the exponentiation sign.

l

i
i
1
it
i
1

A.18°(1-5)2)
[COLCTIERFRRJLEVELJERGET] [+1 | [+] ]

£CCB,B1*CX 3 0H(1-30 )=(}
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Distribute the left-hand exponential.

1

=<D=

Move to the second exponentiation sign.

{1/5))

N XD
(B 16~ 5)))

EPIE ... IS
(((B.Bi"(l/E))*((X‘“S)ﬂ(
1/5)))=(B IB (1 5))
COLCT[EXFANILEVEL [EXGET] [£1 | [+] |
Now associate the 5 and 1/5 in the expression.
SA-E
CCCa,.81C1 90 ) CKE(D*(1
#92223=(B8,.18~(1-52))
[ 100 | E [ €0 | D+ | €8 [ A |
Exit FORM and collect terms.
[ATTN] ECOLCT= %:
1: '@, 39%%=0. 63"
[ZOLCT [ERFAN] SIZE |FORM [0ESLIE[ERSLIE]
Solve for x.
X ZISOLE 3:
?5 1.
S AT e

Conclusion: The variable x has now been isolated by one of the three
methods described above. Proceed with the remainder of this problem

solution.

The sine is symmetric, so R3<.1 for —1.64 <x < 1.64. Check the result in

Solver.

[USER]

EAPS=E

Compare the approximation to sin(x).

"SIN(X

3:
2: 1.64
1: 'R=-B.17%x"3"
paes |1 {1 [
3: 1.64
2: 'R-8. 17%x"3!
1: 'SINCKY!
IEEEN I I .
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(=] [ENTER]

SSTEQ=

ESOLVRE

i
x
i

1
i
m
T
]
1111

il
!
1}
i

3:

2: 1.64
1:  '¥-0.17%x"3=SINCK)'
pes 11 1 1 |

% JLEFT=IRI=1I I[ 1 ]

1t a.90
CERErTEICRT=10 I ] ]
1 .00
CEILEFEET= I i ]

Clearly the difference is .1. Now plot the two equations. Purge the current

plot parameters and draw the function.

' PPAR

= DRAW

i

G s
AN

If the Taylor series approximation is needed for values of x that differ
significantly from 0, the center of the expansion should be shifted, as
demonstrated in the tangent line problem in the next section.

Exit from the screen and purge the variables created in this prob-

lem section.

{'X""APS’ "EQ’

S0 Taylor Series Error Term



Tangent Lines and Taylor Series

This section demonstrates how to use the first order Taylor series to gen-
erate a tangent line equation. The example problem expands about a
point other than the origin.

Example: Find the equation of the line tangent to the sine curve at
X =1

Clear the stack. The first degree polynomial Taylor series expansion is the
tangent line at the point of expansion.

Enter the function to be expanded.

CLEAR
'SIN(X

=MNWp

'SINCRY!

Change the variable to correspond with the new center. That is, Y =0
corresponds to X =1.

'Y+1 4:
3:
2: 'SIMCR)!
1: "Y+1!
'X %
2t
1: 'SINCKD!'
This is the function to be expanded.
EVAL 4:
3:
2
1: 'SIMCY+1>!
Enter the variable and the degree of the polynomial.
'Y 4:
1 g '51N(Y+;$:
1: 1.80
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Find the Taylor expansion.

[ALGEBRA| =TAYLRE

This is the equationin Y.
=EXE

Recall the change of variable equation.

'X
[=] [ENTER

m

'0. 84+0. 54*Y'

Clear the original variable change equation and solve for Y.

"X [PURGE]
'Y [ENTER]

[ALGEBRA] =1SOL

Il
i

Save the expression for Y.

Y [sT0]

3:
2 '9.84+0. 3487
TAVLE | 1201 | CLIAD | SHUM [1EBE T[ERGET)
3:
2:
i: '@, §4+0. 54%Y "
[TAVLE] 2L | LD [Hob B SETIES SET

Change back to the original variable and simplify the resulting expression.

EVAL

= EXPAN

1

1l

ECOLCT =

1
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nhw

'0.84+0. 54%(¥-1>"'
TAYLE] T30l | bRl ] SHokd [0EET]ERGET]

2%
1: ;@. 84+(8.54%X-0.54%1
COLETJERFAN] ST2E [FOR J0ESLE]ERELE]

3
2
1 ', 30+0. 54X

[COLCT[ERFAN] STSE TPk JoESUE[EREUE]




Save a copy of this expression for the next problem section.

3

’STN 1t '@, 30+0. 54%R
[COLET[EHRFAN] ST2E JFukH JiESLIE[ERSLIE]

Plot the two equations for a quick check.

'SIN(X 3

[=] 1: '@.30+8.54*%=SIN(X) '
COLETJERFAN] STZE | Fukt JOESUE[ERSLIE]

SSTEQ=

"PPAR A i/(\\,_/

/X EINDEP= !

=DRAWE

Exit from the screen and purge variables X and Y for the next
problem section.

ATIN| {’X’’Y’ [PURGE
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Normal Line
In the previous problem section, the equation for the line resulted from a
Taylor series expansion. This problem section continues by manually

assembling the expression for the normal line.

Example: Calculate the equation of the line normal (perpendicular) to
the sine curve atx =1.

First recall the equation for the tangent line.

CLEAR 31 '@, 30+, 54%'

=STNE & {5 50+0; B4ck'

ENTER T I T I I

Find the value of the function at x =1. Evaluate the expression.

1 : '@, 30+0. 54%R

'X st 21 '8, 30+8. 54X

STO 1: 0. 84

EVAL I T I S I

This is Y,

To determine the symbolic solutions, purge the value of x.

X 3 '@, 30+@. 54X
2 '0.30+0. 541"
T N N I .

The general point slope formula for a line is
Y_Y0=m (X _Xo) .

Y, is on the stack. Form the left-hand side of the relationship above.

: T
1: TTYig.aq
(-] [FFAF | Bz [ STN] | [

Now form the right-hand side. Bring the original line in position to find
the slope.

Swap 3 0. 30+0. 242!
' : ' . - '
X |[ENTER 1: 131
T N I
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Find the slope by taking the derivative.

31 '0.30+0, 54%% '
2 'Y-9,84"
1: 8,54
T N S I N

This is the slope of the tangent line. The slope of the normal line is

1
m,=-—.
my
Compute m,, .
3: '0.30+8. 542X’
2: 'Y-b.84'
1: -1.85
I EEN S N
Now compute the right-hand side.
rX-1 3: 'Y-8.84'
2: -1:85
[FRaR ] EC ST 1 ]
[x] 3t '0. 30+0. S4EX "
2: 'Y-8.84"
1: '-(1.85%(X¥-1>>"'
T N S I .
Form the entire equation.
[ENTER] 2: '8, 30+0, 54X’
= 1: ;T-B.84=-(1.85*(X-1)
I EEN BT N N .
Solve for Y.
X 3 '@, 30+0, 54%X
= = : *5 '
[ALGEBRA] ZiS0L2 I: -(1.85%CH-13)35.84!
[THYVLE] T30l | IRD ] SHik JUESET]ERGET]
Simplify the expression.
ZEXPANZ 3:
2: '8.36+8. 54X’
1= '-1.85%(X-1)+0.84"
oL T[ERFHN] ST2E TPkt [0ESUE|ERELIE]
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SEXPANE 2: 'B.38+8, 54%R'
= I:  -1.85%%--1.8541+
[COLCTJESFAN] ZI2E | FORM |08 SUEIERSUE
=COLCT= 31
31 ‘0. 30+0. 54%%'
1: 2,69 1.855%"
[E0LETEtFAN] SI2E JFORH [VESUE[ERSUE]
Plot the resulting function.
'SIN(X 3 30+@, 54£%
2: 'a. 5!
(=] I: +2.69-1.B5%%= smcx:-'
[EULCT[E4PRN] SIZE ] FURHM JUESUE|ERSUE
SSTEQ=
TPPAR ,‘/ﬁ\ i/‘ﬁ\ z
’X EINDEP= et TR
SDRAW=

Exit from the screen and purge the following variables.

{/STN’"EQ’ ' PPAR/’
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Implicit Functions

The Implicit Function Theorem is, perhaps, the most elegant of three
methods shown for implicit differentiation. This problem section demon-
strates a more general method for finding the equation of a line than the
previous problems sections.

Example: Find the equation of the line tangent to the function
x24+xy -3=0atx =1.

Begin by defining a function to compute the derivative of a general func-
tion F (x,y). The formula, a result of the implicit function theorem, can be

used as long as % #0 holds.

Purge the variables that will be used in this example to ensure symbolic
solutions.

CLEAR
{(rXrryrryrrx!

=MRWE

Enter the function for computing implicit derivatives.

«— a’-9gX(a)9Y (a

nhe

g + a '-axdarsav¥dal!'

Store the implicit derivatives function.

' IMP

=NWE

Enter and store the general formula for a line.

y=mx (x-X) +¥ 3

2:

1: 'y=mE(x-RI+Y"'
'LINE g:

21

i:
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The function must be expressed in terms of X and Y due to the use of

those variables in the function IMP.
I X~2+XxY-3

'F [sT0]

Now find % in terms of X and Y.

[UsER] =F

1
=
T
1

4:
3:
-H
1: 'RM2+KEY-3!
4:
3:
H
i:
3:
28
1: 'R2+REY-3'
[ F _JLINe]Tee | ] 1
28
13 = CARCKM2+X¥Y I 7Y (KN
2+8%Y) !
P _JLINe]Tme | 1 1

Evaluate the expression until all the partial derivative symbols are gone.

EVAL

EVAL

=M

Do (AR (KR AN (HEY DD
ZCAYCRAZIHAYCKEY )N
I ST I I

18 "= CCOX(KI*2¥X(2-10+
CARCKIEY+HK =K (Y I/ (
AY (XKIE2¥X(2-1)+CaY(
G ST T N .

=MW

"= ((2EREY IR

T30 T I

This expression for the slope of F (x,y) at any point on the curve must be

the slope of the tangent line.

‘m [STO]
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3:
2
Lt L F JLINETIHE ] |




Now determine the value of Y that corresponds to x =2.

F

1
1

|

=STEQ=

=SOLVRE

\V]
i
x
i

|

|

1
z
o)
"
1

Solve for Y.

'Y [ALGEBRA] Z1SOL

Ll

Y [sTO]

3:
2
1: 'KN2+KEY-3!
Lt L F JLINEJTIME] ] |
3:
2:
I-H Iy JEsFE:I Il | |

=
[T

% 1L ¥ JERFR=II [ 1L ]
1: 'q+2%Y-3"
| | |mﬁ£" I 1l ]
3:

2
It -8.50
TRYLE] L300 | GHIAD| SHO (0EGE TERGET
3:
5!
(TATLE | L2 | EHLIAD | SHOM (0EGETERBET

With the coordinates of the point at the tangent line and the slope of the
line in terms of those coordinates, evaluate and simplify the formula for

the line.
SLINES

EVAL

=Ml

'y=mE(x-RI+Y"'
[ v | % [ E: ] M | F JLINE]

2
1

;gs-éég*x+Y>/X*(x-2)
I R T B 5
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EVAL

Use EXPAN to distribute the constant.

[ALGEBRA]

EXPAN =

S EXPAN =

=M

v L on T Ec | r | F JLINE

'y==-(1.75%(x-20)-
0.58'

3
2
1

[COLCTJERFRN] STZE [Pk JESUEEREUE]

'y=-1.70%(x-2)-0.58"'

=)

CoLCT[ERFAN] ST2E JFORM JESLIE[ERELIE]

'y=-1.70%x--1.70%2-
50’

Finally, simplify the equation for the tangent line.

ECOLCT=

3:
2%
1: 'y=3-1.70%x'
COLCTJERFAN] STZE | FUkt [0ESUE[ERELIE]

Purge the variables created in this problem section.
{ ryrryr IEQI M’ 7F/ T INE’ ' IMP’/
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Integral Calculus

This chapter solves a number of problems of integral calculus, including
integration of simple differential equations and computation of arc
lengths, surfaces, and volumes. Both symbolic and numerical solutions are

demonstrated with appropriate use of system flags.

Integral Calculus



Integration and Free Falling Body

This problem section demonstrates derivation of standard equations of
motion through simple integration. The example illustrates the impor-
tance of the constant of integration and shows how that constant is incor-
porated into the solution provided by the HP-28S and HP-28C.

Example: A stone is dropped from a bridge 100 feet above the water.
Calculate how long it takes to reach the water and its final velocity.
From Newton’s 2nd law

F=mx .
The only force acting on a falling body is that of gravity.

F=-mg
Combining these,

Xx=-g.

This is the equation of motion for a freely falling body. A well-posed
problem requires two initial conditions, the starting position and velocity.
The problem then may be solved by integration.

This solution approach plots the final equation to facilitate root finding.
Start by configuring the plot parameters.

' PPAR
100 =*H= [ETEC [RCEC: [FMIN]FHiH [INDEF| DRk |
(0,-70 =PMIN=

=l

-

Plot the displacement as a function of time. Let TM represent the time.

'TM EINDEPE= g=
1:
[ZTEC: [RCEC [FMIM[FHAR [INDEF|DRAM |
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Start by integrating the above equation. Let GRV be the acceleration due
to gravity. Since the expression to be integrated includes no 7M terms,
the specified degree of the polynomial is zero.

=GRV
' TM
0

w

'-GRY!
"TM®

2
1 8.088
[ZTEC [RCEC: [PHINIFHAG JTNDEF[ DR |

—

=My

'- CGRV*TM) '
[STEC: [RCEC [FMINJFHbR [TNDEF]DRAL |

-

This is an expression for the velocity. At TM =0 the initial velocity is 0.

VO [+]

Store this for future use.

'VEL

' - (GRV*TMI+VB'
STEC [RCEC [FMIN]FHAR JTNDEF[DRAL ]

IHN(D
—i TN T

=MW

=] =s us =

[ZTEC [RCEC [FMINIFHAR JINDEF] DAL

Now recall the velocity and prepare for a second integration. The

integrand includes TM to the first degree,

parameter to the integration.

This is an expression for the displacement.

X0 [+]

Integration and Free Falling Body

so a 1 is specified for the last

3t '~ (GRV*TMD+v@'
2: FTH
1: 1.0
T I I I

3:
2:
1: 'VOxTM-GRY 2% TH"2 '
I LT I I N

AtTM =0, x =X0.

=N

\YBXTM-GRY-2%TM"2+X0
IS T N N




To put this in the standard form, use the expression manipulation capabili-

ties in FORM.

[ALGEBRA| =

FORM=

Move the cursor to the minus sign.

1]
ﬁ
111
111
F
1

(((%TM)- CCGRV/2) % (TM"
2))0+X8)
[COLCTJERFANLEVELJERGET] [+] | [3] |

COCVOXTMORCCGRY-2) % CTH™
2))2+x8)
[COLCTJERFANLEVELJERGET] [ | [+1 ]

Commute the expressions about the minus sign.

{

(- C(GRY~2>*(TM*2>>T(V8
*¥TM) )+X0)

RN ECEECEECEETEEEE

Exit FORM, make a copy, and save the expression for distance.

ATTN
'DST

2%
18 '=CGRY/2%TM*2)+VB*THM
+XB'

CoLETERFAN] ST2E TPk [0ESUE]ERSUIE]

Store the expression for use in the Solver menu.

=STEQ=

=SOLVRE

=0

Cer T 1Cve 1o JERFRIC )

In English units the acceleration due to gravity is 32 ft/sec/sec.

32 =GRVE

The bridge is 100 feet high.

i

[y
s

Cee]CTMICve 10 JERFR=IC—])

__|

1
Loy 10T 1Cvo RS JERFRIC]

Since the stone is dropped, the initial velocity is zero.
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Evaluate the expression EQ.
= EXPR=

111

To find the time required to hit the water, find a root of this equation.
Digitize an initial guess from a plot of the equation.

[PLOT] EDRAWE=
W ..

Assign the seed to TM .

[ATTN] [SOLV] =SOLVRE

=TM=

[] ETME

e
(TR T

'-C16xTM20+188"
Cer 1M 1Cvn 16 JEsrRsIC— ]

ero
1: 2.58
[T T T T | 7T |

The stone hits the water after 2.5 seconds. To find the velocity, recall VEL

and evaluate it.

SVEL=

EVAL

3: '-C16%TM"2>+1688'
2: 2.58
1: -86.80
I T I N

The stone is falling at 80 feet per second.
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By changing the initial conditions, the equations of motion developed in
the previous example can be applied to a rock thrown straight up.

Example: A stone is thrown straight up
tial velocity of 70 feet per second.

Compute its peak, the time elapsed until it
velocity.

from ground level with an ini-

hits the ground, and its final

Recall the general equation for distance traveled.

2:
1: _;_;: é GRY/2%TM"Z2)+VB*TM
BN ETE TN EEE

Enter the menu and store the equation for analysis, then enter the

Solver.

SSTEQ=

=SOLVR=

=00

[T | T | T T | 77 |

The initial position is ground level or x =0.

0]

I

X0

1
[T | T | T T | 75 |

The initial velocity is 70 feet per second upward, and, therefore, positive.

70 =V0=

__|

1
ICETTN T T T | 77755

The plot parameters were set in the previous problem. Plot both the velo-

city and the distance equations.

=DST= 2:

Tl
[=] [vec Jreanl 1 [ 1 |
Store the equation for plotting.

ESTEQ=

= DRAW= L—;,(\
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The velocity is the first derivative of the distance; therefore, the root of the
velocity equation corresponds to a maximum of the distance equation.
Digitize the roots of the velocity (where the straight line crosses the x-axis)
and the distance (where the curve crosses the x-axis for the second time).

3:
EINGI £ @
ATTN [ZTEC [RCEC: [FMINTFRAE [INDEF| DRAL ]

Recall the equation for velocity and save the equation for analysis.

USER| =VEL= 3: (2 39, 3 237
28 23)
1 B
m—-—-

SSTEQ=

ESOLVRE (2 BB, 3 232

23)
T 7

Lt et
an an s

Enter the initial guess for the root and solve for 7M.

[sWAP] ETME [ ] ET™

El"D

IEIEE@I:H:

After 2.19 seconds, the stone reaches a maximum height. Recall the dis-
tance equation from the User menu and evaluate to find this height.

[USER] =DST= 2: 2.19
1: _;.;: é GRY/2%TM 2 +VO*TM
I T T T EE
EVAL 3: (4.43,-3.23)
2: 2.19
1: 76, 56
e ] vo | no | ey ] EC | DET ]

The rock reaches a height of 76.56 feet.

Now drop two numbers from the stack and recall the distance equation for
analysis.

DROP 1
TS 1= '- (GRV/2*TM“25+VEI*TH
[DROP] Y
=DST= I T T T
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[SOLv] ESTEQ=E g:
=SOLVR= i: (4.45,-3.23)
[ T T T )
Enter the guess and solve for the root.
=M= [ | ETM=
ero
1: 4.38
TN T T T 7

The rock hits the ground after 4.38 seconds. Note that this is exactly twice
the time required to reach the maximum height. Therefore the time spent
going up is equal to the time spent falling back to the ground. To find the
final velocity recall the velocity equation and evaluate.

-USER =VELE 3:
2: 4,38
1: '-(GRY*TM>+VB'
| VEL JFFRR] | | | |
EVAL 3:
23 4,38
1: -78.680
[ MEL JFFRR|{ | ] | |

Note that this number differs from the initial velocity in sign only. The
rock’s final speed is the same as its initial speed, but it is traveling in the
opposite direction.

Purge the variables created in this problem section.

{/TM’ 'EQ’ 'VEL' 'DST’ GRV' /X0’ VO’ ' PPAR’

68 Integration and Free Falling Body




Double Integration

This problem section uses both symbolic and numerical integration to

solve common problems of integral calculus.

Example: Compute the area between the line
Y =x
and the parabola

Y =x2.
0z

The area may be found by computing the double integral f f dy dx.
122

To insure a symbolic answer, purge the constant and the variable of
integration.

{’C’’Y’ |PURGE

=MRWp
us =s us un

The next four displays show the calculator steps to compute f ¢ dy where

¢ =1. Because the result is simply y, you can choose to skip directly to the

evaluation of the integral at its limits if you wish. If so, simply enter

Y,

and proceed to the steps below beginning with "Enter the upper limit."

Otherwise, prepare the stack for a symbolic integration with a first degree

result. Start by integrating a constant.

c 3 =
'Y H 37
1 1: 1.80
Execute the integral.
4:
(1] 4t
2
1: 'C*Y!
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Eliminate the constant by equating it to 1.

1 4:
’c 31
1: 'CxY!
EVAL 4:
3:
21
1: 'Y!
Enter the upper limit.
'X 4t
'y 5
1: 'Y!
Save a copy of the integrand for later use and evaluate the integral at the
limit.
4
EVAL 3 ; 1y
1 : 1 x ]
Repeat the process for the lower limit.
IX"2 4:
ry g y
1: 'K!

Place a copy of the integrand in position for evaluation at the lower limit.

4:
EVAL 2 'og
1 = 1 XAE 1
The difference is the integrand for the second integration.
(-] 4:
3:
23
1: 'R-Kr2!
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Key in the parameters for the integration.

(X 01 4
2; 1 _UADI
1: { X 8.08 1.80 3
Key in the error bound.
-005 4:
3: 'R-¥r2!
2: { ¥6.08 1.80 3
1: 8.81

Evaluate the second integral. The error bound provides accuracy to the
number of displayed digits (assuming 2 = FIX E).

n

4
3
2
1

I -
L |

8.37

=
me

The area is 0.17.

Purge the variables created in this problem section.

{’Y’’C’ [PURGE

Double Integration 4l




Area Between Two Curves

This problem section provides a general approach for finding the area
between any two intersecting curves.

Example: Find the area enclosed by the parabola f (x)=x2 and the line
y(x)=x+3.

'{he area between two curves can be found by computing the integral
f | f (x)=y(x) | dx.In this problem the limits will be the intersection

points of the curves.

Enter and store the integrand.

4:
'ABS (F-Y 3

1: 'ABSC(F-Y>!
' AREA 4

51

i:
Enter and store the functions.
rX72 4:

3:

2%

i: B2t
'F 4:

21

i:
'X+3 4:

21

1: 'HK+3!
'Y 4

3
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Plot both curves to find the intersection points.

"F=Y [ENTER]

Lo AR LOEE

IF=Y|

=MW

'RABEX4S!

Store the equation and set the plot parameters. If you have no prior
knowledge of the graph of the curves, you can first draw the graph, exit
and modify the plot parameters as shown below, then proceed with a

second graph.

PLOT| =STEQ=
"PPAR [PURGE|
5 E*H=

3:
2
[FEAE | RES | HUES JCEWTR] %M | #H |

The rightmost intersection point will become the upper limit. The left-
most intersection point is the lower limit. Draw the equation and digitize
the rightmost point first, followed by the leftmost point.

= DRAW

] ... [1] [N§]

ATTN

Use the Solver to refine the initial guess.

[SOLV] ESOLVRE

|

1
x
1

[]
:

Nk
..—4—"‘_'_#_ l
3:
2 (2 38 5 58>
1: -1.4 .BB)
mm
3:
2: (2 38,5 59)
1: -1. 43
r“—1cﬁijrﬁnﬂ e
%19n Eeversa! 1.309
[ |mmr—|ﬁ|—r
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Repeat the process for the upper limit.

SWAP P R —
=EX= 1gn Keversa

EXE 1 2,30
[] EXE 0 3 | — —

The limits are in the correct order for integration, but the variable is miss-

ing. Manipulate the stack to put it in place.

X 3 Ey
3 [STACK] ZROLLDZ e ~3-38
[FLLD] FICE |DLIFN JOROFNIDEFTH]+LIET]
Now convert the three elements to a list.
3 = SLISTS 3:
2
1: { ¥ -1.38 2.38
FLISTILIST] FUT | SET | FUTI]SETI]
Recall the integrand.
SAREA= 3:
2: { ¥-1.38 2.38
1: 'ABS(F-Y>'
| n JFFak ] EQ | 0 | F | HRER |
Put them in the necessary order.
3t
23 'ABS(F-Y>'
1: { ¥ -1.38 2.38 3
it _JFFrR ] EQ [ v ] F | HRER ]
Enter the error and integrate.
.005 3: 'ABS(F-Y)
%5 { ¥-1.38 2.8@9%
[ [eean [ | v | F_Lakea]
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3:

! 2: f.81
1: 0.084
[ 5 JFeaR] B ] v | F | HREH |

The area is 7.81.

Purge the variables created in this problem section.
{ 'AREA’/TFr 1Y/ IEQI X’ 7’ pPAR’
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Arc Length
This section demonstrates keystroke and programming examples for com-

puting arc lengths of rectifiable functions. The program ARC created in
the second example is used in a later section entitled "Surface Area."

Example: Find the length of the curve
Fx)= @%Zi
fromx =0tox =3.
The arc length of a function is found by evaluating the integral
e

First form the integrand. Enter the given function in terms of x.

[CLEAR] [<>] 4
1 ((X12+2) " (3+2))+3 3
1

: L(RAZ42I7(3/2) /3"

Specify the variable of differentiation.

"X [ENTER] 4
2t ' CRM2+207 (37203
1 : ] x 1
Take the derivative and simplify.
3:
1

D 2ERE], SOR(RARHRIN
0.508-3"

Collect terms.

[ALGEBRA] =COLCT= g:
1: L(2+KA2) B, 50K
[EULCT [ERFHN] ZITE | FOBH (06 UE[ERZUE

Square the derivative, add one, and take the square root.

¥ 1 [+] V]

28
1: ;ii?@( (2+X2)70. 50%K
oL TERFAR] ST2E [Fokt JoEsUE[ERSLIE]
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This is the differential of arc length.

Place the list containing the variable and limits of integration on the stack.

{X 0 3 [ENTER 3
28 'J(SRC(2+X 2> 0, 58%,,
1: { X 8.88 3.00
[COLETERFAN] STZE [FURHM JoESLE[ERSUE]

Specify the accuracy and perform the integration.

. 005 [ENTER 3:

n 28 12.88
1: a. 86
COLCTJERFAN] SIZE JFORM J0ESUE[ERILE]

The arc length is 12.00.
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Example: Compute the arc length of f (x)=x2forx =0 tox =2.
For repeated problems, a simple program facilitates the computation of
arc length. The program below differentiates the function with respect to

X . This means that functions must be entered in terms of X'.

The partial derivative symbol "3" is obtained by pressing the key.

2t : Apy
« = X /(149X (%) "2 1: g 3+ x ' T(1+HaK(x2"2)
[CHLCT ExF AN S12E | Pk [0ESLEERSUE]

Examine this function to see that it is equivalent to the integrand in the
previous example.

Store the program in the variable ARC.
'ARC

2
1
COLCTERFAN] ST2E [Pk JoESUEEREUE]

The program below first stores the error in the variable ER, then converts
the next three levels of the stack to the list required for integration. The
function is then brought to level 1 and operated on by the ARC function.
Finally the function is returned to its position, and the error is recalled.
The integration completes the process.

« 'ER’ STO 3 —LIST 1: € 'ER' STO 3.68
SWAP ARC SWAP ER 2LIST SWAF ARC SWAP
/
Store the program ARCP.

' ARCP 3
1:

Computing the arc length of any function now only requires placing the
correct information on the stack. This program requires the function on
level 5, the variable of integration on level 4, the upper limit on level 3, the
lower integration limit on level 2, and the error bound on level 1.

rX~27 'X’ 0 2 .005 3: 0.80
i oot
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Compute the arc length.

USER| =ARCP= 3:
2: 4.63
1: 8.062
LER JpRck JrRe | 1 1 |

Purge the variable ER and, if you wish, the program ARCP. Program
ARC is used in the next problem section.

{’ARCP’ ' ER’
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Surface Area

The function created to compute arc lengths can be extended to comput-
ing surface areas.

Example: Compute the surface area of the solid formed by revolving
the section of f (x)=x2 between 0 and 1 about the x axis.

In this problem the integrand is expressed in terms of a function of x. The
surface area can be computed from

b
S=[2nf @)V1+f (x)?.

The square root factor in the integrand is identical to the ARC function
used in the problem section entitled "Arc Length." If you have not already
done so, key in the ARC function from the previous section. Enter the
integrand using ARC as a function.

4
7 2xnxFxARC (F gt
1: '2¥w*#F*ARCC(F> '
Enter the function to be integrated.
'X"2 4:
3:
2: '2¥m¥F*ARCC(F) !
1 : ] x.ﬂ\z ]

Store the function by the corresponding name appearing in the integrand.

'F [sT0]

—=MNWA

'2¥wEF*ARCC(F !

Purge the variable of integration to ensure that the name is not in use.

X [PURGE]

=MNwWp
wn u anoa

'2¥w*F*ARCCF) !

Enter the variable of integration and the limits.

{X 0 1 [ENTER

4
3
2
1

'2¥w*F*ARCCF D!
{ X 8.08 1.80 3
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Enter the error bound and compute the surface area.

- 005

=MW P

o lin]

00
[

The surface area is 3.81.

Purge the variables created in this problem section.

{/F’'ARC’
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Arc Length of Parametric Equations

It is often necessary to work with equations expressed in terms of a
parameter. The coordinates of a particle moving in a plane as a function
of time is a common example.

Example: Compute the length of the curve corresponding to the equa-
tions

3
x(t)=§ and y(t)=L;1L2

fort =0tot =4.

In parametric form the arc length is

Enter the integrand in terms of the differentials of x and y. This general
relationship can be used for any set of parametric equations with 7 as the
parameter.

3
'V (8Q (3T (X)) +SQ (8T (Y .

18 'J(SRCATCKID+SRACATCY,
557 °
Save the parametric arc length in PARC.
' PARC 4

2:

i:

Enter the parametric equations. Store them under the names X and Y as
expected by the PARC function.

ITA222 4:
’(2XT+1)A(3+2)+3 g: TTAD 20
1: '(2¥T+1)X"~(3s2>/3"
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'Y [s1O]
X [s10]

=MW

Now integrate with respect to 7 from 0 to 4.

First recall the integrand.
[USER] =PARC= 21
1: ;{§$Q(6T(X) JHSRCATCY

Key in the variable of integration and the limits.

{T O 4 [ENTER 31
2: 'T(SRAT(XI)+SACAT ..,
1: { T 0.08 4.88 %
IEE I T

Enter the desired error bound.

.005 31 ' T(SRCATCRD I+SACAT .,
2 {7 8.00 4.00_3
N T N I
Now perform the integration.
3:
L 2: 12.909
1: 6. 06
I T T O N
The arc length is 12.00.

Program PARC is used in the next program section, and X and Y are
replaced by new functions.

Arc Length of Parametric Equations 83



Surface Area of Parametric Equations

The function created to compute arc lengths can be extended to compute
surface areas. The surface area can be found by computing the integral

b
S = f2rYVdx?+dy? .

Example: Determine the surface area of the sphere formed by revolv-
ing a circle about the x axis.

x(t)=2cos(t) y(t)=2sin(t)

These are the parametric equations for a circle of radius 2.

Note that the integrand includes the parametric arc length as a factor. Use
the function defined in the previous section in the integrand. Clear user
flag 35 for numeric evaluation of = when it is supplied as a limit to the
integration.

35 CF 3
7 2xmx¥YXPARC 1 ; ' 2xwEY%PARC!
I I T I R
Now enter the X and Y equations.
7 2xSIN(T 3:
21 ' 2¥w*Y*PARC'
1 ' 2£SINCT)
I I T N I
'y 3
1: ' 2EY#PARC '
I I T N
7 2xCOS (T [ENTER] 31
21 ' 2%w*Y*PARC'
1: 1 2%C0SCT) !
I I T N
'X g
1: ' 2EmEY*PARC '
I T I N
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Key in the variable and limits of integration. With flag 35 cleared, = is
evaluated to its numeric representation. The integration that follows

requires a non-symbolic representation. Convert the parameters into a
list.

T 0 = [ENTER]

3:
— = 2: '2*xw¥Y*PARC'
3 |LIST| E-LISTE i: { T B8.00 3.14 %

Key in the error bound and perform the integration.

. 005 [ENTER 3:
7 2: .04
1: 1.89E-4

Note that 50.27 is 4nr2.

Purge the programs and variables created in this problem section.

{IXI 1y’ 7’ PARC/
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Volume of Solid of Revolution: Method of
hells

This section demonstrates computation of the volume of a solid of revolu-
tion by the method of shells.

The method of shells requires evaluation of the integral
b
J2mxF (x)dx .

Example: Find the volume of the solid formed by revolving the curve
F(x)=e*
from x =0 tox =3 about the Y axis. Consider the behavior of the integral

as the region of integration is extended.

Form an algebraic expression for the integrand including a general func-
tion F (x).

CLEAR]| | <> 45
7 25mxXXF gl
1: '2EMEKEF'
Store the integrand.
’ SHEL 4:
3:
28
1:

Now enter the function. This must be a function of X as specified in the
volume integrand.

"EXP(-X"2

=W

'EXP(-R"2)>!
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Store the function by the name used in the SHEL program.

'F 4:
3:
2%
1:
Recall the expression to be integrated.
=SHEL= g:
1: ' 2EMEXEF'
G T I N B
Place the variable of integration and the limits on the stack.
{Xx 03 3:
28 ' 2EMEKEF!
1: { ¥ b.80 3.08
I T I N N
Specify the error bound of the integration.
.005 3: | 2ETEREF
%E { X B.60 3.38@%
T I O N
Now integrate the function.
n 3
23 3.14
1: .82
L F Jswec ) 1 1 1 ]
The result corresponds to 7 within the error specified.
Reset the display to show four digits.
[MODE] 4 =FIXZE 3:
2: 3.1483
1: 8.8158
[ 570 JFItm ] 0T JENG | DEG | RADa |

As expected, the accuracy is limited by the specification of two digits.

Perform the integration again, increasing the accuracy to produce four
digits to the right of the decimal.

SSHEL= 3: 0.0158
(X 03 & 5: bobs
.00005 I T I .
(7]
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The desired accuracy was not achieved. By extending the region of
integration, it may be possible to generate more digits of accuracy.

ESHELE 3: a

.0802
(X 04 g R
.00005 CF Lowec] T 1 T

This is indeed = to four digits. This process does not prove that the
integral, taken to infinity, converges to . That proof requires an explicit
solution to the integral. The curve that was specified is, of course, the
"bell curve" used frequently in statistical analysis.

Purge the programs and variables used in this problem section.

{/SHEL''F
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Volume of Solids of Revolution: Method of
Disks

This problem section computes volume of solids of revolution by the
method of disks.

The method of disks requires evaluation of the integral

b

frf (x)%dx .
In general, for a given integral, the smaller the error bound the longer the
integration will take. The appropriate choice of error bound depends on
the problem being solved, but the method to reach a solution remains con-

stant.

Example: Compute the volume of the solid formed by revolving the
function f (x)=x2 from 0 to 1 about the x axis.

Key in the first program for the general form of the integrand.

<> 4:
« - X TmxA2 3
1: € > x 'mwExt2' »
Store the program in DSK.
' DSK &
2t
1:

Key in the second program. This program puts the function and integra-
tion parameters in the appropriate form on the stack and calls DSK for
the general form of the integrand. It then performs the volume computa-
tion.

« 'ER’ STO 3.00 —LIST 2t o
SUAP DSK SWAP ER | |1 5 jEF' 510 upese
ER [ »
Store the second program by the name DSKP.
’ DSKP g:
2t
i:
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Now enter the function and integration data.

IX~"277X’ 0 1 .005 [ENTER g: 5 R
21 1.0000
1: 8.0058

Execute the program.

=DSES 4 8.6283
1: 8. 0631
I G S A

The computed volume is .6283. The explicit solution to the integral is = /5.
For greater accuracy, increase the error bound as appropriate.

Purge the programs and variables created in this section.

{'DSK’ 'DSKP’ ' ER’
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More Step-by-Step Solutions
for Your HP-28S or HP-28C Calculator

These additional books offer a variety of examples and keystroke pro-
cedures to help set up your calculations the way you need them.

Practical routines show you how to use the built-in menus to solve prob-
lems more effectively, while easy-to-follow instructions help you create
personalized menus.

Algebra and College Math (00028-90101)

m Solve algebraic problems: polynomial long division, function evalua-
tion, simultaneous linear equations, quadratic equations, logarithms,
polynomial equations, matrix determinants, and infinite series.

m Perform trigonometric calculations: graphs of functions, relations and
identities, inverse functions, equations, and complex numbers.

m Solve analytic geometry problems: rectangular and polar coordinates,
straight line, circle, parabola, ellipse, hyperbola, and parmetric equa-
tions.

Vectors and Matrices (00028-90105)

m Perform general matrix operations: summation, multiplication, deter-
minant, inverse, transpose, conjugate, and minor rank.

m Solve a system of linear equations.
m Calculate several important vector operations.
m Learn methods for calculating eigenvalues and eigenvectors.

m Perform the method of least squares and Markov Chain calculations.

Probability and Statistics (00028-90104)
m Set up a statistical matrix.

m Calculate basic statistics: mean, standard deviation, variance, covari-
ance, correlation coefficient, sums of products, normalization, delta
percent on paired data, moments, skewness, and kurtosis.



m Perform regression techniques: curve fitting, multiple linear, and
polynomial regression.

m Compute several test statistics.

And Specifically for Your HP-28S...

Mathematical Applications (00028-90111)
m Find the area and all sides and angles of any plane triangle.
m Perform synthetic division on polynomials of arbitrary order.

m Calculate all the roots of a first, second, third and fourth degree poly-
nomial, with real or complex coefficients.

m Solve first- and second-order differential equations.

m Convert the coordinates of two- or three-dimensional vectors between
two coordinate systems, where one system is translated and/or
rotated with respect to the other.

m Collect statistical data points, and fit curves to the data.

How to Order...

For the location and number of the U.S. dealer nearest you, call toll-free
1-800-752-0900. To order a book your dealer does not carry, call toll-free
1-800-538-8787 and refer to call code P270. Master Card, Visa, and
American Express cards are welcome. For countries outside the U.S,,
contact your local Hewlett-Packard sales office.






Step-by-Step Solutions
for Your HP-28S or HP-28C Calculator

Calculus contains a variety of examples and solutions to show how
you can easily solve your technical problems.

B Function Operations
Function Definition ¢ Function Composition * Function Analysis
* Angle Between Two Lines * Angle Between Two Curves

B Differential Calculus
Minimize Perimeter « Minimize Surface Area ¢ Lines Tangent to a
Circle  Implicit Differentiation With User-Defined Derivative
* Taylor Series Error Term ¢ Tangent Lines and Taylor Series
* Normal Line ¢ Implicit Functions

B Integral Calculus
Integration and Free Falling Body ¢ Double Integration ¢ Area
Between Two Curves  Arc Length ¢ Surface Area ¢ Arc Length of
Parametric Equations ¢ Surface Area of Parametric Equations
* Volume of A Solid of Revolution: Method of Shells and Method
of Disks

==
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