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The programs in the Math Pac have been drawn from the fields of calculus,
numerical analysis, linear systems, analytical geometry and special functions.
Each program in this pac is represented by one program in the Application
Module and a section in this manual. The manual provides a description of the
program with relevant equations, a set of instructions for using the program,
and one or more example problems, each of which includes a list of the
keystrokes required for its solution.

Before plugging in your Application Module, turn your calculator off, and be
sure you understand the section Inserting and Removing Application Modules.
And before using a particular program, take a few minutes to read Format of
User Instructions and A Word About Program Usage.

You should first familiarize yourself with a program by running it once or twice
while following the complete User Instructions in the manual. Thereafter, the
program’s prompting or the mnemonics on the overlays should provide the
necessary instructions, including which variables are to be input, which keys
are to be pressed, and which values will be output. A quick-reference card with
a brief description of each program’s operating instructions has been provided
for your convenience.

We hope that Math Pac I will assist you in the solution of numerous problems in
your discipline. We would appreciate knowing your reactions to the programs
in this pac, and to this end we have provided a questionnaire inside the front
cover of this manual. Would you please take a few minutes to give us your
comments on these programs? It is from your comments that we learn how to
increase the usefulness of our programs.
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Matrix Operations ............ i e 10
This program calculates the determinant and inverse of up to a
14 x 14 matrix, and gives the solution of a system of simultaneous
equations in 14 unknowns.
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This program uses a modified secant iteration algorithmto find areal
root of a given equation.

Polynomial Solutions/Evaluation ............... ... ... ... ... ... 21
This program finds all roots of a polynomial with real coefficients of
degree 5 and below. The program may also be used to evaluate
polynomials for arbitrary values of x.

Numerical Integration .............. ... ... .. i i, 25
Program will perform numerical integration whether a function is
known explicitly or only at a finite number of equally spaced points
(discrete case). The integrals of explicit functions are found using
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either the trapezoidal rule or Simpson'’s rule.
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This program solves first- and second-order differential equations by
the fourth-order Runge-Kutta method.
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periodic function. Up to ten consecutive pairs of coefficients may be
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metic (+,—,X%,+) are provided, as well as several of the most used
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3 Contents

This program computes the hyperbolic functions sinhx, coshx, tanhx
and their inverses.

These programs find the area, the dimensions of the sides, and the

angles of any defined plane triangle.

This program provides 2-dimensional and 3-dimensional coordinate
translation and/or rotation of axes.



INSERTING AND REMOVING
APPLICATION MODULES

Before you insert an application module for the first time, familiarize yourself
with the following information.

Up to four application modules can be plugged into the ports on the HP-41C.
While plugged in, the names of all programs contained in the module can be

displayed by pressing [l 2.

CAUTION

Always turn the HP-41C off before inserting or removing any plug-in
extensions or accessories. Failure to turn the HP-41C off could damage
both the calculator and the accessory.

Here is how you should insert application
modules:

1. Turn the HP-41C off! Failure to turn the
calculator off could damage both the
module and the calculator.

2. Remove the port covers. Remember to
save the port covers, they should be
inserted into the empty ports when no
extensions are inserted.

3. With the application module label facing
downward as shown, insert the applica-
tion module into any port after the last
memory module presently inserted.
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If you have additional application
modules to insert, plug them into any
port after the last memory module. For
example, if you have a memory module
inserted in port 1, you can insert applica-
tion modules in any of ports 2, 3, or 4.
Never insert an application module
into a lower numbered port than a
memory module. Be sure to place port
covers over unused ports.

Turn the calculator on and follow the
instructions given in this book for the
desired application functions.

To remove application modules:

1.

Turn the HP-41C off! Failure to do so
could damage both the calculator and
the module.

Grasp the desired module handle and pull
it out as shown.

Place a port cap into the empty ports.

v

Mixing Memory Modules and Application Modules

Any time you wish to insert other extensions (such as the HP-82104A Card
Reader, or the HP-82143 A Printer) the HP-41C has been designed so that

the memory modules are in lower numbered ports.

So, when you are using both memory modules and application modules, the
memory modules must always be inserted into the lower numbered ports and
the application module into any port after the last memory module. When
mixing memory and application modules, the HP-41C allows you to leave
gaps in the port sequence. For example, you can plug a memory module into
port 1 and an application module into port 4, leaving ports 2 and 3 empty.



FORMAT OF USER INSTRUCTIONS

The completed User Instruction Form—which accompanies each program—is
your guide to operating the programs in this Pac.

The form is composed of five labeled columns. Reading from left to right, the
first column, labeled STEP, gives the instruction step number.

The INSTRUCTIONS column gives instructions and comments concerning the
operations to be performed.

The INPUT column specifies the input data, the units of data if applicable, or
the appropriate alpha response to a prompted question. Data Input keys consist
of 0 to 9 and the decimal point (the numeric keys), (EEX] (enter exponent), and
(cHs] (change sign).

The FUNCTION column specifies the keys to be pressed after keying in the
corresponding input data.

Whenever a statement in the INPUT or FUNCTION column is printed in gold,
the key must be pressed before the statement can be keyed in. After the
statement is keyed in, press again to return the calculator to its normal
operating mode, or to begin program execution. For example, FOUR
means press the following keys: FOUR .

The DISPLAY column specifies prompts and intermediate and final answers
and their units, where applicable.

Above the DISPLAY column is a box which specifies the minimum number of
registers necessary to execute the program. Refer to pages 73 and 117 in the
Owner’s Handbook for a complete description of how to size calculator mem-
ory.

The following illustrates the User Instruction Form for Fourier Series.

SIZE: 027
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. |Initialize program. FOUR | NO. SAMPLES="?
2. |Key in number of samples in
one period. # samples R/S NO. FREQ="?
3. |Key in number of frequencies
desired. # freq. 1ST COEFF=?
4. |Key in order of first coefficient (J). J Y1=2?
5. |lnputy, n=1,...,N Yn R/S Y2=7,...,RECT?
6. |Repeat step 5 until display
shows RECT?




Format of User Instructions

7

STEP INSTRUCTIONS INPUT FUNCTION DISPLAY

7. | If the answer is yes, press R/S A=
to display coefficients for b=
J<ks=J + # fregs. in
rectangular form.
If the answer is no (N), display N C=
coefficients in polar form. RIS A K=
Pressing displays
successive coefficients.

8. | To compute value of Fourier
series at t, set USER mode and t 3 f(t)
key in t.




Catalog

When an Application Module is plugged into a port of the HP-41C, the contents
of the Module can be reviewed by pressing ,& 2 (the Extension
Catalog). Executing the function lists the name of each program or
function in the module, as well as functions of any other extensions which
might be plugged in.

Overlays

Overlays have been included for some of the programs in this pac. To run the
program, choose the appropriate overlay, and place it on the calculator. The
Mnemonics on the overlay are provided to help you run the program. The
program’s name is given vertically on the left side. Blue mnemonics are
associated with the key they are directly below when the overlay is in place
and the calculator is in USER mode. Gold mnemonics are similar to blue
mnemonics, except that they are above the appropriate key and the shift (gold)
key must be pressed before the re-defined key. Once again, USER mode must
be set.

ALPHA and USER Mode Notation

This manual uses a special notation to signify ALPHA mode. Whenever a
statement on the User Instruction Form is printed in gold, the key must
be pressed before the statement can be keyed in. After the statement is input,
press again to return the calculator to its normal operating mode, or to
begin program execution. For example, FOUR means press the follow-

ing keys: FOUR (ALPHA ] .

In USER mode, when referring to the top two rows of keys (the keys have been
re-defined), this manual will use the symbols(A] - and @(a)- MI(E) on
the User Instruction Form and in the keystroke solutions to sample problems.

Using Optional Printer

When the optional printer is plugged into the HP-41C along with the Math Pac
Applications Module, all results will be printed automatically. You may also
want to keep a permanent record of the values input to a certain program. A
convenient way to do this is to set the Print Mode switch to NORMAL before
running the program. In this mode, all input values and the corresponding key-
strokes will be listed on the printer, thus providing a record of the entire
operation of the program.
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Using Programs As Subroutines

The programs in the Math Pac may be called as subroutines for user programs
in the HP-41C’s program memory. Refer to Appendix B for information on
special subroutine calling points.

Downloading Module Programs

If you wish to trace execution, to modify, to record on magnetic cards, or to
print a program in this Application Module, it must first be copied into the
HP-41C’s program memory. For information concerning the HP-41C
function, see the Owner’s Handbook. It is not necessary to copy a program in
order to run it.

Program Interruption

These programs have been designed to operate properly when run from begin-
ning to end, without turning the calculator off (remember, the calculator may
turn itself off). If the HP-41C is turned off, it may be necessary to set flag 21
(SF 21) to continue proper execution.

Use of Labels

The user should be aware of possible problems when writing programs into
calculator memory using Alpha labels identical with those in an Application
Module.



MATRIX OPERATIONS

This program calculates the determinant and inverse of up to a 14 x 14 matrix,
and gives the solution of a system of simultaneous equations in 14 unknowns.

The method used in this program is Gaussian elimination with partial pivoting.
Space does not allow a full treatment of the pertinent equations, however,
matrix theory references are provided.

Gaussian elimination is a series of row operations consisting of two parts: the
forward elimination and the back solution. During forward elimination, the
program takes an N x N matrix A and transforms it into an upper triangular
matrix U, assuming A is nonsingular. The multipliers used to accomplish this
transformation form a lower triangular matrix, L, which has 1’s along its
diagonal. If we disregard pivoting, a series of row interchanges that will
increase accuracy for many systems of equations, the relationship among these
matrices is U = LA. At the end of execution of this part of the program, the
flag 4 annunciator turns off, and the original matrix A no longer exists in mem-
ory. The initial elements A,; have been replaced by the elements of U(i<j) and
of L(i>j). The back substitution part of the program uses the transformed
matrices U and L to compute the determinant and inverse of A and to solve
systems of simultaneous equations.

Equations: (using a matrix of order 5)
All A12 Al3 A14 A15
A21 A22 A23 A24 A25
Let A= |As; Asz Ass Ase Ags

A41 A42 A43 A44 A45
A51 A52 A53 A54 A55

The determinant of A, Det A, is found after its transformation to U by the
product of diagonal elements:

Det A = (—1)¥ Uy, Uyp, Ugg Uy, Us;s,

where k is the number of row interchanges required by pivoting.

Let C be the inverse of A, i.e., the 5 x 5 matrix, such that AC = CA =1,
where I is the 5 x 5 matrix such that

_JdLi=j .. _
I {O,ir‘—j’ i,j=1,2,3,4,5.

C is computed a column at a time in the following way:

let ¢® be the jth column vector of C, i.e.,

10
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Cy

Coj
ey l, J=1,2,3,4,5

Cyj

c(l) =

Csj

Then ¢ is found by the solution of the equation
Ac® = 10 where I =4 L 170 i=112,3,4,5
0’ l#j, ’ ’ ’ ’

For example, ¢ is found by solution of

Ac(l) =

[=leNe N

A set of 5 simultaneous equations in 5 unknowns may be written as

Apxy t Apxs t Apgxs + AXy + AsXs = By
AgiXy + AgoXy T ApgXs T AggXy + Agsxs = B,
AgiX; t AgpXp + AgsXs + AggXe t+ Agsxs = Bs
ApX; T ApXs + Agxg + AggXy + AgsXs = By
AsiXy t AspXy  AggXs + AggXy + AssXs = Bs,

where the {x.} are unknowns and the {B,} constants.

In matrix notation, this becomes Ax = B, where x and B are column vectors

X, B,
Xa B,
X3 and B,
X4 B,
Xs Bs

respectively.
This problem is solved (neglecting pivoting) as Ux = LB.

Remarks:

m A halt during execution of the program with a display of NO SOLUTION
indicates that the matrix is singular.
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®  The program is designed to solve a 14 X 14 matrix, however, memory
modules will be required to go beyond a 6 X 6 matrix. Refer to the
Matrix Register Chart for the register requirements of various matrices.
s The Math Module must be placed in a port after the Memory Module(s).

m  Ifthe elements of matrix A are already stored in the appropriate registers,
the order is in register 14 (R,,), flag 04 is set, and flags 06-10 are cleared,
the initial prompting may be skipped and the matrix pivoted by pressing
To solve a system of equations, the column registers must be
stored and flag 05 set.

m If DET is called as a subroutine, the value of the determinant will be
returned to the Y-register.

m  When keying in the elements of the matrix, the Y-register must not be
disturbed.

m  The best results will be obtained when the matrix is well-conditioned.

References:

Carnahan, Luther and Wilkes, Applied Numerical Methods, John Wiley and
Sons, 1969.

George E. Forsythe, Michael A. Malcolm, and Cleve B. Moler, Computer
Methods in Mathematical Computation, Computer Science Department,
Stanford University, 1972.

G. Forsythe and C. Moler, Computer Solution of Linear Algebraic Systems,
Prentice-Hall, 1967.

C. Moler, ‘‘Matrix Computations with Fortran and Paging,”” Comm. ACM,
vol. 15, no. 4, pp. 268-270 (April, 1972).

STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1 | Initialize program MATRIX ORDER="?
2 | Key in order (N)
of matrix (N<14) N R/S SET SIZE nnn
3 | Set size and continue (xEq)SIZE nnn
R/S A1, 1=

4 | Input elements of matrix

in row order (A,;, Az, A3,
ooy Agyy Agg, Ags, .., etc.) A, R/S Al, 2=?
A, R/S Al, 3="?

5 | Repeat step 4 until all elements
of matrix have been keyed in Axn R7S 0.0000

6 | (Optional) View the matrix (xEQ)VMAT Al 1=
A1, 2=
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STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
AN, N=
7 | (Optional) Edit the matrix DI ROWTCOL="?
7a| Input the row (I) and column
(J) of element to be changed |
J Al, J=?
7b| Key in new value Ay, * Al, J=
* | ROWTCOL = ?
7c | Repeat 7a and 7b as needed
7d | To stop editing 0.0000
Compute determinant . DET=
Find the inverse
(in column order) C1, 1=
C2, 1=
CN, N=
10 | For solution of simultaneous
equations, input the SIME B1=27
column matrix B, B2="?
By RIS 0.0000
11 | Solve the system X1=
XN=
11 | (Optional) View the column B1
B2
R/S BN=

* An additional is

needed if the printer is not used
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Find the determinant and inverse of the matrix below.

- -

6 3 -2 3
1 4 -3 4 2
2 3 -1 -2 9
4 3 0 1
3 5 -6 6 2

Keystrokes: Display:

MATRIX ORDER=?

5 SET SIZE 50 (Assumes that
less than 50 regis-
ters currently
available)

(xeQ)(ALPHA ] SIZE (ALPHA] 050

R/S A1, 1=?

6(R7s) 3(R7S] 2(cns) (R7s) 2(R7S)

3(R7s]) 1(R7s) 4(R7s) 3(chs) (R7S)

4 (@8) 2(®75) 2 @E) 3

1(cHs] (R/s] 2(cns](R/S] 9 (R7S]

4(@75) 3(7S) 0(FT5) 2(73) 1(@75)

3 (R7s] 5(R7S) 6(cHs) (R7S)

6 2 0.0000

(xeq) (APHA ] DET ((ALPHA]] DET=-200.0000 (Det A)

(xeq](aLPHA ] NV (ALPHA] C1, 1=0.2000

€2, 1=-1.7500

C3, 1=0.7000

C4, 1=1.7250

C5, 1=1.0000

C1, 2=-0.1200

C2, 2=-2.0000

C3, 2=1.2800

R/S C4, 2=2.5400

C5, 2=1.4000

R/S C1, 3=-0.0400

C2, 3=0.5000

C3, 3=-0.2400

C4, 3=-0.5700

R/S C5, 3=-0.2000
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Keystrokes Display

C1, 4=-6.0000 E-10
C2, 4=1.7500

R/S C3, 4=-0.5000

C4, 4=-1.6250

R/S C5, 4=-1.0000

C1, 5=-1.0000 E-10
R/S C2, 5=1.5000

C3, 5=-1.0000

R/S C4, 5=-1.7500

R/S C5, 5=-1.0000

By applying the technique of loop currents to the circuit below, find the
currents I, I, I, and 1,.

10 10 10 10

The equations to be solved are

21, -1, = 34
-I; +3I, -I3 = 0
-I +3I; -1, = 0

-I; +3I, = 0

In matrix form,

2 -1 0 0 I, 34
-1 3 -1 0 I, _ 0
0 -1 3 -1 I 0

0O 0 -1 3 I,
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Keystrokes:

MATRIX
4

2(®r7s] 1(cns] (7S] o(R7S] 0(R7S]
1(cns) (7S] 3 (R7S] 1 (cws) (R7S)
0(R7s] o(r7s] 1(cHs] (R7S] 3(R7S)
1(cns) (R7S] o (R7S] o (R7S)
1(cHs) (R7S) 3(RIS]

SIMEQ

34 (R7s) 0(R7S) o0 (R7S]) o (R7S)

R/S

DD
~| S
Ja)

2
~|
(7]

Display:

ORDER="?
A1,1=? (Assumes size

still set at 050)

0.0000
B1=?
0.0000
X1=21.0000
X2=8.0000
X3=3.0000
X4=1.0000



This program uses a modification of the secant iteration algorithm to find a real
root of the equation f(x) = 0. The user must supply the function to be solved,
and may supply two initial guesses (x; and x,) intended to approximate the
desired solution. If an initial interval is not specified, the program assumes
initial values of 1 and 10.

If f(x,) - f(x2) =< 0 and the function is continuous on the interval, the program
will always find a root. If f(x,) * f(x,) > 0, the search for a root may not be
successful. When more than one root exists in an interval, one root will be
found, and the user may then choose a smaller interval and repeat the program.

The function f(x) may be keyed into program memory using any global label
(maximum of 6 characters), and should assume that x will be in the X-register
upon entry. Several functions may be loaded into program memory at the same
time, as the program prompts the user for the name of the function to be evalu-
ated. The program uses registers 00-06. The remaining registers and the stack
are available for defining f(x).

17



18 Solution to f(x) = 0 on an Interval

SIZE: 007
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. | Prepare to key in function(s). E®E®E
2. | Switch to PRGM mode; load func-
tion under desired label; add (rTn); _
switch out of PRGM mode. :
Initialize program. FUNCTION NAME?

Key in the name of the function
(ALPHA mode is set at step 3). Name R7S GUESS 1=?

5. | If you wish to provide two initial
guesses, key in first guess. Other

wise, go to step 7. X, RIS GUESS 2=7?
Key in second guess. X2 R/S (See Note)
Execute program. R/S (See Note)

To search for another root, press
. For a new case, go to step 1
or 3.

NOTE: There are three ways for

this program to terminate nor-

mally. They result in the following

messages:

1) NO ROOT FOUND

2) ROOT IS <VALUE>

3) ROOT IS BETWEEN <Value 1>
AND <Value 2>

9. | To use as a subroutine (when the
initial guesses are already stored),
steps 3-9 could be skipped by
pressing
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Find the root of Inx + 3x — 10.8074 = 0. Use FF to define f(x).

Keystrokes: Display:
SIZE 007
J®
(tBL)(aPHA ) FF (ALPHA
I
10.8074 (=]
RTN
SOLVE FUNCTION NAME?
FF GUESS 1 =?
R/S ROOT IS 3.2134

Find an angle « between 100 and 101 radians such that sina = 0.01. Hence, let
f(x) = sinx — 0.01 and use ANGLE.

Keystrokes: Display:

(I
ANGLE
RAD

(siN)

01(=)

DEG

RTN

SOLVE (ALPHA] FUNCTION NAME?

ANGLE (R7S] GUESS 1 =?

100 GUESS 2 =?

101 ROOT IS BETWEEN 100.5410
R/S AND 100.5410

To see the answers to more significant digits, press (F1X] 9 and .
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Find the roots of x> + 1 = 0 using CC.

Keystrokes: Display:

I
MR
(x3 1
RTN
SOLVE FUNCTION NAME?

CcC GUESS 1 =?
R/S NO ROOT FOUND




This program may be used to find the roots of a polynomial with real coeffi-
cients of degree 5 and below, provided that the high-order coefficient is 1. The
equation may be represented as

X"+ ap_x"'+ ..+ ax+ a =0, n=2,3,4o0r5.

If the leading coefficient is not 1, it should be made 1 by dividing the entire
equation by that coefficient.

Polynomials may also be evaluated for arbitrary values of x. This is of aid in
plotting polynomials and using data correlations based on polynomials.
When the program is initialized, the user must specify the degree (n) of the
polynomial. The calculator then prompts the user for the coefficients a,_;, * * *
a;, 9. Zero must be input for those coefficients which are zero. Registers 00-04
are used to store the coefficients.

Equations:

The routines for third and fifth degree equations use an iterative routine to find
one real root of the equation. This routine requires that the constant term a, not
be zero for these equations. (If a, = 0, then zero is a real root and by factoring
out x, the equation may be reduced by one order.) After one root is found,
synthetic division is performed to reduce the original equation to a second or
fourth degree equation.

To solve a fourth degree equation, it is first necessary to solve the cubic
equation

y3 + byy? + by + by = 0

where b, = —a,
b, = aza, — 4a,
by = ap (4a, — ag) — a/.

Let y, be the largest real root of the above cubic.

Then the fourth degree equation is reduced to two quadratic equations:

x>+ (A+C)x+ B+D)=0
XX+ (A—-Cx+ B-D)=0

21



22 Polynomial Solutions/Evaluation

where —123—, =—¥,D=VB2—a0,C= VA — a, + y,

Roots of the fourth degree equation are found by solving the two quadratic
equations.

A quadratic equation x> + a;x + a, = 0 is solved by the formula x,, =

2 2
- % + aTl— ap. If D =_21_ — ay> 0, the roots are real; if D < 0, the
roots are complex, beingu * iv= — % *iV-D.

A real root is output as a single number. Complex roots always occur in pairs
of the form u = iv, and are labeled in the output.
Remarks:

® Long execution times may be expected for equations of degree 3, 4, or 5, as
these use an interative routine once or more.

® Program uses registers 00-22.

SIZE: 023
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. | Initialize program. ! DEGREE="?
2. | Key in degree of polynomial
(n=2,3,4,5) n A7S a(n—1)=2
3. | Input coefficient a,,_, of
polynomial.
Coefficients=0 must be so input. A, RIS a(n—2)="?
Repeat until display asks for a,. :
a4 a0="?
4. | Input coefficient a,. a, ROOTS?
5. | To find the roots of the polynomi-
al, press to see successive ROOT=
roots appropriately labeled. Go to U=
step 9. V=
U=
-v=
6. | To evaluate the polynomial,
answer no (N) N X=?
7. | Input x and see f(x). X F<X>=
For a new x, key in x, press . X R/S F<X>=
For a new polynomial of same
degree, go to step 1 or change
appropriate coefficients (registers
00-04) and
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Find the roots of x5 — x* — 101x® + 101x% + 100x — 100 = O.

Keystrokes:

SIZE 023
POLY

1(cns) (R/S)
101 (cHs] (R7S]
101 (R/S]

100 (R7S]

100 (CHS] (R7S)

R/S

2| DD
SISHS
0l |»|»

2
~
(7]

Display:

DEGREE=?
a4=?
a3=?
a2="?
al=?
a0=?
ROOTS?

ROOT=10.0000

ROOT=1.0000
ROOT=1.0000

ROOT=-1.0000
ROOT=-10.0000

Solve 4x* — 8x® — 13x2 — 10x + 22 = 0.

Rewrite the equation as x* — 2x® —% xZ — % x +

Keystrokes:

(xeq] (APHA] pOLY

4 (@78)
2(C8) (773

13 [ENTERY] 4 (=] (cHS](R7S]

10 (EnTere] 4 (+](cHs] (R7S)

22 (enTers] 4 (<] (R/S)

R/S
/

D||>D
~|
0| |~

2
~
(7]

|| D
~| |~
IR

Display:

DEGREE=?
a3=?

a2=?

al=2?

ao=?
ROOTS?
U=-1.0000
V=1.0000
U=-1.0000

-V=-1.0000

ROOT=3.1180
ROOT=0.8820

(Root 1)
(Root 2)
(Root 3)
(Root 4)
(Root 5)

= 0.

(Roots 1 & 2 are
-1.00 = 1.001)

(Root 3)
(Root 4)
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In the previous example, what would be the roots if the x* coefficient were
changed from -13/4 to -5?

Keystrokes: Display:
5(cns) 02
ROOTS U=-1.1386 (Roots 1 & 2 are
R/S V=0.8555 -1.1386=*.8555i)
U=-1.1386
-V=-0.8555
ROOT=3.5031 (Root 3)
R/S ROOT=0.7741 (Root 4)
ample 4:
Evaluate the following polynomial at x = 2.5 and x = —5.

f(x) = x5+ 5x* — 3x2 — 7x + 11

Keystrokes: Display:

(xeQ] [ALPHA | POLY (ALPHA ] DEGREE=?

5 a4=?

5 a3=?

0 a2=?

3 a1=?

7(E8) R18) a0-?

11 ROOTS?

N X=?

25 F<X>=267.7188

5 F<X>=-29.0000



[t
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f(x ) +TRAP  +SIMP

This program will perform numerical integration whether a function is known
explicitly or only at a finite number of equally spaced points (discrete case).
The integrals of explicit functions are found using Simpson’s rule; discrete

case integrals may be approximated by either the trapezoidal rule or Simpson’s
rule.

Discrete case

Let xo, Xy, ..., X, be n equally spaced points (x; = Xo + jh,j= 1,2, ...,n)at
which correspondmg values f(x,), f(x,), ..., f(x,) of the function f(x) are
known. The function itself need not be known explicitly. After input of the step
size h and the values of f(x;), j = 0, 1, ..., n, then the integral

f xnf(x) dx
Xo

may be approximated using

1. The trapezoidal rule:

Xn n—1
f f(x) dx :%[f(xo) + 2 z f(x;) + f(xnﬂ
Xo =1

2. Simpson’ rule:

[ :%[f(xo) + 4f0x) + 26(xs) +
Xo

. Af(Xp-3) T 2f(xp_2) t 4f(xn—1) + f(xn)]

In order to apply Simpson’s rule, n must be even. If n is not even, the calculator
will halt displaying N NOT EVEN if () is pressed.

25



26 Numerical Integration
Explicit Functions

If an explicit formula is known for the function f(x), then the function may be
keyed into program memory and numerically integrated by Simpson’s rule.
The user must specify the endpoints a and b of the interval over which integra-
tion is to be performed, and the number of subintervals n into which the interval
(a, b) is to be divided. This n must be even; if it is not, N NOT EVEN will
be displayed. The program will go on to compute

Xo=a,X;= X+ jh,j=1,2,...,n— 1, and x, = b where

b
The integral f f(x) dx is approximated by equation (2) above, Simpson’s rule.
a

The function f(x) may be keyed into program memory using any global label
(maximum of 6 characters), and should assume that x will be in the X-register
upon entry. Several functions may be loaded into program memory at the same
time, as the program prompts the user for the name of the function to be
evaluated. The program uses Registers 00-07; the remaining registers are
available for defining fj(x).

SIZE: 008
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. | Place overlay on calculator.
2. | For explicit functions, go to
step 9, for discrete case, go to
step 3.
DISCRETE CASE
Initialize program 0.0000
Key in the spacing between
x-values. h ® h
5. | Key in the function value at x;.
Repeat this step for j=0,1,...,n. f(x;) j
6. | Compute the area by the
trapezoidal rule. TRAP[
7. | Compute the area by Simpson's
rule (n must be even). © SIMPf
8. | For a new case, go to step 2.
EXPLICIT FUNCTIONS
9. | Prepare to load function. M




Numerical Integration 27

STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
10. | Switch to PRGM mode; load
function under desired label;
add (RTn); switch out of PRGM
mode. _
11. | Initialize program.
12. | Key in the beginning and final
endpoints of the integration
interval. a
b @ a
13. | Key in the number of sub-
intervals (must be even), and
compute the area by Simpson’s n FUNCTION NAME?
rule.
14. | Key in name of function. Name R7S 12 f(x)dx
15. | To change a, b, or n, go to the
appropriate step; for a new case,
go to step 2.

Given the values below for f(x;),j= 0, 1, ..., 8, compute the approximations to

the integral

fo 2f(x) dx

by the trapezoidal rule and by Simpson’s rule.
The value for h is 0.25.

i 0o/ 1,2 34| s 6 7
x | 01.25 .5 .75/ 1125 15| 1.75
fx) | 212813852 7]92 12,1156

Keystrokes: Display:
SIZE 008
INTG 0.0000

20



28 Numerical Integration

Keystrokes
25(a) 2(8)
2.8(8] 3.8(8)
5.2(8) 7(8]
9.2(8] 12.1(8]
15.6(8] 20(8]
(]

KFwvamn | P Y.
r.xampie <

Find the value of

&

Display

16.6750 (Trapezoidal)

16.5833 (Simpson’s)
dx

1 — cosx + 0.25

for n = 10 and then for n = 30. Note that x is assumed to be in radians. For
safety, if you work mostly in degrees, it is good programming practice to set the
angular mode to radians at the beginning of the routine, then back to degrees at
the end. Key the function in under FF

Keystrokes

(cToJ(:](]
(LBL](ALPHA ] FF (ALPHA ]

ALPHA] RAD (ALPHA]

cos

195

2503

(xEQ] (ALPHA ) DEG (ALPHA )
RTN

(xeQ) (ALPHA ) INTG (ALPHA]
0 2@ ()
10 ¢

FF @rs]

30 (8]

FF (R7S]

Display
FUNCTION NAME?
8.2193 (n=10)
FUNCTION NAME?
8.3774 (n=30)

The exact solution isSTTr = 8.3776



This program solves first- and second-order differential equations by the
fourth-order Runge-Kutta method. A first-order equation is of the form
y' = f(x, y), with initial values X,, y,; a second-order equation is of the form
y" = f(x, y, y'), with initial values xo, Yo, Yo -

In either case, the function f(x) may be keyed into program memory using any
global label (maximum of 6 characters), and should assume that x and y are in
the X- and Y-registers respectively; y’ will be in the Z-register for second-order
equations. The Module program uses registers 00-07. The remaining registers
are available for defining the function.

The solution is a numerical solution which calculates y; for x; = Xo + ih
(i=1,2,3,...), where h is an increment specified by the user. The value
for h may be changed at any time during the program’s execution by storing
h/2 in Register 01. This allows solution of the equation arbitrarily close to a
pole (y— + ).

Equations:

15t-order:

Yi+1 = Yi +—(15—(C1 + 2c, + 2¢5 + cy)

where
¢; = hf(x;, y1)
h c
=hf{ x, + —, y; + —
Co ( i ) Yi )
h [¢
= — + =2
C3 hf(xl + 2 s Yi >
Cqy = hf(xl + h, yl + Ca)
2"order:

yisr =yt h [Yir +%(kl + k, + ks)]

Vi =y + % (k, + 2k, + 2Ks + ky)

29



30 Differential Equations
k; = hf (xi, y3, yi)

h h ’ h ! k
k, =hf(x1 + 7, ¥i +7 it —g—kl, Yi +Tl

h h , h ' k
k3:hf(xi+ 5 Yi +7 yi + Tkl’ Yi +—22-

k= hf(xl + h,y, + hy/ + % ks, yi + k)

Remarks:

= When inputting values for a second-order solution, the values for x, and
Yo must be input before the value of y, . All values must be input even if

Zero.
SIZE: 008
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. | Prepare to load function f(x, y, y') E9EE
2. | Switchto PRGM mode; load
function under desired label; add L8L) _
. switch out of PRGM mode
3. | Initialize program. JIFEQ  |FUNCTION NAME?
4. | Key in name of function. Name R7S ORDER="?
5. |[Key in the order of the differen-
tial equation (1 or 2) 1or2 STEP SIZE="?
6. |Key in step size (h). h X0="?
7. |Input initial value for x. Xo Y0="?
8. |Input initial value for y. Yo x; or Y0.=?
9. |For a second-order solution, key in
initial value of y’. Yo X1
10. | Output successive values of x and
y. Y1
X,
R/S y2
etc.




Differential Equations 31

Using solve numerically the first-order differential equation

, _ sin x + tan™! (y/x)
y = In(Vx? + y?)

where xo = y, = 1. Let h = 0.5. The angular mode must be set to radians, and
three additional storage registers are necessary to define the function.

Keystrokes: Display:

(tBrL) (APHA ] Fx (ALPHA ]
RAD
08

A
<

o

©

—_
o

- O
o ©

PCERY R EERREE
o
@

DEG
RTN
DIFEQ FUNCTION NAME?
FX ORDER="?
1 STEP SIZE=?
5 X0=2?
1 YO=2
1 1.5000 (x1)
2.0553 (1)

2.0000 (X2)



32 Differential Equations

Keystrokes Display

R/S 2.7780 (y2)

2.5000 (x3)

3.2781 (ys)
etc.

Using » solve the second-order equation
(1 - Xz)y" + xy' =X

where Xg = yo = Yo = 0 and h = 0.1.

Rewrite the equation as:

y~=x(11—y2>=x(y2_—” x # 1
- X X 1

Keystrokes Display

G (1]
(LBL][ALPHA ] DIF ((ALPHA ]
08

1]

08

]

=3
15

(xeQ] (aLPHa ] DIFEQ (ALPHA] FUNCTION NAME?

DIF (7S] ORDER=?

2 STEP SIZE=?

A X0=?

0 YO=?

0 Yo.=?

o(r7s) 0.1000 (xy)




Differential Equations 33

Keystrokes: Display:
0.0002 (1)
0.2000 (x2)
0.0013 (y2)
0.3000 (x3)
0.0046 (¥3)
0.4000 (x4)
R/S 0.0109 (ys)

etc.



Any periodic function may be written as a series of sines and cosines
by the application of the following formulas.

f(t)

I
ng’
+
DM
i
=
(@]
o
w
[\ )
—
+
o
=
]
=
[ ]
=3
=3
\—/

T
a, = _2_f f(t) cos 2mtk dt,k=0,1,2,...
TY, T

T
by = % f f(t) sin 27K

dt,k=1,2,...
0 T

o= @2+ bd)*

0, = tan“(ﬁ)
Ay

T = period of f(t)

This program computes the Fourier coefficients from discrete versions of the
above formulas given a large enough number of samples of the periodic
function. Up to ten consecutive pairs of coefficients may be computed at one
time from N equally spaced points. The coefficients may be displayed in
either rectangular or polar form.

The value of N should be chosen to be more than twice the highest expected
multiple of the fundamental frequency present in the function to be analyzed.
A low estimate for N will cause energy above one-half the sampling rate to
appear at a lower frequency (a phenomenon known as aliasing).

Registers 00-26 are used by the program.
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Fourier Series 35

SIZE: 027
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. | Initialize program. NO. SAMPLES="?
2. | Key in number of samples in one
period. # samples NO. FREQ="?
3. | Key in number of frequencies
desired. # freq. 1ST COEFF="?
4. | Key in order of first coefficient (J), J Y1=2?
5. |Inputy,, n=1,....N Yn R/S Y2=7,...,RECT?
Repeat step 5 until display shows
RECT?
7. | If the answer is yes, press a
to display coefficients for b,
J=<k=J+#freqs. in rectangular
form.
If the answer is no (N), display N Cx =
coefficients in polar form. R/S A=
Pressing displays
successive coefficients.
8. | To compute value of Fourier
series at t, set USER mode and t ® f(t)
key in t.




36 Fourier Series

Compute a discrete Fourier series representation for the waveform shown.
Since there are 12 samples, select 7 frequencies (dc term plus 6 harmonics).
Display coefficients in rectangular form.

20 +
15 =

10

-10

-15

-

f(t)

14.758
17.732
2
-12.
- 7.758
-11
- 9.026
-12.

2
14.268
10.026
15

—
SOV oA WNA WN—

—
LS

Keystrokes: Display:
(xeq]J(ALPHA] S|ZE (ALPHA] o7

(xeq] (ALPHA ] FOUR (ALPHA] NO. SAMPLES=?
12 NO. FREQ=?

7 1ST COEFF=?

0 Y1=2




Fourier Series

Keystrokes Display

14.758 Y2=2

17.732 Y3=2

2 Y4=?

12(cHs) Y5=2

7.758 Y6=?

11 Y7=?

9.026 Y8=2?

12 Y9=2

2 Y10=?

14.268 Y11=2

10.026 Y12=2?

15 RECT?

R/S a0=4.0000
b0=0.0000
R/S a1=14.9998
b1=1.0000
a2=3.0000E-8
b2=1.0000
a3=-5.0000
b3=1.0000
ad4=3.3333E-9
R/S b4=3.2000E-9
a5=3.0002
R/S b5=1.4673E-5
a6=0.0000
R/S b6=2.3599E-8

27t . 2t
Thus f(t) = 2+ 15 cos > + sin SVE
. 4wt
+ sin 3
6t . 6t
— 5 cos 2 + sin 3

+ 3 cos

107t

37



This collection of programs allows for chained calculations involving complex
numbers in rectangular form. The four operations of complex arithmetic
(+, —, X, +) are provided, as well as several of the most used functions
of complex variables z and w (|z| , 1z, z, 2!/, €7, Inz, sinz, cosz, tanz,
a?, log,z, z''* and z¥). Functions and operations may be mixed in the course of
a calculation to allow evaluation of expressions like z3 / (z, + z,), e,
|z, + z,| + |22 — 2], etc., where z,, z;, z; are complex numbers of the
form x + iy.

For repeated use of these operations, the user might wish to reassign the
individual programs to selected keys on the calculator, and create an appro-
priate overlay. One reasonable key reassignment might include:

(siN)
=
/[7)

The logic system for these programs may be thought of as a kind of Reverse
Polish Notation (RPN) with a stack whose capacity is two complex numbers.
Let the bottom register of the complex stack be £ and the top register 7. These
are analogous to the X- and T-registers in the calculator’s own four-register
stack.* A complex number z, is input to the £-register by the keystrokes
Y1 x,. Upon input of a second complex number z, ((ENTERt] y, (ENTER¢]

Xg), Z; is moved to 7 and z; is placed in £. The previous contents of 7 are lost.

Functions operate on the £-register, and the result (except for | z| which returns
a real number) is left in £. Arithmetic operations involve both the £- and
T-registers; the result of the operation is left in £.

The Application Module program uses registers 00-04.

Equations:

Let zk=xk+iyk:rkei9“,k=l,2

z=x+ iy = re®

* Each register of the complex stack must actually hold two real numbers: the real and the
imaginary part of its complex contents. Thus it takes two of the calculator registers to represent
one register in the complex stack. We will speak of the complex stack registers as though they
were each just one register.

38



Complex Operations 39
Let the result in each case be u + iv.
z; + 2= (X, T Xxp) + iy, + y2)
Zy— 2 = (X, — Xp) + i(y1 — y2)

i, +
2,2, = 1rpei® 0

I (0. —
21/12 = _1 el(ox 0,)
Iy

2| = Vi F 32

V=X - L
/z 2 11_2

7" = e in?

360k

9 4 360k

i
2\ = (e (“ n ),k=0,1,...,n—1

(All n roots will be output, k =0, 1, ..., n—1.)

e? = e* (cos y + isin y), where y is in radians

Inz = Inr + i0, where z # 0

a? = e?"@ where a > 0 and real
_ Inz
log,z = ——, wherea> O andreal, z # 0
na

z¥ = e¥Inz_where z # 0, w is complex
Z1" = ez where z # 0, w is complex and w # 0

sinz = sinxcoshy + icosxsinhy, angles in radians

cosz = cosxcoshy — isinxsinhy, angles in radians

sin 2x + sinh2y

m, angles in radians

tanz =



40 Complex Operations
SIZE: 005
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
ARITHMETIC
1. | Key in first complex number
(x4 + iy|) Y1
X1
2. | Key in second complex number
(x + iyz) Y2
Xz
3. | Select one of four operations:
e Add (+) U=
R/S =
e Subtract (—) U=
V=
o Muttiply (X) U=
R/S V=
o Divide (<) =
R/S =
4. | The result of the operation is in
the stack; go to step 5 for a func-
tion or to step 2 for further
arithmetic.
FUNCTIONS
5. | Select one of these functions:
o Magnitude (|z|) Y,
X1 R=
e Reciprocal (1/z) ¥i
X4 U=
V=
o Raise z to an integer power
(z") Ys
Xy
n U=
V=
o Find the nh root of z (/") ¥
NOTE: n roots (u+iv) will be X1
found. n U=
R/S V=
e Raise e to the power z (e%) ¥
X1 U=
R/S V=
e Natural logarithm of z (Inz) Y,
Xy =
R/S =
o Raise real number to the
power z (a) ¥
X1
a =
R/S




Complex Operations 41
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
e Logarithm base a of z (log.2) Ys
X1
a / U=
V=
o Raise z to complex power
w=x. + 1y, (2%) Y2
X2
Y4
X4 U=
V=
o Find the w" complex root of
z (2'/" Y2
X2
Y1
X, =
V=
o Find sin z ¥
X4 U=
V=
e Find cos z Y,
Xy U:
V=
o Find tan z ¥
X1 U=
R/S V=
6. | Go to step 2 for arithmetic or to
step 5 for another function.
Evaluate the expression
Z
2+ 74 ’

where z, =23+ 131, z,= =2+ 1, z= 4 — 3i.

(Suggestion: since the program can remember only two numbers at a time,

perform the calculation as

Z, X [1/(12 + Zg)].)



42 Complex Operations

Keystrokes Display

size (APHA] 05
1 (ENTERt] 2(CHS] (ENTERe]

3 4

(xEQ) (aLPrA ] ¢ (ALPHA) U=2.0000 real (z, + z;)
V=-2.0000 imag (z; + z,)
(xeq] (ALPHA] Ny (ALPHA] U=0.2500 1/(zy + 25)
R/S V=0.2500

13 (enTERY) 23

(xEQ) (ALPHA] i ((ALPHA] U=2.500 (z:/ (22 + 23))
R/S V=9.0000

Find the 3 cube roots of 8.

Keystrokes Display

0 8 3

(xEQ]((ALPHA ] 71 1/N (ALPHA ] U=2.0000
R/S v=0.0000
R/S U=-1.0000
V=1.7321
U=-1.0000
R/S V=-1.7321
Example 3:

Evaluate eZ”, where z = (1+1).

Keystrokes Display
1 1 2

(xEQ) (ALPHA ] 21 N (ALPHA) U=0.0000 (%)
R7S V=2.0000

(xeq] (aPHa ] cINV (ALPHA] U=0.0000 (z°®)
R/S V=-0.5000

(xEQ) (ALPHA) o1z (ALPHA) U=0.8776 )

R/S V=-0.4794



| nnnl A
Lxampic «

Evaluate sin(2 + 3i).

Keystrokes

3 2

(xeq) (ALPHA ] SINZ (ALPHA
R/S

Display

U=9.1545
V=-4.1689

Complex Operations
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HYPERBOLICS

This program computes hyperbolic functions and their inverses. The user might
wish to reassign the individual programs to selected keys on the calculator, and
create an appropriate overlay. A reasonable key reassignment might be:

AaEEE

Equations:
Hyperbolic Functions

X + -X
cosh x =& ¢
2
tanh x = sinh x
cosh x

Inverse Hyperbolic Functions
sinh-'x= In[ x+ (x2+ 1)/2]

cosh™'x= In[ x+ (x2— 1)'/2] x=1

tanh™'x="%In [t—:] x2<1

s The module program uses Register 00.

Remarks:

s The printer flag (flag 21) is not set by the module program.
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Hyperbolics 45
SIZE: 001
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. [For hyperbolics, go to step 2; for
inverse hyperbolics, go to step 3.
HYPERBOLIC FUNCTIONS
2. |Key in argument and compute
o hyperbolic sine X sinh x
o hyperbolic cosine X cosh x
e hyperbolic tangent X tanh x
INVERSE HYPERBOLIC FUNCTIONS
3. |Key in argument and compute
o inverse hyperbolic sine X ¢ sinh-"x
o inverse hyperbolic cosine X \ cosh™x
o inverse hyperbolic tangent X tanh-'x
Evaluate the following hyperbolic functions:
sinh 2.5; cosh 3.2; tanh 1.9.
Keystrokes Display
SIZE 001
2.5 (xeQ] (ALPHA ] g|NH [(ALPHA ) 6.0502 (sinh 2.5)
3.2 (xeQ](ALPHA ] COSH (ALPHA | 12.2866 (cosh 3.2)
1.9 (xEQ] (ALPHA | TANH (ALPHA | 0.9562 (tanh 1.9)
Example 2:
Evaluate the following inverse hyperbolic functions:
sinh™! 2.4; cosh™! 90; tanh™! —0.65.
Keystrokes Display
2.4 ASINH 1.6094 (sinh™ 2.4)
90 ACOSH 5.1929 (cosh™! 90)
.65(cHs]

ATANH -0.7753 (tanh"! —0.65)



These programs can be used to find the area, the dimensions of the sides (S,,
S,, Ss) and the angles (A;, A,, A;) of a triangle.

A,
Sy

Simply key in three known values and execute the appropriate program. The
calculator will output the values of the sides, the angles, and the area. The order
of output is determined by the order of input. If input values are selected in a
clockwise order around the triangle, the outputs will also follow a clockwise
order around the triangle. The order is as follows:

First side input (Sy)
Adjacent angle (A)

Adjacent side (Sy)
Adjacent angle (Ap)
Adjacent side (S3)

Adjacent angle (Aj)
Area

Equations:

Si, Sa, S, (all sides of triangle are known)

/P(P - 8S,)
A = -1 2
3= 2 cos _5153

where P = (S; + S, + Sy)/2

PP — S,

A, =2 cos!
’ S2S;

i

A, = cos™! (—cos(A; + A,))
46



Triangle Solutions
As, Sy, A, (Two angles and the included side are known)

A, = cos™! (—cos(Az + A,))

sin Aj

S,=S
2 1sinA2

S3 =S, cos A;+ S, cos A,
S, Ay, A; (side and following two angles known)
Az = cos™! (—cos(A; + Ay))

Problem has been reduced to the A;, S,, A, configuration.

S:» A1, S (Two sides and included angle are known)

Sy = \/slz +8,2— 25,5, cos A,

The problem has been reduced to the S;, S,, S; configuration.

S1,S2,A; (Two sides and the adjacent angle known)

*
A, = sin™! [—S-z— sin AZ]
S,

A = cos“[~cos(A2 + A3)]

The problem has been reduced to the Aj3,S;,A; configuration.

\

\
S, V\—/\/( S
A, \\‘/I:; ’

\ ’
\ S A,
\\ J
v
SS
A\ J
v
S3

Area = 1/2'S, S; sin A,

47

* Note that two possible solutions exist if S, is greater than S, and A; does not equal 90°.

Both possible answer sets are calculated.



48 Triangle Solutions

Remarks:

m  Program uses registers Roo—Ry;.

= Angles must be in units corresponding to the angular mode of the machine.

s Note that the triangle described by the program does not conform to the
standard triangle notation, i.e., A, is not opposite S;.

m  Angles must be entered as decimals. The conversion can be used to
convert degrees, minutes, and seconds to decimal degrees.

m  Accuracy of solution may degenerate for triangles containing extremely
small angles.

SIZE: 008
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. | Choose appropriate angular mode}
2. | Find applicable case in the list

below and input indicated values:

All sides known S1=7
S, 2=
32 S3=7
Ss S1=

Two angles and included side

known. A3=?
S, RIS Al=?
A, S1=

Two angles and adjacent side

known. ‘ S1=2
S, A1=?
A, A2="
A. S1=

Two sides and included angle

known. S1=2?
S, A1=?
A, R/S §2=17
Sz S1 =

Two sides and adjacent angle

known. S1=?
Sy S§2="7
S, A2=?
A, R/S S1=




Triangle Solutions

49

STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
3. |After step 2, the values of the sides

and angles are output with succes-

sive use of (R7S] . The last output

is the triangle’s area. For the last

case (SSA), two possible solutions

may exist and both will be output. R/S Al=
S2=
A2=
S3=
A3=
RIS AREA=

Find the angles (in degrees) and the area for the following triangle.

2.0

Keystrokes

Size (ALPHA] 008
DEG (AtPHa]
(xEQ] (ALPHA | 5SS [ALPHA ]
2(R7S]

1(rR7s)

2.75(R7S]
R/S

/

D| | D] [D] | D
ey B ~|

b
S~
»

1.0

2.75

Display

S1=?

S2=?

8§3=?
S$1=2.0000
A1=129.8384
S$2=1.0000
A2=33.9479
§$3=2.7500
A3=16.2136
AREA=0.7679



50 Triangle Solutions

A surveyor is to find the area and dimensions of a triangular land parcel. From
point A, the distances to B and C are measured with an electronic distance
meter. The angle between AB and AC is also measured. Find the area and other
dimensions of the triangle.

A
297.35
171.63 metres
metres ‘\_/
98° 12’
B C

This is a side-angle-side problem where:

S, = 171.63,A, = 98°12' and S, = 297.35.

Keystrokes Display
(xeq) (ALPHA ] saS (ALPHA ] S§1=2
171.63 A1=2?

98.12 (XEQ] (ALPHA ] HR ((ALPHA ]

R/S S2=?
297.35(R/S] S$1=171.6300
A1=98.2000
$2=297.3500
A2=27.8270

R/S S$3=363.9118
A3=53.9730

R/S AREA=25,256.2094
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A pilot wishes to fly due north. The wind is reported as 25 knots at 77°. Because
winds are reported opposite to the direction they blow, this is interpreted as
77 + 180 or 257°. The true airspeed of the aircraft is 140 knots. What heading
(HDG) should be flown? What is the ground speed (GS)?

N
f
<~ 77° 25K
\)
A
103°
o 140K

GS? | 4"HDG?

By subtracting the wind direction from 180 (yielding an angle of 103°), the
problem reduces to a S;,S;,A, triangle.

Keystrokes Display
(xeq) (aLPHA] SSA (ALPHA] S1=?
140 S2=?
25 A2=?
103 S1=140.0000 (TAS)
A1=66.9798
$2=25.0000 (Wind velocity)
A2=103.0000
$3=132.2407 (GS)
R/S A3=10.0202 (HDG)
R/S AREA=1,610.6428

Thus, the pilot should fly a heading 10.02° east of due north. His ground speed
equals 132.24 knots.



This program provides 2-dimensional and 3-dimensional coordinate translation
and/or rotation.

For the 2-dimensional case, input the coordinates of the origin of the translated
system (Xo, Yo), the rotation angle () relative to the original system, and spec-
ify the new coordinate axis. These quantities are input with the (A] key. Sub-
sequently, points specified in the original system (x,y) may be converted to the
translated rotated system (x’, y') using the (€] key. Points in the new (x',y’)
system may be converted to points in the original (x,y) system using the (€]

key.

0,0

N sySTEM
\/

52



Coordinate Transformations 53

The 3-dimensional case is analogous to the 2-dimensional case. The only
important difference is the specification of the rotation. The rotation axis passes
through the translated origin (X,Yo,Zo) and is parallel to an arbitrary direction
vector (a1 b_], ck) The sign of the rotation angle (0) is determined by the
right-hand rule and the direction of the rotation vector. For instance, the special
case of 2-dimensional rotation (rotation in the (x,y) plane) could be achieved
using a direction vector of (0,0,1) and a positive rotation angle for counter-
clockwise rotatxons The coordinates of the translated origin (X, Yo, zo) are
input using @ (&) .The direction vector and angle are input using &% (8] .
Conversions from the original system (x,y,z) to the new system (x',y’,z’) are
initiated using% (€] while the inverse conversion is performed with® (€] .

Equations:
rx’ /i m on X = X
’ p— —
y = [ 2 My Ny Y~ Yo
’
z m; n -z
L _£3 3 3_ L 0
- - _ - -
X Zl fz ﬂs X Xo
’
y = m; mp; mg y + Yo
z | n, n, ny z Zo
where

El /e £3 a%(1—cosf)+cos ab(l—cosf)—csinf ac(l1—cos@)+bsind
m, m; ms|=|ba(l—cos@#)+csinf b*(1—cosf)+cosf bc(l—cosh)—asinb
n, n, ng| |ca(l—cosf)—bsinf cb(l1—cosf)+asing c*(1—cosé)+cos 6

Two-dimensional transformations are handled as a special case of three-
dimensional transformation with (a,b,c) set to (0,0,1).

Remarks:
m  For pure translation, input zero for 6 .
m  For pure rotation, input zeros for x,, y,, and z,.

s Program uses registers 00-24.

SIZE: 025
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1. | Initialize program and position
overlay. 0.0000

2. | For 2-dimensional transforma-
tions, go to step 3.
For 3-dimensional transforma-
tions, go to step 6.




54 Coordinate Transformations
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
3. | Input the origin of the translated
system and the rotation angle. Xo
Yo
0 ® 1.0000
4. | Transform coordinates from the
original system to the translated-
rotated system. X
y © X
R/S y'
or
From the translated-rotated
system to the original system. X'
y' ® X
y
5. | For a new set of coordinates, go to
step 4. For a new 2-dimensional
transformation, go to step 3.
6. | Input the origin of the translated
system. Xo
Yo
2o =0y Xo
and
Input the rotation direction vector
and angle. a
b
c
0 t}}i’ Vaz+ b2+ c?
7. |Transform coordinates from origi-
nal system to translated-rotated
system. X
y
z »ie x'
y
R/S 7
or
From the translated-rotated
system to the original system. X'
y
b4 3 X
y
R/S z
8. |For a new set of coordinates, go to
step 7.
For a new 3-dimensional transfor-
mation, go to step 6 (either
(X0 YorZo) OF (a,b,c,6) may be
changed independently.)




Coordinate Transformations

The coordinate systems (x, y) and (x', y') are shown below:

A

A

y [ ]
® P1(-9,7) P3(6, 8)
v
X x’
X
P2(-5, -4) o 3 2r

. 7,-4) g—

P4 (2.7, -3.6)
]

55

Convert the points Py, P, and P, to equivalent coordinates in the (x', y") system.
Convert the point P,’ to equivalent coordinates in the (x, y) system. (Degrees

mode is being used.)

Keystrokes Display

SIZE 025

TRANS 0.0000

7 (ENTERs] 4(CHS] (ENTERY]

27(4) 1.0000

9(cHs] ([entery) 7(C) -9.2622 (x1")
17.0649 (1)
5(cHs) (enTere) 4(chs) (€] -10.6921 (x2')
5.4479 (v2)
6 (EnTers) g(C] 4.5569 (x3")
R/S 11.1461 (ys)
2.7 [EnTery) 3.6(cHS] (€] 11.0401 (xq)
R/S -5.9818 (yq)

A 3-dimensional coordinate system is translated to (2.45, 4.00, 4.25). After
translation, a 62.5 degree rotation occurs about the (0, —1, —1) axis. In the
original system, a point had the coordinates (3.9, 2.1, 7.0). What are the
coordinates of the point in the translated rotated system?



56 Coordinate Transformations

Keystrokes Display
(xeq) (ALPHA] TRANS (ALPHA)
2.45 (ENTERe] - 4 (enTeRy)
2.4500
o[amam] 1(cHs) (ENTERe]
1(cns) (entere) 62.5 @ (8) 1.4142
3.9 (ENTER+] 2.1 [ENTER¢)
788 (S 3.5861 x")
R/S 0.2609 ")
0.5891 )

In the translated-rotated system above, a point has the coordinate (1,1,1). What
are the corresponding coordinates in the original system?

Keystrokes Display

1 1

18E 2.9117 (x)
R/S 4.3728 )

5.8772 (z)
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