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Introduction to the HP-48

The HP-48 is not just another graphing calculator, but a true “com-
puter in your hand,” with a powerful WYSIWYG (What You See Is What You
Get) symbolic algebra system, a spreadsheet-like matrix environment, and
unit management. This remarkable software comes with its own hardware
that includes a port for file exchange via cable connection to either IBM or
Macintosh computers (using the KERMIT protocol), and a two-way infrared
communications system for wireless transfer from calculator to printer or
another calculator. The expandable version of the HP-48 also includes two
RAM/ROM expansion slots (like disk drives on a computer),

In this paper we attempt to give a brief tour of some of the functionality
of the HP-48. This short guide is not intended to be a substitute for the
owner's manuals. However, we hope that the novice can use it to quickly
sample and get a feel for the machine. For those who desire more detailed
information, particularly on programming, we list several references at the
end.

NOTES:

Helvetica font indicates a labelled key on the HP-48 keyboard. (Examples:
[(MTH] or [ENTER] or [SIN] .) A boxed expression in the HP-48's own font
indicates one of the six white keys directly below the screen. The label for
the key appears along the bottom of the screen once the appropriate menu
is activated. (Example: is found through the or

menus.)
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48. INTRODUCTION TO THE HP-48

GENERAL INFORMATION

1. Busy signal:

Whenever the annunciator (little hourglass) is on at the top of the screen,
the calculator is "busy” with a calculation. Pressing while the annun-
ciator is on will abort the computation and return you to the stack.

2. Directory:

The calculator’'s memory is organized in a tree structure consisting of di-
rectories, subdirectories, subsubdirectories, etc. Pressing ImMOVes you
up one level in the directory structure. Pressing moves you imme-
diately to the top level of the directory.

3.  Shift Keys:

The three keys immediately above the key are shift keys:
in blue in orange for letters

They are associated with the corresponding colored labels or letters
around the other keys. When one of the shift keys has been pressed, its
own label is displayed at the top of the screen. and [1] toggle on and
off. Pressing twice in a row locks the calculator in alpha mode, a third
press unlocks it.

NOTE: In this guide, we will not indicate the shift key except for
special characters not labelled on the keyboard.

4. Entering an object onto the stack:

When you type, the characters appear on the command line until you press
or an operation key which forces automatic entry.

2 [ENTER] 1: 2
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5. Deleting characters and objects:

The"backarrow” key is a backspace and will delete the last character you
typed on the command line. If nothing is on the command line, then this
key drops the last entry off the stack. also drops the last entry off
the stack. drops all entries off the stack (but does not clear anything
stored in memory).

6.  Numeric display:

4 fixes the numeric display to 4 decimal places.
returns to the default setting of 12 significant digits.
Try this: [z] [ NuM] [MoDES] 4 [FIX] [STD | 3 [FIX] 4 [FIX] etc.

7. Radian mode:

The default setting for the HP-48 is degree mode for angle measure.
toggles between radian mode and degree mode. (RAD is displayed at the
top of the screen when you are in radian mode, but DEG is not displayed
when you are in degree mode.)

8.  Storing information in memory:

3 [ENTER] W [sTO]

stores 3 under the variable name 1.

9. Recalling stored information from memory:

W [ENTER] 12 3
OR: [vaR] []

10. Purging stored information from memory

(] W] makes W disappear from the menu.
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48.2 RPN ARITHMETIC

Like most HP calculators, the HP-48 utilizes Reverse Polish Notation: First
one enters the objects to be operated on, then one applies the operation.
The answers shown for the following examples are for the standard ( )
numeric display.

1. Change sign or enter a negative number:

2 [7/=] (ENTER 1 2

(Note: pressing [=] makes the calculator attempt to perform subtraction.)

2. Add: 26 + 82

26 82 1: 108

3. Subtract: 36 — 32

86 [ENTER] 32 [—] 1: 54

4.  Multiply: 6245

62 45 1: 2798

5. Divide: 35 =20

85 [ENTER] 20 [<] 1: 4.25

6. Powers: (42)

a2 5 1z 139691232

7.  Square root: /20

20 1z 4.472135955

8. Square: (25)°

25 1: 625
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9.

10.

1.

12.

1

Reciprocal: 5

[0

ss (7]

(which is equivalent to 0.0117647058324)

Combinations of arithmetic operations:

5(3+4)
5 [ENTER] 3 [ENTER] 4

. 610

s [ENTER] 10 [/7]

5423

5 [ENTER] 2 [ENTER] 3

(25 + T7)Y°
25 7 [+] 4 [ENTER] 5 [ENTER] [5]

Trigonometric values:

sin 2 (radian mode)

2 [SIN]

arctan 1

1 [ATAN

Logarithms and exponentials:

log 2
2

6,10

10 [e”]

1.1764705882¢  E-2

35

18.973665961

13

16

. 989297426826

. 785398163397

.301829995664

22826.4657948
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48. INTRODUCTION TO THE HP-48
UNITS
Units of measurement can be attached to numerical quantities by selecting

the appropriate unit from the menu. Unit management is automat-
ically taken care of by the calculator.

2 1: 2. ft
3 [IN] 2: 2_ ft

1: 3_in
1: 27 _ in

Compound units such as mi/hr are handled without any problems.

To simply convert from one unit to another, press the orange shift key
and then the desired unit.

1: 8.75 _ ud

Special constants

Special constants such as = and ¢ are displayed in symbolic form
provided (under ) is toggled “on” (indicated by a lit square on
the soft key).

To find 7 in decimal and rational form:
[— _NuM]

Use to control the number of digits used in the numerator and
denominator of the rational form.

To find arcsin .5 as a rational multiple of =,

5 1: .523598775598
[ALGEBRA| [NXT] [— 0 7] 1z "1/6% 7'

To find ¢ in decimal:

[E] [ENTER] [=NuM] [—=q]
NOTE: lower case letters are activated with ; Greek letters are ac-

tivated with ; other special symbols (like x) may also be accessed
with one or the other of these shift combinations.
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48.4 ALGEBRAIC NOTATION AND EVALUATING EXPRESSIONS

The key is used to denote symbolic expressions. It is called the “tick”
key and is located as the left-most key in the third row from the top.

1. Using algebraic notation for arithmetic

a. Evaluate’2 + 3/

[ 2[x]s 12 '2+3"
1: 5

b. Evaluate '7(4 +9) — 1%

7 al+] 9l [=] 15 1: '7#(4+9)-15"
1: 76

Note the effect of the [»] key. Pressing @ again opens another set of
parentheses rather than closing the first set.

2. Decimal to fraction and back:
[ATTN] 2.5 [ENTER| [— Q] 1: '5.2'
1: 2.5
58 [=] 3 1: '58-3"
1: 19.3333333333

1: '58,3"
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48.5 SOLVE APPLICATION

The application allows you to work with expressions and func-
tions numerically.
For example, suppose we have stored the expression »? — 3 under the

J -

variable name S

(1 x [y*] 2 [=] 3 [ENTER] s [sTO]
s [ENTER] 1: ] 2-3"

Evaluating stored variables using the SOLVER

To evaluate S at » = 3: [VAR] [§] [SOLVE] [STEQ | [SOLVR ] 3 [X] [EXPR=_]

1: EXPR: 6
To evaluate S at » = 15: 15 EXPR=_| to obtai
1z EXPR: 222

NOTE: The letters "EXPR:"” are simply labels for your convenience,
and are not recognized by the calculator for computation purposes. For
example, you could press to obtain the sum 228.

If you press the orange shift key and then , the HP-48 will use the
current value of X as a "seed” to find the closest root of the expression.
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48.6 EQUATION WRITER

The Equation Writer uses the screen as a “blackboard” to write ex-
pressions in usual textbook format. To activate, press .

The most important key to remember while using the Equation Writer
application is [»] . Use it whenever you want to proceed to the next “com-
ponent” of an expression. For example, you press [»] whenever you wish
to leave a denominator or get “outside” a radical sign.

If you wish to simply typeset an expression that is already on the
stack, press the down arrow key.

1. To write . — 2 in the Equation Writer and store in the SOLVER

xyl20] ]2 N2-9
1: R 2-2!

[SOLVE] [NEW | Y1 [ENTER]

Current  equation:
Y1: 'K 2-2!

(NOTE: when naming an equation or a function, the calculator is locked in
alpha mode.)

2. To enter .50 + | in the Equation Writer and store in the PLOTTER:

[EQUATION] .5 X [] 1 SX +1
1: '.5%K+]!

[PLoT] [NEW ] Y2 [ENTER]

Plot type: FUNCTION
Y2: 'SR+ !
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48. INTRODUCTION TO THE HP-48

THE CATALOG

1. To display a catalog of entered functions:

[PLOT] (or [sOLVE]) [CAT ]

ya: L 5eKeL
EQ: 'v2!
Y1z 'K 22!

NOTES: and are both accessed through either [SOLVE] or [PLOT]
[NEW] is used to put an equation or function in the catalog. shows
and as available through user defined soft keys. Press each in
turn to obtain them on the stack.

2. To remove functions from the catalog:

[PLOT] (or [soLVvE]) [CAT ] [NXT]

Move the cursor to indicate the function to be removed and press .
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48.8 ALGEBRA

All of the following assume that [§] has been purged from the menu.

1. Expanding expressions and collecting terms

To expand (4« + 1)?, enter the Equation Writer by pressing

[O] ax ] 1 [»] [y7] 2 [ENTER] 1: (4xd+]) & 2
ALGEBRA] [EXPA ] [EXPA | [COLCT | 1: 11+16%8" 248!

[v] gets | + 16.\? + 3.\ back into the Equation Writer.

2.  Solve linear equations

Solve 3¢ — 1 = 0:

[EquaTiON] 3 x - 1 [ENTER] [] X [ENTER] 2: '38-1"
1: 'R'
(ALGEBRA| [ISOL | 1: '%=. 333333333333"
1: 'K=1,3"
3. Solve Quadratic equations
Solve ¢ — & — 6 = 0.
X" 2-X-6' [ENTER] [ENTER] "X [ENTER] 3: 'R 2-%-6'
2: 'R 2-K-6"
l: IXl
(ALGEBRA| |QURD | 1: '®=C1+51%5)-2"
NOTE: sl is the calculator's symbol for +1.
[EntER] 1 (] [o] (3 s 1 [sT0] [EVAL] 2: 'R 2-K-6"
1: 'K =3
swar] 1 [7/-] [ @ [ s 1 570) [Eval] 3 LR 23
2: 'K =3
1: 'K = -2

- the solutionsto +* —r—6=0are x =3 and x = —2.
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48.9 caALcuLus

(Reminder: Purge \ from the menu.)

1. Differentiation

1, s 3
In the Equation Writer, enter (—(.z"’ + 3e- — 15):
axr
x ol x [y] 5 D] 3 x ] 2 [ [E] 15 [EnER]

12 ' ORCKR™ 5+3=X~  2-19)!

Press [EVAL| repeatedly, observing the results. Continue untilall d.\"'s
are gone. Then press [ALGEBRA| [COLCT | until the result no longer changes.

Duplicate the result by pressing . To evaluate the derivative
at v = 2:
2 [ENTER] X [sTO] [EVAL] 1: 92

To take the derivative of sin »® without seeing the chain rule unfold
step-by-step, first purge the value stored in X: 'X

'SIN (X * 2 [ENTER] "X [ENTER] 2: 'SINGK  ~ 2!

1: le
13 'COSCR  ~ 2)#(2+%)'
2. Integration

dt

1
Evaluate the definite integral / >
0 1 + t=

°|E1|E]1E}1T2EHE[ET
to obtain the display 1:' [(8,1,1/(1+T*  2),T)"
Press to duplicate this entry. Now press :

1: . 785398163397
ALGEBRA| [NXT| [-—— Q7r[ 1: 144 # 7!
Now let's evaluate the indefinite integral / e dt
o 2

gets our definite integral onto an editing line. Move the
cursor so that it is flashing over the upper limit 1. Press (delete) and
type X in its place. Finally, press . To check the integral in the
Equation Writer, press [¥]. Press to return to the stack. Now press

:
1: 'ATANCK) !

If the calculator returns the original integral to you, it means that it
was unable to find an antiderivative for the integrand. To numerically in-
tegrate a definite integral, press [ NUM]. The accuracy of the computation
is governed by how many decimal places have been specified using .
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48.10 GRAPHING ENVIRONMENT

The Graphics tools on the HP-48 can be subdivided into two basic
environments:

1) graphing (or plotting), and
2) drawing (or constructing).

To view the graphics screen at any time, press . To return to
the stack, press :

Plotting Parameters

To set up graphing with the default (usual) parameters, i.e., with the center
of the screen at the origin, with coordinate axes shown, with each axis
mark representing one unit, and each pixel valued at 0.l unit, we need
to make sure any different plotting parameters have been purged. To do
this, press [PLOT| [PLOTR | [NXT|] [RESET |. The default viewing window is
[-6.5.6.5] x [-3.1,3.2].

PLOT| Glossary

The menu is one of the more extensive (some of the menu keys have
little folder tabs indicating that they bring up menus themselves). Here we
briefly describe most of the keys found under the menu.

brings up a plotting parameter screen, showing you the cur-
rent equation, independent and dependent variables, and the + and y
ranges of the viewing window. also brings up its own menu which
will be described below.

PTYPE | displays the menu of graph types you can select.

[NEW ] stores a newly typed in expression into the catalog with a name
of your choosing. If you do not choose a name, then the expression is given
the name EQ.

puts the expression on the command line for editing. After
editing is complete, replaces the old expression with the new one.
To abort the editing process, press .

STEQ | stores an expression under the name EQ.

displays the catalog of stored expressions from which any may
be selected for graphing.

Note that the last four keys on this menu are exactly the same as
those under the menu.
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PLOTR | submenu

The keys used most often under the [PLOTR | submenu are described here.
ERASE | erases the existing graphics screen.
plots the graph within the parameters displayed.

AUTO | computes the values of the expression for the v interval and
sets the y range automatically to show a complete graph over the given
domain.

KRNG | sets a new range for .: press 4 |+/—| [ENTER] 5 [ENTER] [XRNG ] to
set the r-range to [—4.5]
YRNG | sets a new range for y.

INDEP | selects a new independent variable from the expression to be
graphed on the horizontal axis: || A [INDEP_| defines "A" as the independent
variable.

selects a new dependent variable.
RESET | resets the plotting parameters to their default settings.

Interactive zooming features

Once you've drawn a graph, you have an interactive menu available.

Z00M | brings up a zooming feature submenu which provides for se-
lective zooming in or out by factors on one or both axes.

a. [KAUTO | selects x-axis zoom with automatic y-axis scaling:
Pressing [XAUTO0 | 2 doubles width of + interval, y interval autoscaled.

b. selects x-axis zoom with no change in y.
c. selects y-axis zoom with no change in «.
d. selects zoom factor for both axes.

e. [EXIT | takes you back to the top level of the interactive menu.

sets diagonally opposite corners for a new viewing rectangle.
Use cursor keys to fix the two corners by pressing . (The box is
not normally shown. If a box is desired, press for one corner,
for the other corner, then [NXT| [NXT| [2-BOX | for “zooming in” .

CENT | regraphs the function with the cursor’'s position as the new
center of the Viewing Rectangle with the same interval radii for the r and
y axes.

COORD | displays the coordinates of the cursor in the lower left corner
of the screen. Also available through when in graphics environment.
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48.11 FUNCTION GRAPHING EXAMPLES

1. Plotting functions

Enter the function . —2 named Y1 as detailed earlier, then press

[CAT] . Use [¥] to select then [PLOTR | to obtain
Plot type: FUNCTION

Yi: /R~ 2-2

Indep: ' X/

e -6.5 6.5
y: -3.1 3.2

If these are not the plotting parameters you see, press RESET |.
PREV| [ERASE ]| [DRAW | displays the graph of y = 27 — 2.

(NOTE: [ERASE | clears the graphics screen; otherwise, the new graph
will be plotted over whatever is on the existing screen.)

The cursor keys now move a small crosshairs around the screen.

COORD | displays the coordinates of the cursor in the lower left corner
of the screen (the soft key designators also have disappeared). Pressing
COORD | again or [-] removes the coordinates.

The toggles the menu labels on and off. Press the cursor keys
several times while the coordinates are displayed. (The cursor moves much
faster when the coordinates are not displayed.)

LABEL | displays left-right and top-bottom endpoints on any axes that
happen to be in the viewing rectangle. They cannot be removed without
pressing [ATTN] [ERASE | [DRAW | .

Reset Y1 for graphing by pressing . If Y1 is the function indi-
cated, press ; if not, select Y1 through , than press ,
then press . The calculator will accept the values of + and rescale
the y values for a complete graph of Y1 within the viewing rectangle. To
find out what these y values are, press [ATIN] [PLOT| [PLOTR|. They can
also be displayed on the graph by pressing [=] (this works only if
the y-axis is in the viewing window).

To graph two functions simultaneously, enter them as the two sides
of an equation F(X) = G(X).
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Interactive function tools

The contains several interactive tools for working with functions
directly in the graphics environment.

ROOT | snaps the cursor to the nearest root, displays its value, and
records it on the stack with the label “Root:” .

INTER | snaps the cursor to the nearest intersection point, displays
its value, and records it on the stack with the label “Isect:” .

SLOPE | calculates the derivative of the function at the cursor location,
displays it, and records it on the stack with the label “Slope:" .

first marks the lower limit of integration. The second time it
is pressed, it computes the definite integral of the function from the first
mark to the current cursor position, displays the value, and records it on
the stack with the label “Area:” .

EXTR | snaps the cursor to the nearest extremum, displays its coordi-
nates, and records it on the stack with the label “Extr:" .

EXIT | leaves the function folder.

Pressing shows [F(X) |, which computes the function’s value at
the cursor location, displays it, and records it on the stack with the label
“F(x):" .

computes the function's derivative symbolically, then graphs it,
followed by the graph of the original function.

If more than one function is entered into EQ, then [NXEQ | allows you
to cycle through the list.

Interactive drawing tools

leaves a trail for the cursor.
erases a trail for the cursor.

LINE | draws a line from the last position point to the existing position
and marks the existing position as the new reference point.

TLINE | (for "toggle” line) draws a line from the existing position to the
most previous marked reference point but does not change the reference
point.

draws a box using marked points as diagonal corners.

CIRCL | draws a circle using the marked point as center and distance
to current point as radius.
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48.12 OTHER TYPES OF GRAPHS

1. (PLoT] [PTYPE ] [CONIC ]

Through the equation writer, enter 422 — 3z -y + y* —4 = 0 (Note: there
must be a multiplication sign between .« and y to distinguish it from a single
variable with the name ry.) in the catalog with any appropriate name, e.g.
EL.

Press [ERRSE to obtain

Y.
&/

2. PTYPE | [POLAR

Through the equation writer, enter R = sin 2.56:
R [ = [sin] 25 [C] F [ENTER] (NEW ] P [ENTER]
Plot type: POLAR
P: "R =SIN (25 * 6 )’

Indep: ' X '/
%3 -6.5 6.5
yi -3.1 3.2

Change the Independent variable to 6:
F

Set the plotting range for ¢ at approximately 0 < 6 < 4

F [SPc] o [SPC] 12.6 [ENTER] [INDEP]

To plot the Polar graph, press
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3. [PLoT] [PTYPE | [PARA ]

First, let's reset the plotting parameters at their default values using

RESET |.
To plot x(t) = t3 and y(t) = t* for 1 <t < 2, we first enter the pair of
coordinate functions in the complex form z(t) + /y(¢):

Ol [y s ] O 1K (o 77 2 [TET]

Now, we enter the parameter T as the independent variable along with
its starting and ending values:

{112
Plot type: PARAMETRIC
EQ: /T3 + i*T" 2
Indep: {T 12}
%3 -6.5 6.5
y: bl 3.2

Finally, erase the graphics screen and draw the curve: [ERASE

4. [pLoT] [PTYPE | [TRUTH |

Through the equation writer enter y < r + 2 by pressing

la]y o] @ 2 [a] x [+] 2 [ENTER] NEW].

Name it J.

Now enter y°> < 9 — +* by pressing

Y[F] 2[a] [ 29 [=] x [F] 2 [ENTER] [NEW].
Name it K.

Finally, enter J and K in the equation writer by pressing
J [prG] (TEST ] [AND ] K [ENTER] [NEM].
Name it JK.

Set the plotting parameters at their default values and press .
This takes several minutes to plot completely.

Press [NXT| [NXT] [KEYS | to see the complete truth set.




TICAP HP 48 Workshop Examples

Based on inputs of the TICAP committee, developed by Dr. Tom Dick of

Oregon State University*

The following conventions are used in this document:

Keys are shown enclosed in straight brackets [ ]. Thus, [SIN] means press the sine
key.

Soft keys are shown in curly brackets { }. Thus, {SEC} means press the top row key
under the legend "SEC" in the display.

The orange colored left-shift key is referred to as [ORANGE]. Press [ORANGE] then
press the key below the orange legend that you wish to access. For instance, to access
PLOT which is printed in orange above the eight key, press the orange key then the eight
key. This instruction would be shortened to [ORANGE] [PLOT] or simply to [PLOT] in
this document.

The blue colored right-shift key is referred to as [BLUE]. It works just like [ORANGE]
except it provides access to the blue legends above the keys. In many examples this
shifted key is omitted from the keystrokes but it still must be pressed to access the blue
commands.

To key in alphabetic characters, first press the [ a ] key then press the key to the left of
and slightly above the alphabetic character. To key in X, you would press [ a ] then the
sixth key in the fourth row. To lock alphabetic mode on press [ a ] twice. You can also
hold the [ a ] key down while you are keying alphabetic characters.

You may wish to press [BLUE] [CLR] (5th row, 6th column) to clear the stack from time
to time. This will get rid of clutter and make the examples easier to follow.

When the HP 48 beeps at you and you are stuck, press [ON] (1st key, bottom row). the
[ON} key says ATTENTION! to the HP 48 and gets it out of special modes such as the
graphics display mode. When in doubt, press [ON].

When you see the "A" character it means the [)*] key.

*Typographical, and possibly other errors, were contributed by Dennis York of Hewlett-
Packard.
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I. Functions & Limits

Example 1 Defining your own functions.
To define your own functions, use the [ORANGE] [DEF] key:

'SEC(X) = 1/COS(X)' [ORANGE] [DEF] [a Note: when typing, use [>]
CSC(X) = 1/SIN(X)' [ORANGE] [DEF] to move outside parenthesis.
'CTN(X) = 1/TAN(X)' [ORANGE] [DEF]

These three trigonometric functions now appear under the [VAR] menu, and you can evaluate
or graph them like any built-in function.

Try them out. [ORANGE] [RAD] toggles between radian and degree mode (RAD shows at
the top of the screen when you are in radian mode).

1) In degree mode:
60 {SEC} returns 1: 2

2) Now, toggle back to radian mode.
To graph y=sec(x), activate{ORANGE] [PLOT] menu

'SEC(X) {STEQ}
{PLOTR} @ Note: if the plot type is not FUNCTION, press
[PLOT] {PTYPE} {FUNC} {PLOTR}
(ERASE} @ Note: to set x and y ranges at default values,
press [NXT] {RESET} [NXT] [NXT] before
{DRAW} .
graphing.

A M L
ol

3) To see how the calculator stores your function as a program, recall it by pressing [ON]
[VAR] [BLUE] {SEC} and see:

1: << X '/COS(X) >>
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I. Functions & Limits

Example 2 Investigating limits numerically.

The SOLVER is a nice tool for investigating limits. It allows you to evaluate a function for a
sequence of inputs very easily. Try this:

RAD
L)
1+ X [ENTER] e »
:
1: 148!
I EEY C SR AT H T
'l / X' [ENTER] M s
4:
%2 eyt
] ]
N Y CI B SR T
D
X ; :ﬂﬂl 3
y¥] :
t
3 '(1+8)7 (1K)
ATNIEE CN BTH AT L
We've built the expression (1 +x)"* on the stack.

To investigate the function numerically, we send it to the SOLVER:
[SOLVE] {STEQ} {SOLVR}

To evaluate the expression for any value x, use the white {X} key to input the value and the
dark {EXPR=} key to see the output result.

For instance,

1 {X} {EXPR=} returns 1: EXPR: 2
Now, investigate Im} 1 +x)"*

by trying x = 2.1, 2.01, 2.001, ...
19, 199, 1.999, ..

/x

Then, investigate lim (1 +x)
x=0

by trying x = 01, 001, 0.00l,..
-0.1, -0.01, -0.001 ...

[BLUE] [CLR] to clear the display.
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I. Functions & Limits

Example 3 Investigating limits graphically.

/x

Now, let's examine lin'(t,(l +x)"" graphically.

The {STEQ} supplies functions to both the SOLVER and the PLOTTER, so to graph

y=(1+x)"*, all we need do is:
[PLOT] {PLOTR} {ERASE} {DRAW}

—

(200N > 0] N O0nU L EL P ]

To investigate the behavior near x=0, we zoom in horizontally. Let's try a factor of 10°:

Press {ZOOM}{X} .000001 [ENTER].

(SR ST O A (T (G

This picture is graphical evidence (but not proof) that our function has a limit as x— 0.
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I. Functions & Limits

Example 3 Investigating limits graphically (continued)

Let's zoom in even further!
{zOOM} {X} .000001 [ENTER]

g .

(STIX) ST I ST (ETS (T

Wow! What is happening here?

We're seeing the spectacular effects of round-off error. Since the calculator carries 12

significant digits of precision, we will have run into difficulties in evaluating (1 +x)"* when x

is near 10-12, (Remember, we zoomed in by 106 twice.) Indeed, if we zoom in by 106 once
more, 1+x will be rounded to exactly 1.

Let's see what happens.

{ZOOM} {X} .000001 [ENTER]

ST S A O (R (G

Press [ON] to leave plot.

The moral is that our graphing calculators are wonderful exploratory tools, but we will need
to make our students aware of their limitations so that they use them intelligently.
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II. Graphs & Continuity

Example 1 Removable Discontinuities

When lim f(x) exists, but is not equal to f(a), we say f(x) has a removable discontinuity at

x=a (since we could "fix" the function by redefining f(a)) Graphically, a removable

discontinuity may show up as a "hole" in the graph of the function. For instance, let's reset the
plot parameters to their default settings (([PLOT] {PLOTR} [NXT] {RESET}) and then
plot

_x*-1

= x-1
X [y*] 2-1 [ENTER] I: XA2-1'
X -1 [ENTER] 2: XA2-1'
1: X-1'
[+] 1. '(X*2-1)/(X-1)

[PLOT] {STEQ} {PLOTR} {ERASE} {DRAW}

/i//

(ST ST O T (S T

In this case we can see the "hole" at (1,2). However, if we graph y = cos(x)tan(x):

[ON] 'COS(X) [ENTER] 1: 'COS(X)'
'TAN(X) [ENTER] 2: 'COSX)

1: TANX)'
X1 1: 'COSX)*TAN(X)

[PLOT] {STEQ} {PLOTR} {ERASE} {DRAW}

A
\./i\/

SEIETHCE IR T

We see a sine curve with no holes, since none are located precisely at pixel locations.
Press [ON] to leave plot.
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II. Graphs & Continuity

Example 2 Non-removable Discontinuities

Two examples of non-removable or essential discontinuities are vertical asymptotes and jump
discontinuities. How these appear on the graphics screen depend on two things:

1) Whether the calculator is in connected mode and draws lines between successively
plotted points.
2) Whether the discontinuity occurs precisely at a pixel location or not.

The toggle for connected modes is found under the [MODES] menu. Press [MODES]
[NXT].

{CNC-} means the calculator is in connected mode
{CNCT} means it's not

Tumn connected mode off and try graphing y = Tl_
=0

[PLOT] '1/(1-X) {STEQ} {PLOTR} {ERASE} {DRAW}

e

S Y R (X (N (T

Now, turn connected mode back on and graph again.
[ON] [MODES] [NXT] {CNCT} [BLUE] [PLOT] {ERASE} {DRAW}

v

Let's edit the expression slightly.

Press [ON] [PLOT] {EDEQ} and use the cursor keys and the delete key [DEL] to change
the expression to '1/(1.01-X)' Then press [ENTER] {PLOTR} {ERASE} {DRAW}.
Since the asymptote does not fall exactly on a pixel, and the calculator is in connected
mode, the vertical asymptote appears to be drawn in.

—
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II. Graphs & Continuity

Example 2 Non-removable Discontinuities (continued)

To see an example of a function with a jump discontinuity:

[ON] [PLOT] 'ATAN (1/X) {STEQ} {PLOTR} {ERASE} {DRAW).

b

SIETRTR TN TN

Press [ON] to leave plot.
Here's how to create piecewise-defined functions. For example, to define

x4+l x <1
f(x)={ 2

x‘ x>l

We make use of the IFTE (If Then Else) as follows:
TFTE (X<1,X+1,X"2)'
@ Note: You can find < under [PRG] {TEST}.

For functions built up from three or more pieces, we can nest the IFTE's:
TFTE (X<1,X+1,IFTE(X<2,X"2,2-X))'

is the expression needed to define

x +1 x <
f(x)= x? 1<x =2
2 —x x >2
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II. Graphs & Continuity

Example 3 Other Types of Function Behavior.

Not all discontinuities can be classified as holes, jumps, or asymptotes. Try these examples
(be sure you're in radian mode):

[PLOT] 'SIN(1/X) {STEQ} {PLOTR} {ERASE} {DRAW}.

N‘] [

(ST S A A T (G

Now, zoom in horizontally to see some wild oscillatory behavior:
{ZOOM} {X} .1 [ENTER]

yA =
— v

[coor[=ror] et fonortfimtec] Fom ]

Repeated zooms do not tame this beast.

[coan[S-ion] Nt ooijunteL] PN ]

Reset your plot parameters to default settings

[ON] [NXT] {RESET}
and try [PLOT] X*SIN(I/X) {STEQ} {PLOTR} {ERASE} {DRAW).

|

S ETE T R TN T

Zoom in horizontally to see how we've "damped" those oscillations.

{ZOOM} {X} .1 [ENTER]

N

Press [ON] to leave plot.
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III. The Derivative

Example 1 Local Slope

We can appreciate the idea of a derivative measuring local slope by simply zooming in on the
graph of a differentiable function.

3
Consider f(x) =%- —2x and suppose we want to approximate f'(0) graphically.

[PLOT] X"3/3-2*X' {STEQ} {PLOTR} [NXT] {RESET} [NXT] [NXT] {ERASE}

N/

(SR S T G T T

Now, let's zoom in with equal scale factors both horizontally and vertically:

{ZOOM} {XY} .1 [ENTER]

\

[oori)o-tarfoent ] oo cfomie[Fon |

Under magnification, the graph appears straight. This local linearity is a fundamentally
important property of differentiable functions. The slope of the line, we say, appears to be -2

and that should be an approximation of f'(0).
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III. The Derivative

Example 2 Graphical Relationships

When we think of the process of evaluating the local slope at each point along the graph, we
are describing the derivative function. The behavior of a function and its derivative are closely
related, and we can examine this relationship graphically.

Let's zoom back out to see our graph at the original settings.

{ZOOM} {XY} 10 [ENTER]

]

[coort)>-tozfoenT [rooreloneEL] Fon ]

Now press {FCN} [NXT]

Pressing the {F'} key will graph the derivative of the function along with the original function.

)
[\

[Zoorij=-i0if et [oagh il eL] FON ]

Now we can see how the sign of 1 is related to the increasing and decreasing behavior of f.

Press {FCN}[INXT]{F'} again, and we'll see the graph of the second denivative.

Nl
[ XU

SENESIE T EER TN G

Now we can see how the sign of f' is related to the concavity of the graph of f.

Critical points and inflection points, the first and second derivative tests can all be discussed
graphically now.

Press [ON] to leave plot.
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III. The Derivative

Example 3 Chain Rule

The HP 48 knows the rules of differentiation, including the chain. This allows it to
differentiate virtually any "closed form" function encountered in first-year calculus.

We'll illustrate two ways of differentiating on the HP. First, we'll purge any existing value of x
with X' [PURGE]

1) To differentiate sin(x?) with respect to x:

'SIN(X”2)' [ENTER] 2: 'SIN(X"2)'
X [ENTER] 1: X
[2] 1: 'COS(X™2)*(2*X)'
To take the second derivative, simply differentiate with respect to x again.
X' [ENTER] [Z] 1: '-(SIN(x"2)*(2*X)*(2*X))
+COS(X"2)*2'
To simplify a bit,
[ALGEBRA] {COLCT} 1:  -(4*SIN(X"2)*X"2)+
2*COS(X"2)'

To see the display in textbook format, press [V] to "typeset" the expression in the
equation writer (this takes a little while).

SIN(?) #®)+2.cos(®)

GHSTCR IGHCLY T G BT I

[ON] [ON] returns you to the stack.

2) To see the chain rule applied step-by-step, use this method
'é X(SIN(X"2))' [ENTER]

Repeated presses of the [EVAL] key shows the differentiation step-by-step.
3) Try this. Press [RAD] to toggle to degree mode, and differentiate sin(x).
'SIN(X)' [ENTER}

X' [ENTER]
(3] 1: 'COS(X)*(/180)

TICAP HP 48 Workshop Examples page 12 of 23



IV. Applications of the Derivative

Example 1 Newton's Method
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