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  PROGRAM DESCRIPTION    

 

FAST FOURIER TRANSFORM

Given a complex vector =o s+ ev 50 ), this program computes the Fourier
n-1

transform coefficients

1 2m MT
By = nr oy e n 0<k<n-1

The inverse coefficients are

m -

on =F o2T Tk/-1 0<k<n-1

Algorithm: Innut n, (m=Tog,(n)) data points a(*), b(*) or input z(t)

ror i=0 to n-1 step 1

Input a(i) = a(i) + V/-1 b(i) or evaluate z(i)

Def bit reversing function r(k)

Set flag f=1 for inverse, f=-1 for direct

For k=m-1 to 0 step -1

For p=0 to n-1 step -2X*1

s=r(p/2¥)

£,=cos(2ms/n) + /=T sin(2mns/n)f

For j=0 to ok_q step 1

£75, (p42)
a(j4p) = a(j+p) + £,
a (5+p+2K) = a(j+p) -2¢,

Next J

Next p

Next k



  

   

 

 PROGRAM DESCRIPTION   
 

FAST FOURIER TRANSFORM (continued)

For i=0 to n-1 step 1

If r(i)>i, swap a(i), a(r(i))

Next 1

For i=0 to n-1 step 1

If f=-1disp B(i)=a(i)/n

If f=1 disp B(i)=a(i)

Next 1

Stop



 

 

   SAMPLE PROBLEM
 

  
 

A) Compute the Fourier transform

following data pairs (0) =

direct) of the

 

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

(

(1,2)
a(l) = (4,1)

a(2) = (-2,0)
a(3) = (3,-1)

ISOLUTIONI

STEP INSTRUCTIONS DISPLAY INPUT

1 [Run program *** FOURIER TRANSFORM ***

2 |Enter number of data points: Number of data points? 4 [RIN]

3 |Select data as input: Function or Data points?F D [RTN]

4 |Enter data: Real part of «(0)? 1 [RTN]

Imag part of «(0)? 2 [RTN]

Real part of a(l)? 4 [RTN]

Imag part of a(l)? 1 [RTN]

Real part of a(2)? -2 [RTN]

Imag part of a(2)? 0 [RTN]

Real part of a(3)? 3 [RTN]

Imag part of (3)? -1 [RTN]

5 |Continue: Recheck data or Continue?R C [RTN]

6 |Select direct transform: Direct/Inverse transform?D [RTN]

Computing...

7 |View each point by pressing Real part of B(0)=1.5 [RTN]

[RTN]. Pressing [BACK] will Imag part of B(0)=.5 [RTN]

goto the previous point. Real part of B(1)=1.25 [RTN]   
 

 

 

 



 

 

 

 

ISOLUTION |
 

 

 

 

 

 

 

 

 

    

STEP INSTRUCTIONS DISPLAY INPUT

Imag part of B(1)=.249999999998 [RTN]

Real part of g(2)=-2 [RTN]

Imag part of g(2)= . [RTN]

Real part of g(3)= .25000000003 [RTN]

Imag part of g(3)=.730000000003 [RTN]

8 |End program. Run again, View again, or End?R E [RTN]
 

 

 



 

 

   SAMPLE PROBLEM
 

  
 

B) Find the inverse Fourier transform of the data

pairs ai) i+v-111=20,...,3

 

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

ISOLUTIONI

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program *** FOURIER TRANSFORM ***

2 Enter number of data points: Number of data points? 4 [RTN]

3 |Select data as input: Function or Data points?F D [RTN]

4 Enter data: Real part of o(0)? 0 [RTN]

Imag part of a(0)? 0 [RTN]

Real part of al)? 1 [RTN]

Imag part of a(l)? 1 [RTN]

Real part of a(2)? 2 [RTN]

Imag part of a(2)? 2 [RTN]

Real part of a(3)? 3 [RTN]

Imag part of a(3)? 3 [RTN]

5 Continue: Recheck data or Continue?R C [RTN]

6 Select inverse transform: Direct/Inverse transform?D I [RTN]

Computing...

7 View each point by pressing Real part of B(0)=6 [RTN]

[RTN]. Pressing [BACK] will Imag part of B(0)=6 [RTN]

goto the previous point. Real part of B(1)= .0000000001 [RTN]

Imag part of B(1)=-3.999999999 [RTN]

Real part of B(2)=-2 [RTN]

Imag part of g(2)=-2 [RTN]
 

 

 

 



 

 

 

 

SOLUTION |
 

 

 

 

 

    

STEP INSTRUCTIONS DISPLAY INPUT

Real part of B8(3)=-4.0000000001 [RTN]

Imag part of B(3)=-.00000000001 [RTN]

8 [End program. Run again, View again, or End?R E [RTN]
 

 

 



 

 
 

SAMPLE PROBLEM    

   

C) Estimate inverse Fourier transform of

z(t) = t+ /-1t

with four data points. In this case

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

Real part z(t) = x(t) = t,

Imag part z(t) = y(t) = t

SOLUTION |

STEP INSTRUCTIONS DISPLAY INPUT

- 1 |Enter x(t) in 510 510 DEF FNX(T)=T

Enter y(t) in 520 520 DEF FNY(T)=T

1 [Run program **% FOURIER TRANSFORM ***

2 Enter number of data points: Number of data points? 4 [RTN]

3 [Select function as input: Function or Data points?F F [RTN]

Evaluating function...

6 [Select inverse transform: Direct/Inverse transform?D I [RTN]

Computing...

7 |View each point by pressing Real part of R(0)=6 [RTN]

[RTN]. Pressing [BACK] will Imag part of B(0)=6 [RTN]

goto the previous point. Real part of g(1)= .0000000001 [RTN]

Imag part of B(1)=-3.999999999 [RTN]

Real part of g(2)=-2 [RTN]

Imag part of B(2)=-2 [RTN]

Real part of g(3)=-4.0000000001 [RTN]

Imag part of g(3)=-.00000000001 [RTN]

8 End program. Run again, View again, or End?R E [RTN]
 

 

 

 



 

 

   USER INSTRUCTIONS
 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

    

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program **% FOURIER TRANSFORM ***

2 Enter number of data points: Number of data points? n [RTN]

(Must be a power of 2)
} ForD

3 Select function or data Function or Data points?F [RTN]

4 If data, enter the real and
Re (7)

imaginary part of each point: Real part of a(i)? [RTN]
Im oil)

Imag part of a(i)? [RTN]

If function, enter the x(t) in| 510 DEF FNX(T)=

Tine 510 and y(t) in 520 520 DEF FNY(T)=

before starting program.

Goto step 6.
} Ror C

5 check data: Recheck data or Continue?R [RTN]

a When checking the data (R),

press [RTN] to proceed to

each point. If an error is

found, press [BACK] and

re-enter: Imag part of a(i) = [BACK]
Re a1)

New real part of a(i)? [RTN]

Then continue through the data

b Enter C to continue to step 6.
D or I

6 Select direct or inverse Direct or Inverse transform?D [RTN]

transform:

7 Computation begins: Computing...

8 View each point by pressing Real part B(i) = [RTN] or

[RTN]. Pressing [BACK] will Imag part B(i) = [BACK]  

 

 



 
  

  USER INSTRUCTIONS   

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

: R,V, or E
9 Select program options: Run again, View again, or End?R [RTN]
 

To run the program again,
 

enter 'R' and goto step 2.
 

To view the answers again,
 

enter 'V' and goto step 8.
   To end the program enter 'E'.  
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 VARIABLE NAMES     
 

 

 

 

 

 

 

 

 

 

 

 

 

     

NAME DESCRIPTION NAME DESCRIPTION

Imag part of prim. root of
FNR(X) Bit reversing function x, unity to some power

multiplied by F
X Dummy variable for FNR(X)

T storage :
A forENR(X) J X, Y2 Temp storage for main calc.

u Temp storage for FNR(X) X3 Ys Temp storage for swap
: Temp storage for bit

FNA Answer function S reversing function FNR

B Temp storage for FNA K Simplifying power

Real part of
FNY(T) object function Q$ String for RVE module

Imag part of String for Direct/Inverse
FNY(T) object function R$ module

Real part of String for Data/Function
A(I) object sequence S$ module

Imag part of String for checking data-
B(I) object sequence T$ module

Flag for inverse/direct Number of subdivision
F transform N points

Real part of primitive root

Xy of unity to some power M Log, (n)
 

 
 

   NOTES AND REFERENCES

 
 

  
 

Notes: 1.

2.

Reference:

The program will work with up to 1024 points if approx.
20K bytes of RAM are available. To alter the number of
points that are available, change the dimension in line 80.
The number of points used must be a power of 2.

Execution time increases significantly with the number
of data points.

Stoer, J. and R. Bulirsch, INTRODUCTION TO NUMERICAL ANALYSIS,
(Spring-Verlag, New York, 1980), Section 2.3.2.
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PROGRAM LISTING
 

   
 

10

20

30

40

50

HO

70

80

G0

100

110

120

130
140
150
160
170
180
190
00
210
2a)
230
2a
250

260
270
280

aq

300
310
Ae
A340

A440

E50

360
370
Sei
E90

400

44.0

4:20

FAST FOURIER TRANSFORM
I Computes the direct or

inverse Fourder transform
I of data points or functions
busing the Cooley-Tukey
I algorithm

Pb Revision 14/04/1982
DIM ACSHL2)  B(S42
DIGF 7% XX % FOURIER TRANSFORM %x Xx
x7 8 OPTION ANGLE RADIANS
INPUT ‘Number of data points?’; N @
M=1IP (LOGINY ZL.0GC2))

IF FROLOGOND ZL.OG2) y 40
DISP “Incorrect number
# GOTO 100

PP Bit reversing function

THEN REEP @&
of points!’

DEF
U=0

FOR P=0 TO M-i
A=RMD CX, 2)
LheAE (M-4-F)
X=1TP (X/e)
IF X<{=4i THEN
NEXT P
UsX22 (M-2-P)
FNE=U & END DEF
P Define answer
DEF FMA
B=NUMKEYS$) @ IF
2H0
FNA=T 8 END DEF

FP Transform data points or func?

DISP CHR4 C198); unction or /;CHR$(S
REY;

INPUT ‘ata points?’ FF’,
RCE(HH04,41)
ON POSED ,584)+4 GOTO
P Input data points

FOR TI=0 TO N-1i
DIGP USING "Real
"oo CHR%:(4),1;

INPUT “37% 756010)
DISF USING "Imag part of
"oo, CHR%C4),1;
INFUT 7% 7, BOI
NEXT 1

b Check data points

DIGHF CHE$(210);  echeck
RE CL9%)
INPUT “ontinue?’,
(T$ 14,11)
ON POSC/REC ,THY+4 GOTO 390,420,%%0
FOR I=0 TO N-14

FINKE CX)

24.0

function

BRL3 AND BH#E THEN

8% & S$=Up

2EO,500,320

part

data,or CH

RY; TH 8 Te=UPRCH  

-Number of data
a power of two

points must be

-Keverse binary expansion of
integer

Wait for ‘RTN’ or ‘RACK’ kevs

Select data function
as input

points or

-Data point entry

=0Option to check input data
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   PROGRAM LISTING
 

  
 

£60
370

DISH USING "Real part of “,a,(,k
y=, kk; CHR$(4) , 1 ,ACTL)

IF FNA=8 THEN DISF USING "New real

part of ‘,a,’(’,k" ; CHR%(4),1,; @
INFUT 7)? 25601)

DISF USING "Imag part of “,a,’(’,k
=k" 5; CHR$(4Y, 1,BCID

IF FNa=g THEN DISP USING "New imag

part of ‘,a,’(’,k" ; CHR%$(4),1; @

INFUT “27% BCD)

NEXT I

GOTO 390

I Function to be transformed

DISF ‘Evaluating function...
DEF FNX{(T) = 17

DEF FNY(T) = T

FOR I=0 TO N-4

ACTIY=FNX(T) @ BC(I)=FNY (ID)

NEXT 1

PF Divect/inverse transform

/

' from keyboard
PF Set flag for inverse
Fad

DIGP CHR$(4986); direct/’ ;CHRE(201);
INFUT ‘nverse transform?’,’D’; R$ ©
RE=UPRCE(R%LL,L1)

DISF “Computing...
ON FOSC/ DIRE) +4 GOTO 600,6%0,570

Ib Set flag for direct
Fag

I' Main loops
FOR K=M-4 TO 0 STEP -i
Kis=g™K
FOR L=0 TO N—-1 STEP 2ZM(K+1)
S=FNRIL/KL)
PoWith f=-%,computing direct
DP Fourier transform

Xi=COS(2¥PIXE/N) & Yi=0IN(ZXPIXS/N)
x in

FOR J=0 TO Ki-1i
Xas=d CTLAK XXE -ROT +L+K 1) HY 4
Yama (Tr+K AIRY A+R CFL+K LD) KA
ACTHL I=L)+E © BOIL) =R{T+L0+Y2
ACI HL ERD) =A CTL 1XE-X2

ECTHLAKL) =ROT+ LL) -Y2-Ye
NEXT J
NEXT L
NEXT K

Po Unscramble remainders

FOR I=0 TO N-1i
IF FNRCT»(=1 THEN 890
XAOL) @ Y3=RO1)
ACTI=AFNRECTY) @ BODY=RB(FNR (1)

7

 

User defined

~Select direct

transform

functions

or inverse

 



 
 

   PROGRAM LISTING
 

   
 

360
890
700
$40
G20
530
540
950
560
570
$80
$90

1000

1010

1020

1030
1040
1050

1060

1070

1080

ACFNRCT) )=X3 @ BIFNR(II)I=YZ
NEXT 1

I Test for inverse transform
Pb which is the case f=1

IF F=41 THEN 980
Pb Compute direct transform

FOR I=0 TO N-{4
ACT =ACT)/N @ BCIY=R(I)/N
NEXT I

IP View the transform
FOR I=0 TO N~i%
DIGF UBING "‘Real part of “,a, (’,k
y7r=IL kN CHRS(S)Y , 1 ,AaCT)
IF FNa=8 THEN I=MAX(I-1,0)
DISF USING "/Imag part of ‘,a,’ (’,k
OrLk CHRE(S) ,T,RBOD
IF FNA=8 THEN I=MAX(I-1,0) & GOTO 9
20

NEXT I
' Run,view, or end

DISF CHRE%(210); un again,’ ;CHR$(?14
Yi; fdew again, or’ ;CHR$(497);
INPUT ‘nd?’ ,’R’; G% @& GF=UFRCH(OSTL
11)

ON POSC/RVE ,G%)+4 GOTO 10%0,400,98
(0,4080

aTap
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PROGRAM DESCRIPTION 
 

 

FAST FOURIER SERIES/TRIGONOMETRIC INTERPOLATION

This program finds a trigonometric interpolation of the Fourier series.

Given a function z(t) = x(t)+/-Iy(t) which is peroidic on [0,27] and

whose modulus squared is integrable, the Fourier expansion is

o mt/-1
z(t) = ¢ Z(m) m=0,+1,+2,...

m

The Fourier expansion is approximated by trigonometric polynomials of the

form

p(t) = Ln EXP(mty/-1) m=0,1,...,n-1

To obtain a two-sided polynomial, 8 is extended with period n :(i.e., Btn”

Shp where n is the number of points or terms in the approximation).

An important special case is z(t), a real valued function (y(t)=0 for all t).

The coefficients Z(m)+Z(-m), i(Z(m) -Z(-m)) are real in that case, so putting

A= 2 Re (8)

B, = 2 Im(8) m=1,...,n/2-1

Ao = 2 8

Mos = 2 Bu,

yields a sin, cos - polynomial with real coefficients:

= Ney m= n_A(t) Ap ¥ L(A, COS(mt) + g_ SIN(mt)) + An/s COS(zt) m 1,2,.0055 -1

2 2

Note that n must be a power of two.

 



 
 

   

 

 PROGRAM DESCRIPTION   
 

FAST FOURIER SERIES/TRIGONOMETRIC INTERPOLATION (continued)

Algorithm: Input n, m=10g,(n), data points a(*),b(*) or input z(t)

For i=0 to n-1 step 1

Input oi) = a(i) + /-1 b(i) or evaluate (22)
n

Next i

Define bit reversing function r(k)

For k = m-1 to 0 step -1

For p = 0 to n-1 step pktl

s = r(p/2¥)

£. = COS (2mws/n) + v/-1 SIN(2mws/n)
1

. k
For j=0 to 27-1 step 1

£, = £, a(i+p+eX)

a(jtp) = a(j+p) + &,

0(3+pt2) = alj+p) -2¢,

Next J

Next Pp

Next k

For i=0 to n-1 step 1

Swap a(i), a(r(i)) if r(i)>i

Next i

For i = 0 to n-1 step 1

Disp B(i)=a(i)/n

Next i

Stop

15
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   SAMPLE PROBLEM
 

  
 

A) Estimate the Fourier series of the data points

2(0)=(0,0), a(1)=(1,1), a(2)=(2,2), a(3)=(3,3).

 

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

1SOLUTION

STEP INSTRUCTIONS DISPLAY INPUT

A Run program *** FAST FOURIER SERIES ***

2 Enter number of data points: Number of data points? 4 [RTN]

3 Select data as input: Function or Data points?F D [RTN]

4 Enter data: Real part of «(0)? 0 [RTN]

Imag part of «(0)? 0 [RTN]

Real part of afl)? 1 [RTN]

Imag part of a(l)? 1 [RTN]

Real part of a(2)? 2 [RTN]

Imag part of a(2)? 2 [RTN]

Real part of a(3)? 3 [RTN]

Imag part of «(3)? 3 [RTN]

5 Continue: Recheck data or Continue?R C [RTN]

Computing...

6 Select complex series: Select series: Real or Complex?R| C [RTN]

7 |View each point by pressing Real part of g(0)= 1.5 [RTN]

[RTN]. Pressing [BACK] will Imag part of g(0)= 1.5 [RTN]

goto the previous point. Real part of g(1)=-.99999999998 [RTN]

Imag part of g(l)= 2.5E-12 [RTN]

Real part of B(2)=-.5 [RTN]
 

 

 

 



   

 ISOLUTION/|   
 

 

 

 

 

 

   

STEP INSTRUCTIONS DISPLAY INPUT

Imag part of R(2)=-.5 [RTN]

Real part of R(3)=-2.5E-12 [RTN]

Imag part of R(3)=-1 [RTN]

8 End program Run again, View again, or End?R E [RTN]  
 

17



18

 

 

   SAMPLE PROBLEM
 

  
 

B) Compute the polynomial approximation to EXP(tv-1) =

COS(t+/=1)*SIN(t)=x(t)+/~1 y(t)

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

1SOLUTIONI

STEP INSTRUCTIONS DISPLAY INPUT

51 Enter x(t) on Tine 530 530 FNX=COS(T)

Enter y(t) on Tine 560 560 FNY=SIN(T)

2 Run program *** FAST FOURIER SERIES ***

3 Enter number of data points: Number of data points? 2 [RTN]

4 Select function as input: Function or Data points? F [RTN]

Evaluating function...

Computing...

5 Select complex series: Select series: Real or Complex?R| C [RTN]

6 View each point by pressing Real part of g(0)= 0 [RTN]

[RTN]. Pressing [BACK] will Imag part of R(0)=-1.04E-13 [RTN]

goto the previous point. Real part of R(1)=1 [RTN]

Imag part of R(1)=1.04E-13 [RTN]

7 End program. Run again, View again, or End?R E [RTN]   
 

 

 

 



 

 

   SAMPLE PROBLEM
 

   
 

C) Estimate J,(17.5),d,(17.5),9,(17.5) ,3,(17.5)

using z(t) = COS(17.5 SIN(t) + v-1 SIN(17.5 SIN(t).

Read off real part of B(0),B(1),B(2),B(3).

 

 

  

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SOLUTION

STEP INSTRUCTIONS DISPLAY INPUT

¢ 1 Enter x(t) on line 530 530 FNX=COS(17.5*SIN(T))

Enter y(t) on Tine 560 560 FNY=SIN(17.5%SIN(T))

2 Run program **% FAST FOURIER SERIES ***

3 Enter number of data points: Number of data points? 64 [RTN]

4 |Select function as input: Function or Data points?F F [RTN]

Evaluating function...

Computing...

5 [Select complex series: Select series: Real or Complex?R| C [RTN]

6 |View each point by pressing Real part of B(0)=-.103110398225| [RTN]

[RTN]. Pressing [BACK] will Imag part of g(0)= 5.755625E-12 [RTN]

goto the previous point. Real part of B(1)=-.163419969425| [RTN]

In this case, ignore the Imag part of g(1)=-7.412512652E-12 [RIN]

imaginary part of (i). Real part of B(2)=8.44338302963E42 [RTN]

Imag part of g(2)= 8.411875E-12 [RIN]

Real part of B(3)= .182719130625| [RTN]

7 End program, ignoring rest

of answer. [ATTN]    
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   USER INSTRUCTIONS
 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program *%* FAST FOURIER SERIES ***

2 Enter number of data points: Number of data points? n [RTN]

(Must be a power of 2)
For D

3 Select function or data Function or Data points?F [RTN]

as input:

4 If data, enter the real and
Re ali)

imaginary parts of each point: Real part of a(i)? 20
m o(1

Imag part of a(i)? [RTN]

If function, enter the x(t) 530 FNX=

in Tine 510 and y(t) in 560 560 FNY=

before starting program.

Goto step 6.
Ror C

5 Check data: Recheck data or Continue?R [RTN]

a When checking the data (R),

press [RTN] to proceed to

each point. If an error is

found, press [BACK] and

re-enter: Imag part of oi) = [BACK]
Re a1)

New real part of ai)? [RTNT

Then continue through the data

b Enter C to continue to step 6.
R or C

6 Select real or complex series:| Select series: Real or Complex?R] [RTN]

7 Computation begins: Computing...

8 View each point by pressing
   [RTN]. Pressing [BACK] will   
 

 

 



 

 

   USER INSTRUCTIONS
 

   
 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

goto the previous point.

If real: A(i)= [RTN] or

B(i)= [BACK]

If complex: Real part B(i)= [RTN] or

Imag part B(i)= [BACK]
R,V, or E

9 Select program options: Run again, View again, or End?R [RTN]
 

To run the program again,
 

enter 'R' and goto step 2.
 

To view the answers again,
 

enter 'V' and goto step 8.
   To end the program enter 'E'.    
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  VARIABLE NAMES    
 

 

 

 

 

 

 

 

 

 

 

 

 

  

NAME DESCRIPTION NAME DESCRIPTION

FNR(X) Bit reversing function X1,Y1 Real and imag part of
reciprocal of primitive

X Dummy variable for FNR root of unity

Noy Temp storage for real and
A Temporary storage for FNR 2:72 imag part of calculation

U Temporary storage for FNR X3,Y3 Temp storage for swap

Temp storage for
FNA Answer function S value of FNR

B Dummy variable for FNA Ky Simplifies power

A(I) Real part of input (I) N Number of subdivisions

B(I) Imag part of input (I) M Log, (n)
Real part of

FNX object function Q$ Test string for RVE
Imag part of Test string for real/

FNY object function P$ complex data
Test string for data

T Dummy variable for FNX,FNY R$ points/function
Test string for

T$ rechecking data input     
 

 
 

   

 

  NOTES AND REFERENCES
 

References: 1. Stoer, J., and R. Bulirsch, INTRODUCTION TO NUMERICAL ANALYSIS,
(Springer-Verlag, New York, 1980).

2. Henrici, P., FAST FOURIER METHODS IN COMPUTATIONAL COMPLEX ANALYSIS,
(SIAM Review, V. 21, 1979, p.481-527.)
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   PROGRAM LISTING
 

  
 

 

10
20
30
40

%0
6-0

70
80
¢0
00

140

340

350
360

370
360
S50
400

410

I FAST FOURIER SERIES/TRIGON-
P OMETRIC INTERPOLATION
I Computes the finite Fourier
I series (trig interpolant)
Pat points supplied by func-
P tions or input data,using

IP Cooley-Tukey algorithm
Pb Revision 14/04/4982
DIM ACSL2) ,B(S12)
DIGPF “% X % FAST FOURIER
x’

INPUT ‘Number of data points?’/; N @
M=IP (LOG(N)/ZL.OGC2))

IF FPOLOGOND ZLOGC2))Y#0 THEN REEF @
DISP “Incorrect number of data poin
tel’ @ GOTO 140

IP Bit reversing function
DEF FNR (X)
LI=0
FOR

SERIES % X

P=0 TO M-1i

A=RMD (X, 2)
U=U+AX2 A (M-4-P)
X=TPCX/2)
IF X{=1 THEN
NEXT P
Us=U4+X%2% (M~2-P)
FNR:=U & END DEF
I Define answer
DEF FN#&
B=NUM(KEY$) & IF BRL3 AND R48
260
FNA=R @ END DEF
 Interpolate func or

220

function

THEN

data

DISHF CHR4(198);‘unction or

P&E),
INPUT “ata points?’,
RCE(RELL,41)

ON POSCFD ,R$Y+4 GOTO 290,%40,330
I Input data points
FOR I=0 TO N-4
DISF USING "Real
"5 CHR#%(4), 1;

GS CHRE CA

‘F’; R% @ R&=UP

part of “,a,’¢’,k

INPUT “37 ACD)

DISF USIMG "Imag part of “,a,’ (’,k
"3 CHR%(4),1;
INPUT 707 7B
HEXT 1

P Check data points

DISF CHRE (240); ‘echeck data,or
RECL99)

INPUT “ontinue?’ R77; T4 @
(T$04,411)

* CH

THd=UFRCH  

-Number
power of

of points must be a
Two.

~Reverses binary expansion of
integers

~Wait for ‘RTN’ or ‘BACK’ keys

-Select function or data as

input

Check data points

Option te check data points
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   PROGRAM LISTING
 

    
4:20
430)
440

450)

460

490

S00

“40

S20

530

540

“50

B60)

“70

560

590

&E00

Hio

bal

&HJ0

640

650

H6H0

670

&80

690
700
710
720
730
740
750
7 2) 0

770
780
790
G00
wid
Ertl
G0
S40
850
Gé0
B70
sel

ON POSC/RCY,TH)+4 GOTO 400,430,620
FOR I=0 TO N-4
DISF USING "Real part ‘,a,’(’,k,’)
=/,k" ; CHR®(4),1,A(D)

IF FNA=8 THEN DISP USINE "New real
part of ‘a,’ (’,k" ; CHR$(4),I; @

INFUT 2% 75601)
DIGP USING "Imag part “,a,’(’,k,’)
=/,k" ; CHR%(4),1 ,RB(I)
IF FNA=B THEN DISP USING "New imag
part of “,a,’¢/,k" ; CHR$(4),1; ®@

INPUT 37 7; ROD)
NEXT I
GOTO 400
I Function interpolates

DIGP ‘Evaluating function...’
DEF FNX(T)
FNX=C0S8(47 SXEINCTY)

END DEF
DEF FNY(T)
FNY=S5TINC(L7 SXSINCTY)
END DEF
FOR I=0 TO N-i
ACT) =FNX(2XPIXTI/ND
ECL) =FNY(2XPIXI/N)
NEXT 1
DISE ‘Computing...’
I Main loops
FOR K=M-4 TO 0 STEP -1i
Ki=gK
FOR L=0 T0 N-4 STEP 22((K+1i)
G=FNR(L/KL)
Xi=COB2KPITXE/NY @ Yi=-8IN(2XPIXS/N
)
FOR J=0 T0 Ki-1i
X2=@G CT HLAKI XXL BAT+LAKL) XY 4
Yu (THAKI RY 4+ROT +L+K 1) %XE
ACTH) =A CTRL) +X2 @ BOTH) =ROT+HLI)+Y2
ACTHLAKL) =A(T+L) ~XE2-X2
BOSALAKL) =ROT+L)Y-YE-Y2
NEXT J
NEXT L
NEXT K
P Unscramble remainders

FOR I=0 TO N-i
IF FPNECTY (=I THEN 840

KI=0(1) & Y3A=RO1)
ACT =A(FRNR(TIY) @ ROD)=ROFNROI)D
AFNROTY )=X3 # BIFNRCID))=Y3
NEXT I
Plast computation

FOR I=0 TO N-1i
ACTI=ACL)/N 8 BOLIY=RCII/N
NEXT I  

-User defined functions

-Frevent double swap



 
 

 PROGRAM LISTING
 

   
 

590
00

$10

G20
$30
?40
750

260

Y70
Y80
G20

1000
1040
102
1030
1040

10%0
1060

1070
1080
1.090
1400

1140

1420

1430

I Review the polynomial
DISP ‘belect series: GCHR$(210);e
al or “;CHR$C19%);

INPUT “omplex?’,’R’; P44 & PE=UPRCH(
PeIL,41D
ON POGC/RC,P$)+1 GOTO 900,940,41030
I Real case
FOR I=0 TO N/2
IF I=0 THEN DISP ‘A{0)=/;aC(0) @ Z=F
NA @ GOTO 4000
DISGP USING "AC ,k, r=’ ,k" ; I,4(ID)
HANI) 8 IF FNA=8 THEN I=MAX(I-41,0
)

IF T=0 THEN 950
IF 1=N/2 THEN 1000
DISP USING "BC ,k, =k" ; I,-(EB(I
)-RAN-1)) & IF FMNA=8 THEN 950
NEXT T
GOTO 4100
I Complex case

FOR I=0 TO N-i

DIGP USING "Real part ‘,a, ( ,k,")
=k" ; CHR%(%), 1 ,ACI)
IF FiNA=8 THEN I=MAX(I-1,0)
DISK USING "Imag part 7,a,’ (’,k,’)
=k" 5 CHR$(S), T,RB(I)
IF FiMNA=& THEN 1040
NEXT I

Pb Run ,view, or end
DIGP CHR$(240); un again,’ ;CHR${(214
y;0dew again,or’ ;CHRE$(1L927);
INPUT ‘nd?’ ,’R7; Q% & Q%=UPRCHIQSTL
11)

ON POSC/RVEY G4 )+4 GOTO 4400,440,90
0,41430
STOP

 

~Helect real or complex

~Program options
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  PROGRAM DESCRIPTION    

 

ATTENUATED FOURIER SERIES

This program provides an approximation by a trigonometric polynomial with

a finite number of terms to the Fourier expansion of a given function.

A complex function z(t) =x(t)+/-1y(t) which is periodic on [0,27] with

period 27 and whose modulus squared is integrable, has a Fourier expansion

o mtv/-1
z(t) = Z(m) m=0, +1, +2...

The Fourier series is approximated by the trigonometric polynomial

p(t) = Zep e "1 me0,... nel

in which
m

B, = 7 2(22K) =2m nk/-1 O<k<n-1

where n is the number of points in the approximation.

Roughly, the g_ approximate the Z(m) where:

z(m)= =2(nExp(-nt/Dat

Now the coefficients Z(m) approach zero as m grows large. Since the only

way to extend B is by being periodic in n, there is difficulty in approx-

imation which is resolved by interpolating the points (2k) A simple
n

linear approximation leads to coefficients Cn defined by:

Cr = (n/m) #(SIN(mm/n))6 m=1,...,n-1

The multipliers of the B are called attenuation factors and the resulting

coefficients Cp, NOW approach zero as m grows large.



 
 

   

 

 
 

PROGRAM DESCRIPTION  
 

Algorithm

ATTENUATED FOURIER SERIES (continued)

Input n, m=Tog, (n), arrays a(512), b(512), or z(t)

For i=0 to n-1 step 1

Input a(i)=a(i) + v-1 b(i) or evaluate 2(3™10)

Next i

Def bit reversing function r(k)

For k=m-1 to 0 step -1

For p=0 to n-1 step pk+l

s = r(p/2¥)

£, = €0S(2ns/n) + V-1 SIN(2ws/n)

For j=0 to 2x_1 step 1

_ BE k£, = ¢&, a(j+p+2)

a(j+p) = a(j+p) + &,

a(3+p+25) = aljtp) - 2,
Next Jj

Next p

Next k

For i=0 to n-1 step 1

Swap a(i), a(r(i)) if r(i)>i

Next i

(0) = a(0)/n

For i=1 to n-1

a(i)=(n/mi * sin(mi/n))? (i)
Next i

For 1=0 to n-1 step 1

Disp a(i)

Next i

Stop

27
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   SAMPLE PROBLEM
 

  
 

A) Estimate the first eight coefficients in the Fourier

 

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

series for X(t) = (1-t)2/4

ISOLUTION [LC

STEP INSTRUCTIONS DISPLAY INPUT

Al Enter x(t) 290 DEF FNX(t)=(PI-T)"2/4

Enter y(t) 300 DEF FNY(t)=0

2 Run program * ATTENUATED FOURIER SERIES *

3 Enter number of data points: Number of data points? 16 [RTN]

Evaluating function...

Computing...

4 Select real series: Attn. series: Real or Complex?R [RTN]

5 |View each point by pressing A(0)=.828892557125 [RTN]

[RTN]. Pressing [BACK] will A(1)=.999999999995 [RTN]

goto the previous point. B(i)= [RTN]

In this example the B(i) can A(2)=.24999999999 [RTN]

be considered insignificant.. |A(3)=.11111111111 [RTN]

A(4)=6.25000000009E-2 [RTN]

A(5)=4.00000000009E-2 [RTN]

A(6)=2.77777777768E-2 [RTN]

A(7)=2.04081632641E-2 [RTN]

A(8)=1.56250000004E-2 [RTN]

6 End program. Run again, View again, or End?R E [RTN]   
 

 

 

 



 

 

   SAMPLE PROBLEM
 

 
 

 

B) Estimate the first eight coefficients of the Fourier

expansion of t(t-m)(t-2m)/12 on [0,27]

(Note the exact series is Te sin (kt) oq 2 )

 

 

  
 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

ISOLUTIONI(

STEP INSTRUCTIONS DISPLAY INPUT

51 Enter x(t) 290 DEF FNX(T)=T#(T-PI1)*(T-24P1)/12

Enter y(t) 300 DEF FNY(T)=0

2 Run program * ATTENUATED FOURIER SERIES *

3 Enter number of data points: [Number of data points? 16 [RTN]

Evaluating function...

Computing...

4 Select real series: Attn series: Real of Complex?R [RTN]

5 View each point by pressing A(i)= [RTN]

[RTN]. Pressing [BACK] will B(1)=.987115800974 [RTN]

goto the previous point. In |B(2)=.118507431121 [RTN]

this example the A(i) can be [B(3)=3.26508727055E-2 [RTN]

considered insignificant. B(4)=1.22718463038E-2 [RTN]

B(5)=5.24786275016E-3 [RTN]

B(6)=2.25918452119E-3 [RTN]

B(7)=7.97068408518E-4 [RTN]

6 End program. Run again, View again, or End?R |E [RTN]
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   USER INSTRUCTIONS
 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 Enter the function x(t) in 290 290 DEF FNX(T)=

Enter the function y(t) in 300 300 DEF FNY(T)=

2 Run program * ATTENUATED FOURIER SERIES *

# Enter number of data points: Number of data points? n [RTN]

(Must be a power of 2)

Evaluating function...

Computing...
R or C

4 Select attenuated series Attn. series Real or Complex?R [RTN]

real or complex:

5 View each point by pressing

[RTN]. Pressing [BACK] will

goto the previous point.

If real: A(i)= [RTN] or

B(i)= [BACK]

If complex: Real part c(i)= [RTN] or

Imag part c(i)= [BACK]

6 Select program options: Run again, View again, or End?R Rr :
 

To run the program again,
 

enter 'R' and goto step 3.
 

To view the answers again,
 

enter 'V' and goto step 4.
   To end the program enter 'E'.   
 

 

 



 
 

   VARIABLE NAMES
 

   
 

 

 

 

 

 

 

 

 

 

      
 

 
 

   

 

   
 

NAME DESCRIPTION NAME DESCRIPTION

Storage for vectors to For direct
A(I),B(I) |pbe transformed Yq Fourier transform

Co In place storage
N Number of subdivision parts Xo. Yo for computation

In place storage
M Log, (n) X3.Y3 for swapping

R(X) Bit reversing function Q Attenuation factors

A(X) Answer function Q$ String for RVE module
Real part of

X(T) object function X Dummy variable for R(X)
Imaginary part of

Y(T) object function A,U Temporary storage for K(X)

Ky Simplifying index B Temporary storage for A(X)
CL Temporary storage for

Xq Primitive root of unity S value of R(X)

Note: The attenuation factors correspond to linear interpolation. Another
popular choice is found by interpolation with cubic splines. In this
case the factors for lines 670 and 760 are:

0; = (n/miSIN(ri/n))* * 3/(2+C0S(2ni/n)), #0

For line 730 the change is: (2/m*SIN(m/2))"~4*3/(2+C0S(n/2))

References: 1. Henrici, P., FAST FOURIER METHODS IN COMPUTATIONAL COMPLEX
ANALYSIS, (SIAM Review, V. 21, 1979, p. 481-527).

2. Eagle, A., ON THE RELATION OF THE FOURIER CONSTANTS ..., (Phil.
Mag. S. 7, Vol. 5, 1928, p. 113-132).
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  PROGRAM LISTING  

 

 

I ATTENUATED FOURIER SERIES
I Computes the Fourier series

30 VV of a complex-valued function
I periodic on L[0,2pil,using
I Cooley-Tukey and linear

I interpolation

70 V Revision 11/01/4982
B80 DIM A(SHLZ2),B(512
0 DISP ‘% ATTENUATED FOURIER SERIES

)

100 INPUT ‘Number of data points?’/; N 8
M=IP (LOG(NY /LOG(2))

140 IF FPCLOGONDY ZLOGCZ) #0 THEN REEP @ ~The number of points must be a
DIGP “Incorrect number of data poin power of 2
tae! © GOTO 4100

120 VV Bit reversing function Function to reverse the binary
grpansion of X

130 DEF FNROX)

140 U=0
1%0 FOR P=0 TO M-1i
160 A=RMD(X,2)
170 Usa” (M-1-P)
180 X=IP(X/2)
190 IF X<{=1 THEN 210
S00 NEXT P
210 U=U+X¥aer (M-2-P)
220 FR=U & END DEF
230 V Define answer function Wait for RTN’ or ‘BACK’ key

240 DEF FNA
20 B=NUMCKEY4$) @ IF BEL3 AND BEES THEN

260 FNA=RE & END DEF
270 0 Periodic function
280 DISSE ‘Evaluating function...”
290 DEF OFNXCTY = I%(T-PIIXKCT-2XP IN /42 ~Usar defined functions
300 DEF FNY(T) = 0
240 FOR I=0 TO Ni
B20 ACT) =FNX(EXPIXI/ZND
330 BOL) =FNY(2XPIXI/N)
340 NEXT I
350 DIGP ‘Computing...
E60 1 Main loops
70 FOR K=M-1 TO 0 STEP -~4
H80 Ki=22K

90 FOR L=0 TO N-1 STEP 22K+1)
A400 S=FNR(L/Ki)
AL0 Xi=COECHPIXE/N) @ Yi=-STN(2XPIXE/N

)

A420 FOR J=0 TO Ki-i
A30 X2=4 (T+4KOIXXL-BOI+L+KL)Y RY
440 Y= 0THLAKI RYL+RBOT HL4K) XX
A%0 ACTH =ACT4L)Y+X2 8 BOTH) =R{T+L)+Y2
A460 ACTHLAK IL) =A (T+) -X2-X2
A470 BIHAR) =RBOYI+L)-Ya-Ya

!

 

 



 

 

 PROGRAM LISTING
 

  
 

790
aon

840

ge

830

a4

550

8&0

NEXT J
NEXT L
NEXT K

IP Unscramble remainders

FOR I=0 TO N-1i
IF FNRCIDY (=I THEN %70
X3=A(L) @ Y3=R(I)
ACTI=ACFNR(I)) & BII)=R(FNR(I))
ACEFNRCT) )=XE & BOFNR(IL))»=Y3
NEXT I

FOR TI=0 TO N-i
ACTI=ACT)/N & BOII=R(I)/N
NEXT I
P Attenvate and view
DISP “Attn. series “S;CHR$(240); eal
ar ‘;OHR$ (19%);

INPUT ‘omplex?’ ,’R7; P$ @ PE=UPRC%(
FRILL
ON POSC/RE ,PEO+4 GOTO 620,6%0,740
DIGE “Ad0)=/ 400) €@ IF FNa=13Z THEN
660 ELLE &6%0

FOR I=1 TO N/2-4
E=(NAPTEIIRSINC(PIXI/NY) 22
DIGE USING 6%0 5 “&7,1,0A(I +H (NT)
YE @ IF FNA=E THEN Is=MAX(I-1,41)
IMAGE a,” (7k, y=’ k
Grd N/PTRIDDXDBINCPIKI/NIY 2
DIGF USING 690 5; “B/,I,-(BCI)-B(N~-T
P&G 8 TF FiAa=g THEN 670
NEXT I
DISF USING 6270 5 7&7 NAZ, 2% (N/2) XL
SAPTRSTHP LZ 22 8 IF FNA=E THEN 6
50 ELSE 8%0
FOR T=0 TO N-4
TF I=0 THEN Q=i
IF 120 THEN Q=(N/(PIXIIRSINPFIXRI/ND
yh
DIGE UBING "Real part cl’ ,k, r=" Kk
"os LL,ACDY RG
IF FRA=8 THEN I=MaX(I-4,00 & GOT 7
“0

LF T=0 THEN @=1
IF 130 THEN @=(N/(PIXIYXSINPIXI/N)
I
DIGE USING "Imag part oC’ ,k, =’ k
"os TLEBODYXE
IF FNA=G THEN I=MaAX{(I-4,0) @ GOTO 7
20
NEXT I
' Run,view, or end

DIGE CHR$L(2100 un again,’ ;CHR$(214
3 7dew again, or’ 3CHRECL?7)

INFUT ‘nd? ,/'R7; Q% & Q$=UPRCE(QHITL
11)  

-belect real or complex

~Lompler answer

-Frogram options

SErLes
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 PROGRAM LISTINGL    

 

870 ON POSC/RVE’,Q%)+1 GOTO 850,100,620
, 880

860 STOP
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  PROGRAM DESCRIPTION   

 
 

SPHERICAL HARMONICS

This program computes the values of the spherical harmonics Y(6,0)

on the three dimensional sphere of unit radius and angles 0<O<m

O<¢<2m. The functions vo satisfy the following relations:

vo = 1//Em

YU = [(-1)™2m] Jom)7/47 (SIN 98)MEXP(mev=T)

3
3

m m
Yel = /2m+3 COS © Yo

cos 6 Y" =| tmnome) mm “ (n+m) (n=m) mo
(2n+1)(2n+3) (2n+1)(2n-1)

Algorithm: Input n, m, 6, ¢; let f,=2

 

 

For i = 1 tom

fy = 2if,/(2i+1)

Next i

| = (ware
w=F, SIN(8)"

u=w COS(mo), v = w SIN(m¢)

f

If n=m then finish and display u,v

=/2m+3 C0S(6) u, v, =/2m+3 COS(O) v“1 1
If n = mtl then finish and display UpsVyq
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   PROGRAM DESCRIPTION
 

SPHERICAL HARMONICS (continued)

 

 

 

 

For i = 1 to n-m-1
r

PT a| (2(m+i)+1) (2(m+i)+3)
© PN ami)| N (isame) (141)

v= lcosiere. oy |—tm)%m® ||(2(mei)+1) (2(mri)+3)
2 ON amt[ND (eam) (i)  

Update UsUpsVysV

NEXT i

Disp Uys Vs)

Stop

  

 

   



 

  

  SAMPLE PROBLEM    

 

A) Calculate Y2 (1,2) = Y7(6,9)

B) Calculate V3 (2,2) = Y"(6,0)

 
  

    
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

1SOLUTIONL

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program **% SPHERICAL HARMONICS ***

2 Enter subscript Subscript of harmonic? 2 [RTN]

3 Enter superscript Superscript of harmonic? 0 [RTN]

4 continue Recheck sub/super or Continue?R C [RTN]

5 Enter 6 First angular argument? 1 [RTN]

6 Enter ¢ Second angular argument? 2 [RTN]

7 View result Re(Y(0,2,1,2)) =

-3.91780206022E-2 [RTN]

Im (Y(0,2,1,2)) =

0 [RTN]

8 Run again Run again, View again, or End?R [RTN]

9 Enter subscript Subscript of harmonic? 1 [RTN]

10 Enter superscript Superscript of harmonic? 3 [RTN]

Sub/super reversed: Superscript out of range!

11 Enter subscript Subscript of harmonic? 3 [RTN]

12 Enter superscript Superscript of harmonic? 1 [RTN]

13 Check entries Recheck sub/super or Continue?R [RTN]

14 Subscript = 3 [RTN]

Superscript = 1 [RTN]    
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ISOLUTION
 

 

 

 

 

 

 

 

 

     

STEP INSTRUCTIONS DISPLAY INPUT

15 Continue C [RTN]

16 Enter © First angular argument? 2 [RTN]

17 Enter ¢ Second angular argument? 2 [RTN]

18 View result Re(Y(1,3,2,2)) =

-1.64004353583E-2 [RTN]

Im (Y(1,3,2,2)) =

3.5835605032E-2 [RTN]

19 End program Run again, View again, or End?R |E [RTN]
 

 

 



 

 

   USER INSTRUCTIONS
 

   
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 [Run program *** SPHERICAL HARMONICS ***

2 Enter subscript, n Subscript of harmonic? n [RTN]

a non-negative integer

3 Enter superscript, m, Superscript of harmonic? m [RTN]

a non-negative integer,

<n; for negative m,

-n<m<0 see comments.

4 Check sub/super or continue Recheck sub/super or Continue?R {oT

To check entries enter 'R': Subscript =n [RTN]/[ BACK]

Press [BACK] to change entry: New subscript = n [RTN]

New superscript = m [RTN]

5 Enter 6, 0<o0<m First angular argument? 6 [RTN]

6 Enter ¢,0<¢<27 Second angular argument? ¢ [RTN]

7 View result: Re(Y(m,n,0,8)) =

number [RTN]

Im (Y(m,n,6,8)) =

number [RTN]
R,V, or E

8 Select program options Run again, View again, or End?R [RTN]
 

To run again, enter 'R' and
 

goto step 2.
 

To review the result, enter 'V
 

and goto step 7.
   To end the program, enter 'E'.    
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 VARIABLE NAMES  
   

 

 

 

 

 

 

 

 

NAME DESCRIPTION NAME DESCRIPTION

FNA Answer function W Factor

A Dummy variable for FNA Fy Coefficient for Y
Real/Imaginary parts of

N Subscript u,v final values

M Superscript U.»Vy Real/Imaginary parts

I The argument in recurrence, LE

F The argument ¢ Us,Vo Real/Imaginary parts

T$ String for sub/super check in R recurrence, Vn
  Q$ String for RVE module    
 

 

   

 

 
 

NOTES AND REFERENCES     

References: 1. Sommerfeld, A., PARTIAL DIFFERENTIAL EQUATIONS IN PHYSICS,

Note:

(Academic Press, New York, 1949).

2. Cohen-Tannondji, C., B. Diu, and F. Lalo&, QUANTUM MECHANICS,
(Vol. 1, John Wiley & Sons, New York, 1977).

To compute yn for m>0 use the relation:

Complex conjugate (Y7(6,0)) = (-1)™"(6,0)



 

 

   PROGRAM LISTING
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10
a
30
40
50

60

70
80
?0

100
110
120

130
140

150

160

170
180

190

200
21.0

220

oe

S40
350
E60
370

I SPHERICAL HARMONICS
I Compute the values of the
I gpherical harmonics by
I recursion
I Revision 11/04/4982

DISP ‘% XX % SPHERICAL HARMONICS X
¥ X @ OPTION ANGLE RADIANS

bP Wait for return,back keys
DEF FNA&
A=NUMCKEY%) @ IF AkL3 AND ARE THEN
?0

FNA=A & END DEF
INPUT ‘Subscript of harmonic?’ ;N
IF FP(MOY40 OR NCO THEN REEP @ DISP
‘Invalid subscript!’ @ GOTO 140
INPUT ‘Superscript of harmonic?’ ;M
IF FP(MYRO THEN BEEP @€ DISP ‘Inval
d superscript!’ @ GOTO 130

i

IF M>N THEN REEF @ DISP ‘Superscrip
tT out of range!’ @ GOTO 110
IF M0 THEN BEEF @ DISP “Enter abs
MY) and see comments!’ & GOTO £30

Pb Correct sub-superscript?

(

DISH CHE%2(210); ‘echeck sub/super or
‘GOHRE CLS)

INPUT “ontinuve?’ ,’R7; T% @ T4=UFRCY
(T$01,11)
ON POSCREY,TE$)+4 GOTO 480,240,240
DIGP ‘Subscript=';N @ IF FMNA=H THEN
DISP ‘New subscrip’; @ INPUT 7t1=7
N @ GOTO 220

3

DISF ‘Superscript=/3M & IF FMNaA=E TH
EN DISSE ‘New superscrip’; & INPUT
t=; M & GOTO 230

/

IF ABRSI(MI ZN THEN BEEP @ DISP ‘Super
script out of range!’ 8 GOTO £40 EL
SE GOTO 180
INFUT “First angular argument?’ ;T
IF 140 OF TPT THEN BEEP 8 DISF “an
gle out of range!’ & GOTO 240
INPUT “Second angular argument?’ ;F
IF FCO OR FY2%PT THEN RBELP & DIGP
Angle out of range!’ & GOTO 2&0

PP Compute Yim,)
IF M=0 THEN W=1/702%50RC(FIY) & GOTO
3610
Frog
FOR T=41 TO ™
Fa=a2xl¥dFi/2xi+in

Fasm(-4)*"M/80R(2%P IT%F1)
Wes AXS TINCT) MM
UsWRGCOS IME) & V=WESTNOMEXF)
b Compute harmonics by

/

 

-Enter

=(ption

~Eriter

subscript, superscript

to correct entries

angular arguments
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   PROGRAM LISTING
 

  
 

380

390
400
41.0

470

430

4410

450

4610

470

490
500
510
S20

530
540

550
“el

70

560

L590

600

I recursion relation

 Initalize
IF N=M THEN %20
Ul=8QR (2¥M+3)XCOSCTIXY & Vi=50R (2%M
+3)RCOS(TIRY

IF N=M+1i THEN U=Ui @ V=VUi @& GOTO HZ
0

Main loop for spherical harmonics
FOR I=1 TO N-M-14
U2=CO5CTHIRUL-UXSAR CC (M+ II *2-M*2) / (4
X(M+I)*2-4))
U2=8RR (2X M+ I) +4) XK (2X (M+T)+3) / (T+
MEME RCT +M~M+4)) I XU2
Va=COS(TikVi-~VURSAR(((I+M) ~2~-M"2)/ (4
¥CL+M) 22-40)
V2=8QR (C2 CTHM +L) K(X CI+MI +3) /7( (T+
MAM+L YRC THM-M+1) ) IVE

U=UL 8 Ui=U2 @ U=Vi @ Vi=y2
NEXT I
U=U2 @ U=Vz
DIGP ‘Red(Y{( ;M;7,’  ;N; 317,75
d= @ IF FNA=L3 THEN DIP U ELSE SZ
0
IF FNA=8 THEN B20
DISF 7ImYC/ 5M; 7, 5N;7,7;T;7,7
y= @ IF FINA13 THEN DISH V EL
0
IF FNA=8 THEN S20

FF Run,view,or end
DIGI CHR$(240); un again,’ ;CHR$(214
Yi; dew again,or’ ;CHR$C197);
INPUT “nd?” ,/R7; QF & Q4=UPRCE(A%ETA
Li)
ON POSC/RVEY,B%8)+1 GOTO $70,440,520
L600
STOP

 

~Display results

Program options
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  PROGRAM DESCRIPTION    

 

ELLIPTIC INTEGRALS

The general form of the elliptic integral of the second type is given by:

x a + bt dt
12 K', ,b = 7

SlEbokta.0) J (14t2) (14%) (1+k' 2t%)
 

in which k' # 0. Using the trigonometric substitution t=tan 6 the standard

elliptic integrals are recovered. With x=tan ¢ and k= 1-k'2 (k is called

the modulus) the standard elliptic integrals are

 

= el2(tan ¢,k',1,1)on [re
Jk?KZ sin%e)d = el2(tan ,k',1.k'%)

The functions F,E are called incomplete elliptic integrals while

F(k) = F(n/2,k), E(k) = E(n/2,k)

are called complete elliptic integrals.

Although the general integral el2 contains the complete integrals as special

cases with upper limit x=10%% (92/2), a separate routine is used to compute

F(k) and E(k).

E(¢,k)

Algorithm: If complete integral goto ©

If general integral goto B

Input modulus k and angle ¢

x=tan ¢,k'=V1- Z, a=1

If E(¢,k) then b=k'2; If F(4,k) then b=1; goto B1

B: Input k', x, a, b

By: m=1, n=k, x,=1/ |x], c=0, d=|x|/(a+x?)

p=((1+(k'x)2)/(1+x2)) , i=0, t=1/2, s=0, h=a-b
mo=1, no=1
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PROGRAM DESCRIPTION   

 

   
 

ELLIPTIC INTEGRALS (continued)

ye m, =n+m,n,=2 /n m,a,=(b/m+a)/2

b,=a n+b,x, = -mn/x Xs P= mn/p + P

c,=(d/p+2)/2,d=m n c/p+d,

s=s+t(1-SGN(x))

6
If ABS (1-n,/m,)<10 then vs

Update NysM,ysNsMsa,b,xsp,dsc,t,i, goto vy

2% f=ATN(m/x_)+(2' s+(1-SGN(x,) )m/2

e=a, f/m+h c ; disp e

Stop

a: Input k; let a,=1,b,=k" , f =1, g=kZ

0? ay=(ay*b,)/2, C,=as-b,

If c5<1071 then y_

Update: fi=2f; g=g+f; ¢5,b,=/a,b,,a,7a, goto oy

bei ii=m/2a,, disp i

i,= (1-9/2), disp i,

Stop



 
 

 

  SAMPLE PROBLEM    

 

A) Compute F(k) -[72 d6/V1-k? sine, with

k = 1A2 = .707106781188 and compute

E(k) =f? 1-k? sine de and check
0

against e12(10°3, .707106781188,1,1)

and e12(10%3, .707106781188,1,.5)

 
  

    
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ISOLUTIONL

STEP INSTRUCTIONS DISPLAY INPUT

A 1 [Run program **% ELLIPTIC INTEGRALS ***

2 |Select complete integral Complete/Incomplete integral?C [RTN]

3 |Enter modulus (1/SQR(2)) Value of modulus?.707106781188 [RTN]

4 Results F(.707106781188)=1.85407467721 [RTN]

E(.707106781188)=1.35064388098 [RTN]

5 |Run again Run again, View again, or End?R [[RTN]

6 |Select incomplete integral Complete/Incomplete integral?C I [RTN]

7 |Select general form Trig or General form?T G [RTN]

8 |Enter modulus (1/SQR(2)) Complementary modulus?.707106781188 [RTN]

9 |Enter parameters Parameter a? 1 [RTN]

Parameter b? 1 [RTN]

10 [Approximate infinite upper Upper limit of integral? 1E23 [RTN]

limit

11 [Result el2(1.E23,.707106781188,1,1)= [RTN]

1.8540746773 [RTN]

12 |Run again Run again, View again, of End?R [RTN]

13 [Select incomplete integral Complete/Incomplete integral?C I [RTN]    
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 1SOLUTIONL[
 

 

 

 

 
 

 

 

 

 

 

 

     

STEP INSTRUCTIONS DISPLAY INPUT

14 [Select general form Trig or General form?T G [RTN]

15 |Enter modulus (1/SQR(2)) Complementary modulus?.707106781188 [RTN]

16 [Enter parameters Parameter a? 1 [RTN]

Parameter b? .5 [RTN]

17 |Approximate infinite upper Upper Timit of integral? 1E23 [RTN]

Timit

18 [Result el2(1.E23,.707106781188,1,.5)= [RIN]

1.35064388105 [RTN]

19 [End program. Run again, View again, or End?R E [RTN]
 

 

 



 
 

   SAMPLE PROBLEM
 

 
 

 

B) Compute e12(10%?, 1071%,1,1)

 
 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

JSOLUTIONL

STEP INSTRUCTIONS DISPLAY INPUT

59 Run program **% ELLIPTIC INTEGRALS ***

2 Select incomplete integral Complete/Incomplete?C I [RIN]

3 [Select general form Trig or General form?T G_[RTN]

4 Enter complementary modulus Complementary modulus? 1E-11 [RTN

5 |Enter parameters Parameter a? 1 [RIN]

Parameter b? 1 [RTN]

6 Enter upper limit of integral Upper Timit of integral? 1E12 [RTN]

7 Result el2(1.E12,.00000000001,1,1)= [RTN]

26.614896305 [RTN]

8 [Run again Run again, View again, or End?R [RTN]

9 [Select incomplete integral Complete/Incomplete integral?C I [RTN]

10 Select general form Trip or General form?T G [RTN]

11 [Enter complementary modulus Complementary modulus? 1E-11 [RTN]

12 Enter parameters Enter parameter a? 1 [RTN]

Enter parameter b? 1 [RTN]

13 [Enter upper limit Upper limit of integral? 1E9 [RTN]

14 Result e12(1000000000,.00000000001,1.1) [RTN]

21.4163880183 [RTN]

15 End program Run again, View again, or End?R E [RTN]   
 

 

 

 



 
 

 

 

 SAMPLE PROBLEM   
 

 

C) Compute the length of the ellipse x2/16+Y2/4 = 1

The modulus k = the eccentricity = 3

while k' = b/a,k'? = b%/a®. Since a = 4 and

b = 2; we get k' = .5 and k'? = .25. The

length = 4ae(k) = 16 e12(10%3,.5,1,.25)

 
 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

_ISOLUTIONL

STEP INSTRUCTIONS DISPLAY INPUT

C1 Run program **% ELLIPTIC INTEGRALS ***

2 Select incomplete integral Complete/Incomplete integral?C I [RTN]

3 Select general form Trig or General form?T G [RTN]

4 Enter complementary modulus Complementary modulus? .5 [RTN]

5 Enter parameters Parameter a? 1 [RTN]

Parameter b? .25 [RTN]

6 Approximate infinite upper Upper limit of integral? 1E23 [RTN]

limit

7 Result el2(1E23,.5,1,.25)= [RTN]

1.21105602757 [RTN]

8 End program Run again, View again, or End?R E [RTN]

9 Final answer is l6*result: Ex16 [RTN]

19.3768964411   
 

 

 



 

 

   USER INSTRUCTIONS
 

   
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program **% ELLIPTIC INTEGRALS ***

2 Select complete or incomplete Complete/Incomplete integral?C fron

integral:

For incomplete integral,

goto 6.

3 Enter value of modulus K: Value of modulus? K [RTN]

4 View results F(K), E(K): F(K)= [RTN]

E(K)= [RTN]

5 Goto step 16.
Tor G

6 Select trig substitution or Trig or General form?T [RTN]

general form:

For the general form goto 12.

7 Enter modulus K: Value of modulus? K [RTN]

8 Enter the angle ¢: Value of angle? ¢ [RIN]

9 Select function: E function or F function?F Ra

10 View result: E(F2,K)= [RTN]

11 Goto step 16.

12 Enter the complementary Complementary modulus? K' [RTN]

modulus:

13| Enter parameters: Enter parameter a? A [RTN]

Enter parameter b? B [RTN]

14 Enter the upper limit of the Upper limit of integral? X [RTN]

integrand:

15] View result: el2(x,k',a,b)= [RTN]
    E  [RTN]  
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 USER INSTRUCTIONS  
  
 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

R,V, or E
16 Program options: Run again, View again, or End?R [RTN]
 

To run the program again
 

enter 'R'.
 

To view the result again
 

enter 'V'.
    To end the program enter 'E'.  
 

 

 



 

 

   VARIABLE NAMES
 

   
 

 

 

 

 

 

 

 

 

 

 

 

  
 

 

 

 

   

NAME DESCRIPTION NAME DESCRIPTION

FNA Answer function Sl Accumulator

Z1 Dummy for FNA T Factor = 2 power

K Modulus I Exponent for 2

Kq Complementary modulus E.F Final computation of el2

Fo Angle A2

A Parameters in el? B2
Iterated variables

B Parameters in el?2 F1
in complete integral

X Upper Timit of integral G

Flag for various types
L of integral C2

Final answers for
M,M, 11,12 E(k), F(k)

Test string for complete/
N,N, A$ incomplete

Test string for trig/
X0,X, BS general form

Variables in iteration

c,C, C$ Test for E,F

D,D, Q$ Test for RVE
Save values for

P,P M2 ,M2 stopping test  
 

 

 

   NOTES AND REFERENCES
 

    

References: 1. Bulirsch, R., NUMERICAL CALCULATION OF ELLIPTIC INTEGRALS AND
ELLIPTIC FUNCTIONS, (Num. Math., V. 7, 1965, pp. 78-90).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET
CALCULATOR, (John Wiley & Sons, New York, 1977).
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 PROGRAM LISTING
 

   
 

10
20
30
40
50
&0
70
80

50
100
140

120
130

140

250

ch)

a7
280

290

200
Fi0
Rl
330
A410

350
360

370

380

PP ELLIPTIC INTEGRALS
POF THE FIRST AND SECOND TYPE
' Computes complete and
incomplete elliptic integrals
of the first and second
P type by iteration
I Revision 11/04/4982
DISF “% % Xx ELLIPTIC INTEGRALS X
¥* Xx’

I Define answer function
DEF FNA
Zi=NUMIKEY$) @ IF Z4i44i3 AND Z4i%8 TH
EN 140
FNA=Z1 & END DEF
P Test for compl/ince integral

DISP CHR$ (49%); omplete / /;CHR$(20
1);

INPUT ‘ncomplete integral?’ C7; av
@ AF=UPRCEAELL, 41)

ON POSO/CTY,A%)+L GOTO 440,6%0,470
P Iridg/Zgeneral fora for inc integra
1

DIGF CHR%(242); vig or CHR (199);
INFUT ‘eneral form?/,’T’; R$ @ Re=U
PROS C04 ,41)
ON POSTE? ,BE)+4 GOTO 180,220,330
Input for trig Form

INPUT “Value of modulus?’ K
IF Ke =1 OR K40 THEN BEEP @ DISP “In
correct value for modulus!” @ GOTO
cel

INPUT “Value of angle?’ ; F2 & IF FZ
= THEN DISF “E=0 and F=0° 8 GOTO &
00
IF Feo=PI/2 OR F240 THEN REEF @ DIS
P Incorrect angle!’ & GOTO 240
A=THNOFZ) #8 KE=SOR(4-KKK) & A=1 @ HK
=f @ Z=i
P lest for E or F
DISSE CHR% C197); function or /;CHRY
(1987;

INPUT 7 Function?’ ,F’/5 C$ @ Ce=UPR
CHCCHIa 11

ON POS FE ,Ce)+4 GOTO 280,390,340
Z=00 8 T=iokiKi @ GOTO 390
Input paramters

INPUT “Complementary modulus?’ Ki
INPUT ‘Parameter a’; & 8 Ad4m=0
INFUT "Parameter h?7;, B @ Ri=K
INFUT “Upper limit of integral?’ ; X
@ TF X=0 THEN E=0 @ Z=2 @ C0T0 %90

L=8
Pb Indtialize variables  

Wait for ‘RTN’ or ‘RACK’ keys

-~Gelect complete or incomplete
integral

“elect Trig or General form

-Select BE or F function

“Enter modulus, parameters

~Enter upper limit



 

 

  JPROGRAM LISTING
 

    

400

440

420

4%)

440

4% 0

£460

470

430

4%

00

“410

Lal

S30

S40

5h0

960
L770

530
90

600

610

bel)
HA
H4 0

ES
6HE0

&70
bl)
£50
700
710
70
730
7410

7450

760
770

780

M=4 € N=ABS(K1i) 8 X0=1/aRS(X) @ (C=0
@ D=ARSCX)/(L+XEKX) @ P=SQR((I+(KixX

XIA2)/CL+XXX))
I=0 @ T=4/2 @ S=0 € H=A-1R @ M2=1{ @
N=2

I Main iteration
Mi=N+M
NL =2X56R (NEM)
Al=(B/MtA)/2
Bi=AXKN+E
Xi=-MAN/XO+X0
Pi=M¥N/P+P
Ci=(D/P+CH/2
Di=M¥NXC/P+D
Su=S4+TKL-GENIX0))
I Test for completion
IF ABBA -NZ/M2)4.000001 THEN %70
I Update variables
N2=N 8 Mz2=M
MN=N1i & M=mi € A=A1 @ B=Ei 8 X0=Xi @
P=pPi @ D=DIi & C=Ci & T=T/2 & I=1+1
@ GOTO 420

PP Final calculation
F=ATN(M/XO) + (22 TRE+ CE -86GNIX0)) /2)%P
178
Esai XF /ZM+HKC A
TF Z=2 THEM DISP USING "eld ,k,’,
Cok, kT, Lk, =r LKLAS, BS
@ GOTO &20
IF Z=1 THEN DISP ‘FC 5F2;7,7;K;7)="
& GOTO 620

IF Z=0 THEN DISF ‘EC F257, 3K; 7 )="
® GOTO 620

IF FNAa=13 THEN 630 ELSE &20
DISH E & TF FNA=8 THEN 970 ELSE 800

Complete elliptic integrals
INPUT “Value of modulus?’ ; KK @ Z=3
IF Ke=4 OR KO THEN BEEF & DISP “In
correct value for modulus!” 8 GOTO
650
Yelm 8 BE=LDAR (L-KXKD)Y @ Fi=1 @ G=KXK
AZ= {AEE /2 8 CR=A3-R2
Fas (CeXRC2Y CL J E-43 THEN 7%0

B=SRR (APKED)
BEng
GOTO GEO
Ti=F1/(2%A2) € DISP USING "/F(’,k,’
y=/ kK, 14
TF FNA=E THEN 750
Tom (4-6G/2)%T4 © DIGP USING "‘EC/,kK,
Pym kno KL, IE
IF FNA=E THEN 770 ELSE 800  

-Display result

~Complete elliptic

Display results

integrals
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   PROGRAM LISTING  
 

[N
g]790

0~
~

=

81.0

ga20

830
240

I RVE
DIP C
Y; dew again,or’ ;CHR$ECL97);
INPUT
Li)
ON POSC/RVEY Q¢)+4 GOTO 800,140,830
, 640
ON Z44
STOP

module Program options
HERE C240); 7un again,’ ;CHR$(214

‘md? LR; BF @ QE=UPRCE(RSIA

GOTO 610,600,590,750
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PROGRAM DESCRIPTION        

BESSEL FUNCTIONS: ASYMPTOTIC EXPANSION

This program computes the values for large z of the Bessel functions J(2)

and v(2).

Let (a) :=a(atl)...(atk-1) for k a non-negative integer. The Bessel func-

tions of the first order, J. (2), and second order, vo (z) are defined asymp-

totically by:

J (z)= V/2/nz (P(2)C0S(z-mn/2-1/4)-Q(z)SIN(z-mm/2-m/4))

Y (z)= V/2]7z (Q,(2)C0S(z-mn/2-m/4)+P_(z)SIN(z-mn/2-7/4))

in which P(2) and Q(z) for large values of z are given by:

= L(-1)Y" (LnPp (2)= 2(-1)" Cem),

Q,(2)= Z(-1)" (5m),Cam),1/ (2041) 1(22

(rm),A(2n)1(22)4™), 0=0,1,...

yomly n=1,2,...

Algorithm: Input m,z

Let n=0, c=1, a=1, b=0

DEF q(w) = (-%-m+w)(-}sm+w)/(2zw)

a: n=n+l, c=q(n) c¢, q=q(n)

If MOD(n,2)=0 then a=a+(-1)"2

n+1)/2 c

c, goto B

b=b+(-1)"
B: If q(n)=0 then vy

If n small enough then «

vy: u=sz-mm/2-m/4, v= V2/(nz)

r=v(a COS(u) - b SIN (u))

s=v(b COS(u) + a SIN(u))

Disp J(m,z) = r

Disp Y(m,z) = s

Stop
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   SAMPLE PROBLEM
 

  
 

Estimate J, (17), Y,(17)

 

  

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

Estimate Ji1,2(6)s Yi1,,(6)

SOLUTION

STEP INSTRUCTIONS DISPLAY INPUT

Al Run program *%% BESSEL FUNCTIONS ***

2 Enter order Order of Bessel function? 0 [RTN]

3 Enter argument Argument of Bessel function? 17 [RTN]

Computing...

4 Answer J(0,17) = .169854252151 [RTN]

Y(0,17) = -926371984416E-2 [RTN]

5 Run again Run again, View again, or End?R [RTN]

6 Enter order Order of Bessel function 5.5 [RTN]

7 Enter argument Argument for Bessel function? 6 [RTN]

Computing...

8 Answer J(5.5,6) = .309778760825 [RTN]

Y(5.5,6) = -.319846110638 [RTN]

9 End program Run again, View again, or End? E [RTN]
 

 

 

 



 

 

   USER INSTRUCTIONS
 

   
 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program **%% BESSEL FUNCTIONS ****

2 Enter order Order of Bessel function? M [RTN]

3 Enter argument, Z, Argumant of Bessel function? Z [RTN]

4 Answer J(m,z) = [RTN]

Y(m,z) = [RTN]
R,V, or E

5 Select program options: Run again, View again, or End? [RTN]
 

To run again enter 'R' and
 

goto step 2.
 

To view the answer again
 

enter 'V' and goto step 4.
   To end the program, enter 'E'.    
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   VARIABLE NAMES
 

  
 

 

 

 

 

 

 

 

  

NAME DESCRIPTION NAME DESCRIPTION

FNA Answer function N Counter

Accumulators for sum
D Dummy variable for FNA A,B of series P.Q

FNG Multiplier function C Main term of series P,Q
Simplify argument for

M Order of Bessel function U sine and cosine

L Argument of Bessel function V Factor for J,Y

W Dummy variable for FNQ R Final computations

Input string for
Q$ RVE module S    
 

 

   NOTES AND REFERENCES

 

 
 

  
 

References: 1. Henrici, P., APPLIED AND COMPUTATIONAL COMPLEX ANALYSIS,
(Vol. 2, John Wiley & Sons, New York, 1977).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25
POCKET CALCULATOR, (John Wiley & Sons, New York, 1977).
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   PROGRAM LISTING
 

   
 

10
20
30
40)
50
&HO

70
80
20

370
380

X90

400

414.0

Po RESSEL FUNCTIONS
Pb (Asymptotic expansion)
bP Approximates the values of
I Kessel functions using an

asymptotic expansion.
I Works best for large

values of the argument.

I Revision 11/04/4982
DIGE 7X % % %x RESSEL FUNCTIONS XX X
¥ % @ OPTION ANGLE RADIANS
INPUT ‘Order of Bessel function?’ ;M

INPUT “Argument of Bessel function?
‘32

IF Z¢=0 THEN BEEP @ DISP ‘Invalid a
rgument’ & GOTO £40
DISK “Computing...”
b Initialize
BLoN=0 & &,C=1
b Define multiplier function

FNGOWY = 1/(WE(2%2) 2H (-1/2~-1+U)
¥O-4 724MH0)

P Define
DEF FNA&
D=NUMIKEY4$) & IF
200
FiNG=D
I Main
P=NE
CaFRGR RE
IF MODAN, 2)=0
® GOTO 270

Bale (4) TP CIN+4) 720 %0
IF FNGECNY=0 THEN 300
IF N24 THEN 23

function

DA4Z AMD DES THEN

E END DEF
loop

E Cl=FNG OND
THEN A=f4+(-1) "(NEI XC

boactual calculation of values

UsZ-MAPT/2-PI1/4 B VU=GQR(2/7(FIXZ))

RaQ ARCOS (UD -RASTINUY)D

S=UXBRCOS DD +AXSTINL)

DISP USING "JC, kk,” , ,k, y=" kk" ;

M,Z,R

b Wait for RTN kev

IF FNAELI THEN 3%0

DISF USING "YC, Kk, , kk, y=" kk" ;

M,Z,5

ITF FNAELE THEN 350

I Program options

DISP CHR$(210); un
4); 7dew again, on
INPUT ‘nd? R75 Qh
> 11
OR POSCRVE,Q4%0+1 GOTO 390,100,330
, 420

DISP &

again, ;CHR$(24
FSCHR$ C197);

@ GF=UPRCHEIQSTL

STOP  

~Enter order, argument

~Waits For TRTNS or "BACKS key

Sete number of

in the series

Terms Computed
for p,q

Display results

Options to agin, view
again, or

run
end
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 PROGRAM DESCRIPTION     

 

BESSEL FUNCTIONS: BACKWARD RECURRENCE

This program computed approximate values of the Bessel functions J.(z)>

which are solutions of the differential equation:

2
2 d d 2 2 _

2" —J (z) + Z 95 J. (2) + (z%-m )d,. (2) = 0.

We can approximate the J. (2) by finding a sequence of numbers Yo that

also satisfies the backward recurrence relation:

Yme1 ~ ay tpg 7 0

J. (2) is approximately proportional to Yoo with the constant of propor-

tionality c, given by:

Cc = Yo + 2Y, + 2Y, +...

Algorithm: Input z, m, k

Initialize y(k+1)=0, y(k)=1, c=0

For i = k to 1 step -1

y(i-1) = 2iy(i)/z-y(i+1)
If i =1 then c=c+y(0)

If MOD(i,2)=0 then c=c+2y(i)

Next 1

For i = 0 tom

y(i) = y(i)/c
Disp J; (2) = y(i)

Next i

Stop



 

 

   SAMPLE PROBLEM
 

   
 

Compute J(1) for m=0, 1, 2, 3, 4, 5

 

 

 

 

   
 

 

 

 

 

 

 

 

 

 

 

 

  

]SOLUTION/|

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program *%% BESSEL FUNCTIONS ***

2 Enter argument Argument of Bessel function? 1 [RTN]

3 Enter iterations Number of iterations? 30 [RTN]

4 Enter largest order Order of Bessel function? 5 [RTN]

5 Answer - review lower J(0,1) = .765197686559 [RTN]

order function J(1,1) = .440050585745 [RTN]

J(2,1) = .114903484932 [RTN]

J(3,1) = 1.95633539827E-2 [RTN]

J(4,1) = 2.47663896411E-3 [RTN]

J(5,1) = 2.49757730211E-4 [RTN]

6 End program Run again, View again, or End?R E [RTN]    
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   USER INSTRUCTIONS
 

  
 

 

 

 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 [Run program *%x%x BESSEL FUNCTIONS ****

2 Enter argument Argument of Bessel function? z [RTN]

3 Enter number of iterations Number of iterations? k [RTN]

4 Enter order of function Order of Bessel function? m [RTN]

5 View answer J(m,z) = [RTN]/[ BACK]

Press [RTN] to view

next answer, press [BACK]

to view previous answer.

6 Select program options: Run again, View again, or End?R la -
 

To run the program again
 

enter 'R' and goto step 2.
 

To view the answer again,
 

enter 'V' and goto step 5.
   To end the program enter 'E'.   
 

 

 



 

 

   VARIABLE NAMES
 

   
 

 

 

 

 

  

NAME DESCRIPTION NAME DESCRIPTION

FNA Keyboard function K Number of iterates

Array for recurrence,
A Dummy variable for FNA Y(65) iterates

Argument for Bessel
Z function C Proportionality constant

Input string for
M Order of Bessel function Q$ RVE module    
 

 

 

   NOTES AND REFERENCES
 

    

Notes: 1. The maximum number of iterations is 64. This can be altered
by changing the dimension statement on Tine 60.

2. The number of iterations must be larger than or equal to the
order of the Bessel Function.

References: 1. Gautschi, W., COMPUTATIONAL ASPECTS OF THREE-TERM RECURRENCE
RELATIONS, (SIAM Review, Vol. 9, 1967, p.24-82).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET
CALCULATOR, (Wiley-Interscience, New York, 1977).
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   PROGRAM LISTING
 

  
 

10
20

30
40
50
60
70

&0
0

100

140
1220

1.30

140
150

160

170

180

190

200
2410

340

320

3X0

341

350
360

370

380

390

I RESSEL FUNCTIONS
I Approximate Ressel functions

I vaing backward recurrence
I relations.
I Revision 11/01/1982
DIM Y(6%)
DISF © XX % % RESSEL FUNCTIONS XX X
X ’

| Define keyboard function
DEF FNA
A=NUMIKEY$) @ IF A®1i3 AND ARB THEN
100
FNA=A @ END DEF
INPUT ‘Argument of Fessel function?
‘7

?

INPUT ‘Number of iterations?’ ;K

INFUT ‘Order of Bessel function?’ ;M
IF M>K THEN REEP € DISP ‘Invalid or
der/iterate relation!’ @ GOTO 140
IF M40 OR FP(MY$0 THEN REEP € DISP
‘Invalid order!’ @ GOTO 140

DISP ‘Computing...’
I Inttialize iterate array
Poand proportionality constant.

Y(K+4)=0 @ Y(K)=4 @ (C=0
I Main loop
FOR TI=K TO § STEP -14
YOL=-4)=2%TXY (I) /Z~-Y (I +1)
IF T=1 THEN C=C+Y(Q) @ GOTO 270
IF MODCT,2) THEN 270
LECHXY (1D)
NEXT I
FOR TI=0 TO M
Y{I)=Y(I) /C
NEXT TI
I Display lower order values
FOR I=0 TO ™
DISSE USING "JC ,k,7,7,k, 1=",k" ;
I,Z,Y(I)
IF FNA=8 THEN I=MAX(I-41,0) @ GOTO 3
30

NEXT I
DISF CHE4(210); un again, ‘;CHR%(Z1
4); 70ew again, or J ;CHREA?Y);

INPUT ‘nd?’ ,’R’; Q% @ QF=UPRCH(QELL
131)
ON POSC/RVE,Q%)+4 GOTO 360,120, 32
L390
STOP  

~Waits for ‘RTN’ or ‘RACK’ key

-Enter argument, number of
iterations

~Maximum number of iterations

is 64- see line 180

Program options
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 PROGRAM DESCRIPTION      

 

GAMMA FUNCTION

This program computes the values of the Gamma function

T(x) = Joletar

which extends the definition of factorial n! (the product of the first n

integers for n a positive integer)

I(x) = (x-1)!

to all numbers x such that x>0.

Integration by parts yields TI'(x+1) = xI'(x) and this recursive relation in turn

implies I'(x) = I'(x+n)/x(x+1) ... (x+n-1).

Stirling's formula yields the asymptotic approximation for I'(x):

Toal(x) = (x-%)Toa(x) = x + Tog/ZT + by/2x +(bs/3)4x> +(be/5)6x° + ...

in which bss bys bes... are the Bernoulli numbers.

Algorithm for T(x):

If x is a positive integer compute TI'(x)=(x-1)!

as a product of integers.

If x is a real number 28 use Stirling's approximation

to compute I'(x)

If x is a real number <8 use the recursive formula and Stirling's

formula to compute TI'(x).

Disp I'(x)

Stop
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 SAMPLE PROBLEM      

 

A) The formula for the area of the (n-1) - dimensional unit

sphere in n-space is given by the formula:

21"2/1 (n/2)
Compute the volume of the unit sphere in 4-space. Note

that the sphere is the boundary of the unit ball in

n-space, so B,={X:Xe R", ||X||<1} while Sn-1 =
{X:Xe RM, |[X]]=1} where [|X|] =NX{2+... 4X2.

To solve this problem note that the program terminates

with a STOP statement instead of an END statement. This

means that the variables used in the program are avail-

able for inspection. The variable G contains the final

answer for gamma, and can be used in keyboard calculations.

 

  

 
SOLUTION [
 

 

STEP INSTRUCTIONS DISPLAY INPUT
 

Run program * * * * GAMMA FUNCTION * * * *
 

Enter argument: Arg for gamma function? 2 [RTN]
 

n=4 so enter n/2=2
 

View answer r(2)=1 [RTN]
 

End program Run again, View again, or End?R E [RTN]
 

Use variable G to complete the
 

>2%P1"2/G [RTN]
   Final answer 19.7392088022    

 

 



 

 

   SAMPLE PROBLEM
 

   
 

B) The volume of the n-dimensional unit ball is 1/n area

of (n-1) dimensional unit sphere, hence equals:

12/1 (nj2+1)

Compute the volume of the unit ball in 3-space.

 

 

  
 

  
 

 

 

 

 

 

 

 

1SOLUTIONI

STEP INSTRUCTIONS DISPLAY INPUT

81 Run program * % * % GAMMA FUNCTION * * * *

2 Enter argument: Arg for gamma function? 2.5 [RTN]

3 View answer I(2.5)=1.32924038819 [RTN]

4 End program Run again, View again, or End?R E [RTN]

5 Use variable G to complete the
 

problem: >P1~(3/2)/G [RTN]
  Final answer  4.18879020475   
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   USER INSTRUCTIONS
 

  
 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 [Run program * *x * *x GAMMA FUNCTION * * * *

2 |Enter argument: Arg for gamma function? X_[RTN]

3 |View answer r(X)=r [RTN]

R, V, or E
4 |Select program options: Run again, View again, or End?R [RTN
 

To run the program again enter
 

'R' and goto step 2. To view
 

the answer again, enter 'V'
 

and goto step 3. To end the
   program enter 'E'.   
 

 

 



 

 

   VARIABLE NAMES
 

   
 

 

 

 

 

     

NAME DESCRIPTION NAME DESCRIPTION

First five Bernonlli
B(I) numbers (1<i<5) Y For small values

Argument for Leulati

X gamma function P calculation

D In place calculation Q N! S Temporary storage

G Final value of gamma Q$ String for RVE module  
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   NOTES AND REFERENCES
 

   
 

Note: The volume of the sphere of radius r is r n=l times the area of the

unit sphere, while the volume of the ball of radius r is r" times

the volume of the unit ball.

References: 1. Knopp, K., THEORIE AND ANWENDUNG DER UNENDLICHEN REIHEN,
(Springer-Verlag, Heidelberg, 1964).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET
CALCULATOR, (Wiley-Interscience, New York, 1977).

3. Flanders, H., DIFFERENTIAL FORMS, (Academic Press,
New York, 1963).
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   PROGRAM LISTING
 

  
 

10
20
30
40
50
60
70

£0
20

100
110

120
130
140

150
160
$70
180
190
200
210
220
230

240

250
260
271
280
290
300
310
ry

330
340

I GAMMA FUNCTION
I Approximate the generalized
I factorial function by an
I augmented Stirling formula
I NR. Gammma (x+4)=x1
I Revision 14/04/82
DIGP / XX XX XX % GAMMA FUNCTION X X X

xX’

I Store first few Bernoulli nos
Bii)=1/6 @ B(R)=-4/30 & R(I)=41/42 @
B(4)=~-4/30 @ B(H)I)=H/66
INPUT ‘Arg for gamma functn?’;X
IF FP(X)=0 AND X{(=0 THEN REEP @ DIS
P ‘Gamma has a pole here,try again!

8 GOTO 100
IF X=1 THEN G=41 @ GOTO 3410
IF FRPOXO40 THEN 220
I Compute integral gamma

D=4

FOR I=4 TO X-1i
Dus TXD
NEXT I
G=D @ GOTO 310
I Use recursion to compute

I Gammma for small values
Y=X @ P=i
IF Y>=8 THEN 2%0 ELSE P=YXP @ Y=Y+1i
@ GOTO 230

PP Stirling’s formula

G=0GR (2XPI/YIXY YXEXP(-Y) & &=(
I Correction term

FOR K=2 TO £0 STEP 2
H=0+RBK/2)/( (K-41) XKXY* (K-12)
NEXT K
G=EXP (5) & G=0X5/P
DISP CHR%(&); CX; )=",;0
IF NUMKEY$)Y$#43 THEN 320 ELSE 340
I Run,view,or end
DISF CHR4(2100; un again,’ ;CHR$(Z214
Yifdew again or ‘CHR$(197);

INPUT ‘nd? ,’R’7; G% @ Q3=UPRCH(QFLL
,110

ON POSCO/RVE,Q%)+1 GOTO 340,400,310
sa70

STOP  

Compute integral gamma

function as factorial

seperatly

-Use Stirlings formula for
large values of X

~Program options

 



 
  

  PROGRAM DESCRIPTION    

 

ERROR FUNCTION

This program computes the values of the error function

erf(x) = Jexp (-t2) dt.2
J

The integral is evaluated as a special case of the incomplete gamma function

I'(o,x) = Jeteae, As a result, erf(x) =(1/V/m) r(1/2,x%).

Algorithm: Input argument x

Disp erf(x) =(1//7)g(2,%°)

Stop

Def g(b,y) (incomplete gamma)

u,=z,=1/b, zy = y/ (b+b%), up=u+z,

ar z, = yz2/ (2tyz,)

Up = Up 7 2
G=EXP(-y)yu,

If not complete, update ZysZ15Us and goto a

g(b,y) = g, end def.
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   SAMPLE PROBLEM
 

  
 

Compute erf(.01),erf(1),erf(3),erf(5).

 
  

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

ISOLUTION

STEP INSTRUCTIONS DISPLAY INPUT

1 |Run program *** ERROR FUNCTION ***

2 Enter argument: Argument for Erf? .01 [RTN]

Computing...

3 |View result Erf( .01 )=1.12834155558E-2 [RTN]

3 [Run again Run again, View again, or End?R [RTN]

4 Enter argument: Argument for Erf? 1 [RTN]

Computing...

5 [View result Erf( 1 )= .842700792944 [RTN]

6 [Run again Run again, View again, or End?R [RTN]

7 |Enter argument: Argument for Erf? 3 [RTN]

Computing...

8 |View result Erf( 3 )= .999977909523 [RTN]

9 |Run again Run again, View again, or End?R [RTN]

10 Enter argument: Argument for Erf? 5 [RTN]

Computing...

11 |View result Erf( 5 )= .999999999999 [RTN]

12 End program Run again, View again, or End?R E [RTN]
 

 

 

 



 

 

   USER INSTRUCTIONS
 

   
 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program *%% ERROR FUNCTION ***

2 Enter argument Argument for Erf? x [RTN]

3 View answer Erf(x)s= [RTN]

. . i R,V, or E
4 Select program options: Run again, View again, or End?R [RTN]
 

To run the program again,
 

enter 'R' and goto step 2.
 

To view the answer again,
 

enter 'V' and goto step 3.
   To end the program, enter 'E'.    
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  VARIABLE NAMES    

 

 

 

 

 

     

NAME DESCRIPTION NAME DESCRIPTION

FNG(B,Y) Incomplete gamma function G Final value of FNG

B,Y Argument for FNG F Final value of erf

Input string for
uo,u1,u2 Iterates for Q$ RVE module

0,71 computing FNG 

 

 

 

 
 

 NOTES AND REFERENCES      

Reference: Tricomi, F., LECTURES ON THE USE OF SPECIAL FUNCTIONS BY
CALCULATIONS WITH ELECTRONIC COMPUTERS, (Inst. for Fluid
Dynamics, U. of Md. #47, 1966).



 
 

 
  PROGRAM LISTING

 

   
 

10

20

30

40

50

HO

70
£0
70

100
11.0
1.20
1.30

140

150
160
170
180
190
200
240
el)
230

240

250

260

I ERROR FUNCTION
I Compute the integral
bof 2/sgr(pidXexp(—-172)

Pon the interval [0,y]
I Revision 11/04/4782

DIGF * kx Xk ERROR FUNCTION XX % X

P Define incomplete gamma function
DEF FNG(E,Y)
Ul=1/B @ 20=1/k & Zi=Y/(B+R*2) @ Ui
=U0+Z4

LaaYRZAN2/ (LAY)RZ0)
Ud=Ui+2Z2
G=EXP{-Y)XY~RxU2
IF ABS(UL-U2)CEPS THEN 140 ELSE Z0=
Zi ® Z4=22 @ Ui=U2 8 GOTO 4100
FNG=( @ END DEF
P Enter arg and compute Erf
INPUT “Argument for Erf?7;Y
DISP ‘Computing...’
Fed /GUR PF TIRFNGC.S,YXY)
DISP ‘Erf(/;Y;7 y= F
Wait for return key to continue

IF NUMCKEY$) HIE THEN 240 ELSE 230
b Run,view, or end
DISF CHR$ C240); 7un again, ;CHR$(214
2; dew again or ;CHR$CL97);

INPUT ‘nd? ,/'R7; G% € QF=UPRCH(Q$T1
S410

ON POSCRVE?,Q%)+4 GOTO 230,160,490
> abl
STOP

 

“Test for completion

~Program options
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 PROGRAM DESCRIPTION     
 

LEGENDRE POLYNOMIALS

This program computes the values of the Legendre polynomials P(x)

where -1<x<l and P= 1

The Legendre polynomials satisfy the recurrence relation:

(n+1)P -(2n+1)xP+nP__ =0
n+l 1

Algorithm: Input n,x

Let c=x, b=1

FOR k=1 to n-1

p=((2k+1)xc-kb)/(k+1)

Update b,c

NEXT k

Disp P,(x)=P

Stop



 

 

   SAMPLE PROBLEM
 

   
 

Sample Problem: A) Find the value of the Legendre polynomial

Pn(x) =: P(n,x) For n=5 at x = .5

 

 

  
 

   

 

 

 

 

 

 

 

 

 

 

SOLUTION

STEP INSTRUCTIONS DISPLAY INPUT

Al Run program *** | EGENDRE POLYNOMIALS ***

2 Enter degree n=5 Degree of polynomial? 5 [RTN]

3 |Enter point x=.5 Point of evaluation? .5 [RTN]

4 Answer P(5,.5) = [RTN]

.08984375 [RTN]

5 [Trig form of answer P,(cos6) P(5, cos(1.0471975512) = [RTN]

.08984375 [RTN]

6 |End program Run again, View again, or End?R E [RTN]    
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   SAMPLE PROBLEM
 

 
 

 

B) A function f(x) on [-1,1] is approximated by the formula

f(x)=-.5 P,(x)+1.3P(x). Estimate f at x=.5

 
 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

ISOLUTION/

STEP INSTRUCTIONS DISPLAY INPUT

5 Run program *%*% | EGENDRE POLYNOMIALS ***

2 Enter degree n=2 Degree of polynomial? 2 [RTN]

3 Enter point x=.5 Point of evaluation? .5 [RTN]

4 Answer P(2,.5) = [RTN]

-.125 [RTN]

5 Trig form of answer P(2, cos(1.0471975512)) = [RTN]

-.125 [RTN]

6 End program Run again, View again, or End?R E [RTN]

/ |Let Fp, = -5.P Fo = -.5 *%P [RTN]

8 Run **% | EGENDRE POLYNOMIALS ***

9 Enter degree Degree of polynomial? 3 [RTN]

10 Enter point Point of evaluation? .5 [RIN]

11 Answer P(3,.5) = [RTN]

-.4375 [RTN]

12 Trig form of answer P(3, cos(1.0471975512)) = [RTN]

-.4375 [RTN]

14 End program Run again, View again, or End?R E [RTN]

15 Calculate final answer Fo+1.3%P [RTN]

-.50625 [RTN]
 

 

 

 



 

 

   USER INSTRUCTIONS
 

   
 

 

 

 

 

 

 

 

 

 

STEP INSTRUCTIONS DISPLAY INPUT

1 Run program *%% | EGENDRE POLYNOMIALS ***

2 Enter degree of polynomial Degree of polynomial? n [RTN]

3 Enter point of evaluation Point of evaluation? x [RTN]

4 Answer P(n,x) = [RTN]

P [RTN]

5 Answer in trig form P(n, cos 8) = [RTN]

P [RTN]
R,V, or E

6 Run again Run again, View again, or End? [RTN]
 

To run again, enter 'R' and
 

goto step 2.
 

To view the answer again enter
 

'V' and goto step 4.
   To end the program enter 'E'.    
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   VARIABLE NAMES
 

   
 

 

 

 

 

     
 

 

 

   

 
 

  
 

NAME DESCRIPTION NAME DESCRIPTION

FNA Answer function C,B Temporary storage and
initial values for

N Degree of polynomial computing

X Point of evaluation P Final approximation

Q$ String for RVE module

Reference: Conte, S.D., and C. deBoor, ELEMENTARY NUMERICAL ANALYSIS,
(McGraw-Hi11, New York, 1980).
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   PROGRAM LISTING
 

   
 

10
20
30
40
50

60

70
80
0

100
110

120

130

140
1%0
160
170
160
190
200
2410
220
230
2410)
250
260

270

290
300
40

320

330

340

!' LEGENDKE POLYNOMIALS
I Compute the value of the

I nth Legendre polnomial
I at the point x
I Revision 11/04/4782
DISP “X ¥ Xx LLEGENDRE POLYNOMIALS xX
X X’/
I Wait for return,back keys
DEF FNA
A=NUMIKEY$) 8 TIF A%13 AND ARE THEN
20

FNA=A & END DEF
INPUT ‘Degree of polynomial?’ ;N

INPUT ‘Point of evaluation?’ ;X
IF ABS) > THEN BEEP @ DISP ‘Inval
id argument!’ @ GOTO 120

b Test for degree 0,1 polys
IF N2>4 THEN 190
IF N=0 THEN P=1 8 GOTO 260
P=X @ GOTO 260
I Initialize
C=X @ h=i
' Main loop
FOR K=i TO N-%
P=1/ (KH4 R28K+ 1) KKC-1 7 (K+14) XKXER
k=C @ C=P
NEXT K
I Answer display
DISF ‘PCN; 7,7 ;;X;7y=" 8 IF FNA=13
THEN DISP P ELSE 260
T=aC0%X) @ IF FNA=13 THEN 280 ELSE
270

DIGP ‘PC/;N;7,cos(’;T;70)=" 8 IF FN
A=413 THEN DI%P P
IF FNA=13 THEN 310 ELSE 270
I RVE module
DIGF CHR$(210); un again,’ ;CHR$(ZL4
);7iew again, or’ ;CHR%(197),
INPUT ‘nd?’ ,’R7; G4 @ Q%=UPRCH(Q$HIL
11)
ON POS RVE, QE) +4 GOTO 310,140,260
, 340
STOP  

-Enter degree, point of
evaluation

~ARS(X) must be ( one

-Display answer

-Program options
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