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PROGRAM DESCRIPTION

FAST FOURIER TRANSFORM

Given a complex vector u=(a0,...,an_1), this program computes the Fourier

transform coefficients

1 -om N /oT
Bm = ﬁE o e n 0<k<n-1
The inverse coefficients are
m
o2T /-1 0<k<n-1

Bm - E %k
Algorithm: Innut n,(m=1092(n)L data points a(*), b(*) or input z(t)

ror i=0 to n-1 step 1

Input a(i) = a(i) + /-1 b(i) or evaluate z(i)

Mext i

Def bit reversing function r(k)

Set flag f=1 for inverse, f=-1 for direct

For k=m-1 to O step -1
For p=0 to n-1 step-2k+1
s=r(p/2%)
E1=cos(2ws/n) + /=T sin(2ws/n)f
For j=0 to 2k-1 step 1
£, alim+2")
0(3#p) = (i) + £,
a(§+p+2%) = a(j+p) -2,
Next j

Next p

Next k




PROGRAM DESCRIPTION

FAST FOURIER TRANSFORM (continued)

For i=0 to n-1 step 1

If r(i)>1, swap (i), a(r(i))
Next i

For i=0 to n-1 step 1

If f=-1disp B(i)=a(i)/n

If f=1 disp B(i)=a(i)

Next i
Stop




SAMPLE PROBLEM

A) Compute the Fourier transform (direct) of the

(
following data pairs «(0) = (1,2)
a(l) = (4,1)
a(2) = (-2,0)
a(3) = (3,-1)
ISOLUTIONI
STEP INSTRUCTIONS DISPLAY INPUT
1 |Run program **% FOURIER TRANSFORM ***
2 |Enter number of data points: Number of data points? 4 [RTN]
3 |[Select data as input: Function or Data points?F D [RTN]
4 |Enter data: Real part of «(0)? 1 [RTN]
Imag part of «(0)? 2 [RTN]
Real part of a(1)? 4 [RTN]
Imag part of a(l)? 1 [RTN]
Real part of a(2)? -2 [RTN]
Imag part of a(2)? 0 [RTN]
Real part of a(3)? 3 [RTN]
Imag part of a(3)? -1 [RTN]
5 |Continue: Recheck data or Continue?R C [RTN]
6 |Select direct transform: Direct/Inverse transform?D [RTN]
Computing...
7 |View each point by pressing Real part of B(0)=1.5 [RTN]
[RTN]. Pressing [BACK] will Imag part of B(0)=.5 [RTN]
goto the previous point. Real part of B(1)=1.25 [RTN]




JSOLUTION|

STEP INSTRUCTIONS DISPLAY INPUT
Imag part of g(1)=.249999999998 | [RTN]
Real part of g(2)=-2 [RTN]
Imag part of g(2)= .5 [RTN]
Real part of g(3)= .25000000003 | [RTN]
Imag part of g(3)=.730000000003 | [RTN]
8 |End program. Run again, View again, or End?R [ E [RTN]




SAMPLE PROBLEM

B) Find the inverse Fourier transform of the data

pairs a(i)

i+/-11i1=0,...,3

]SOLUTIONL
STEP INSTRUCTIONS DISPLAY INPUT
1 |Run program *** FOURIER TRANSFORM ***
2 | Enter number of data points: Number of data points? 4 [RTN]
3 |Select data as input: Function or Data points?F D [RTN]
4 |Enter data: Real part of «(0)? 0 [RTN]
Imag part of «(0)? 0 [RTN]
Real part of a(1)? 1 [RTN]
Imag part of a(l)? 1 [RTN]
Real part of a(2)? 2 [RTN]
Imag part of a(2)? 2 [RTN]
Real part of a(3)? 3 [RTN]
Imag part of a(3)? 3 [RTN]

5 | Continue: Recheck data or Continue?R C [RTN]

6 | Select inverse transform: Direct/Inverse transform?D I [RTN]
Computing...

7 | View each point by pressing Real part of B(0)=6 [RTN]
[RTN]. Pressing [BACK] will Imag part of B(0)=6 [RTN]
goto the previous point. Real part of B(1)= .0000000001 [RTN]

Imag part of B(1)=-3.999999999 [RTN]
Real part of B(2)=-2 [RTN]
Imag part of g(2)=-2 [RTN]




ISOLUTION/

STEP INSTRUCTIONS DISPLAY INPUT
Real part of B(3)=-4.0000000001 | [RTN]
Imag part of B(3)=-.00000000001 | [RTN]

8 |End program. Run again, View again, or End?R | E [RTN]




SAMPLE PROBLEM

C) Estimate inverse Fourier transform of
z(t) =t + /-1t

with four data points.

In this case

Real part z(t) = x(t) = t,
Imag part z(t) = y(t) = t.
ISOLUTION

STEP INSTRUCTIONS DISPLAY INPUT
- 1 |Enter x(t) in 510 510 DEF FNX(T)=T
Enter y(t) in 520 520 DEF FNY(T)=T

1 [Run program **x% FOQURIER TRANSFORM ***

2 |Enter number of data points: Number of data points? 4 [RTN]

3 |[Select function as input: Function or Data points?F F [RTN]

Evaluating function...
6 |Select inverse transform: Direct/Inverse transform?D I [RTN]
Computing...

7 |View each point by pressing Real part of R(0)=6 [RTN]
[RTN]. Pressing [BACK] will Imag part of B(0)=6 [RTN]
goto the previous point. Real part of g(1)= .0000000001 [RTN]

Imag part of B(1)=-3.999999999 [RTN]
Real part of g(2)=-2 [RTN]
Imag part of B(2)=-2 [RTN]
Real part of B(3)=-4.0000000001 | [RTN]
Imag part of g(3)=-.00000000001 | [RTN]

8 |End program. Run again, View again, or End?R | E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program **% FOQURIER TRANSFORM ***
2 | Enter number of data points: Number of data points? n [RTN]
(Must be a power of 2)
. . ForD
3 | Select function or data Function or Data points?F [RTN]
4 | If data, enter the real and
Re af(1)
imaginary part of each point: | Real part of a(i)? [RTN]
Im ac1)
Imag part of a(i)? [RTN]
If function, enter the x(t) in| 510 DEF FNX(T)=
Tine 510 and y(t) in 520 520 DEF FNY(T)=
before starting program.
Goto step 6.
i RorC
5 | Check data: Recheck data or Continue?R [RTN]
a | When checking the data (R),
press [RTN] to proceed to
each point. If an error is
found, press [BACK] and
re-enter: Imag part of a(i) = [BACK]
Re (i)
New real part of a(i)? [RTN]
Then continue through the data
b | Enter C to continue to step 6.
. Dorl
6 | Select direct or inverse Direct or Inverse transform?D [RTN]
transform:
7 | Computation begins: Computing...
8 | View each point by pressing Real part B(i) = [RTN] or
[RTN]. Pressing [BACK] will Imag part B(i) = [BACK]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
R,V, or E
9 | Select program options: Run again, View again, or End?R [RTN]

To run the program again,

enter 'R' and goto step 2.

To view the answers again,

enter 'V' and goto step 8.

To end the program enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
Imag part of prim. root of
FNR(X) Bit reversing function X2 unity to some power
) multiplied by F
X Dummy variable for FNR(X)
Temporary storage
A forpFNR(%) J X, Y2 Temp storage for main calc.
U Temp storage for FNR(X) X3 Y3 Temp storage for swap
. Temp storage for bit
FNA Answer function S reversing function FNR
B Temp storage for FNA K Simplifying power
Real part of )
FNY(T) object function Q$ String for RVE module
Imag part of String for Direct/Inverse
FNY (T) object function R$ module
Real part of String for Data/Function
A(I) object sequence S$ module
Imag part of String for checking data-
B(I) object sequence T$ module
Flag for inverse/direct Number of subdivision
F transform N points
Real part of primitive root
Xy of unity to some power M Log,(n)
Notes: 1. The program will work with up to 1024 points if approx.
20K bytes of RAM are available. To alter the number of
points that are available, change the dimension in Tine 80.
The number of points used must be a power of 2.
2. Execution time increases significantly with the number
of data points.
Reference: Stoer, J. and R. Bulirsch, INTRODUCTION TO NUMERICAL ANALYSIS,

(Spring-Verlag, New York, 1980), Section 2.3.2.
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PROGRAM LISTINGL

10
20
30
40
50
6O
70
g0
G0

100

110

120

130
140
150
160
170
180
190
200
210
S
230
240

250

260
270
280

a5

300
240
2

230
240
A
360
370
360
Wea
400

440
420

P FAST FOURTER TRANSFORM

I Computes the direct or

P inverse Fourider transform

I of data points or functions

P using the Cooley-Tukey

' algorithm

I Revision 14/01/4982

DIM ACS12) ,B(S42

DISF "% X % FOURIER TRANSFORM % %
7 @ OPTION ANGLE RADIANS

INPFUT ‘Number of data points?’; N @
M=IP(LOGNY/ZLOGC(2))

IF FPOLOGOND ZL.OGL2) ) &0

DISP ‘Incorrect number

& GOTO 4100

P Rit reversing function

THEN REEP @
of pointsl’

DEF
U0
FOR P=0 TO M-i
A=RMD X, 2

L=l ARE S (Mg ~F)
XK=TP (X/2)

IF X<{=1 THEN
NEXT P

U=l X2 s (M~2-P)
FNR=U & ERND DEF
P Detine answer
DEF FiMA
B=NUMCKEYS) @ IF
2%0

FiNfA=R 8 FEND DEF
P Transform data points or func?
DISP CHRS(4198);unction or 7 ;CHR$(A
26,

INFUT ‘ata points?’ ,'F’;
ROE(SHL4,4 1)

ON POSCFD,B84)+8 GOTO 280,%00,320
VD lnput data points

FOR I=0 TO N-i
DIGP UWUSING "‘Real
"y CHR%$¢4),1;
INPUT 737 7600
DISP USING " Imag part of
"o UHR%(4),1;

INFUT 7% /RO

NEXT T

P Check data points
DIGF CHR4(210); 'echeck
R%E (1950,

INPUT Yontinue?’ "R T4 &
(T$Li,41 D

ON POSC/RE ,T$Y+4 GOTO 390,420,590
FOR I=0 T0O N-4

FNE GO

2410

function

BE43 AND BH8 THEN

8% €& Se=UF

part of

data,or 7 ;CH

TE=UPRCY

~Number of data
a pouwer of two

Po ints must be

~Reverse binary expansion of
integer

~Wait for ‘RTN’ or “RBACKY keys

~Select data function

as input

points or

-Data point entry

=0Option to check input data
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PROGRAM LISTING

DIGE USING "‘Real part of “,a, (' ,k
=l k" CHR$(4) ,1,ACT)

IF FNA=8 THEN DISF UBING "/New real
part of “,a,’(’,k" ; CHR%(4),1,; @
INFUT )72 75601

DIGF USBING "“‘Imag part of “,a,’¢(’,k
0=,k CHR$(4A)Y , 1,80

IF FNAa=8 THEN DIGP USING "/New imaqg
part of ‘,a,’(’,k" ; CHR$(H,I1; @
INFUT 737 ;80D

NEXT X

GOTO 390

' Function to be transformed
DISF ‘Evaluating function. ..
DEF FNX(T) = T

DEF FNY(T) = T

FOR T=0 TO N-i

ACTY=FNX(L)Y @ BCI)=FNY(I)
NEXT 1

I Direct/inverse transform

/

P from keyboard

I Set flag for inverse

Framg

DISP CHR$CA96);"irect/’ ;CHR$(204);
INFUT ‘nverse transform?’,’D’; R% @
RE=UPRCEHE(R$LL,4 1)

DISF “Computing. ..’

ON POSCDITY,RE+4 GOTO 600,650,470
P Set flag ftor direct

Fas-g

! Main loops

FOR K=M-4 TO 0 STEP -1

Kim=g2™K

FOR L=0 TO N-1 STEP 22(K+1)
S=FNR{L/KL)

VWi th f=-1,computing direct

' Fourier transform

Xi=COS(2¥PIXE/N) & Yi=SIN(2XPIXS/N)D
*F

FOR J=0 TO Ki-1i

RE=f (TR ~B O+l 4K L RY

YRmB T A KA RY L +B O e L+ KL ) %

ACTHL =0T 4HL)+HE @ BT+l =R{T+L+Y2
ACIHL L) =ACTHL )~ XE- X2

BOTHL AR =BT+ -Y2~YE

NEXT J

NEXT L

NEXT K

P Unscramble remainders

FOR I=0 TO N-~1i

IF FNRCII(=T THEN 890

Xiaa (D) & Y3=R{1D)

ACTI=BCFNRECT) Y @ BOD=RBOFNRCLI))

-lUser defined

~Select direct
transform

functions

oar

inverse




PROGRAM LISTING

330
8720
Y00
Y10
Y20
G30
540
om0
Y60
570
¢80
590

1000
1040

1020
1030
1040
1050
1060
1070

1080

ACFNRCTII I =X3 & BIFNR(III=Y3

NEXT 1

I Test for inverse transform

' which is the case f=i

IF F=4 THEN 980

I Compute direct transform

FOR I=0 TO N-&

ACI=ALT)/N @ B(I)y=R(I)/N

NEXT 1

! View the transform

FOR I=0 TO N-i%

DISF USING "‘Real part of ‘,a,’(’,k
7=,k 5 CHRS(S) ,1,ACD)

IF FNA=8 THEN T=MAX(I-4,0)

DISF UBING "‘Imag part of “,a,’(’,k
A=,k CHR$(S) ,T,RCD

IF FNA=8 THEN I=MAX(I1-1,0) & GOTO ¢
20

NEXT I

' Run,view, or end

DISF CHR$ (2100 ;un again,’ ;CHR$(214
Yy dew again,or’ ;CHR$(L97);

INFUT “nd?/,’KE’; Q% @ QE=UPRCH(QSTL
;A1)

ON POSC/RVE ,G4)+4 GOTO 10%0,400,98
(0,1080

5TOP

~Frogram optiong

13



PROGRAM DESCRIPTION

FAST FOURIER SERIES/TRIGONOMETRIC INTERPOLATION

This program finds a trigonometric interpolation of the Fourier series.
Given a function z(t) = x(t)+/-1y(t) which is peroidic on [0,27] and

whose modulus squared is integrable, the Fourier expansion is

o mt/-1

z(t) = ¢ Z(m) m=0,+1,+2,..

m
The Fourier expansion is approximated by trigonometric polynomials of the

form

p(t) = %Bm EXP(mt/-1) m=0,1,...,n-1

To obtain a two-sided po]ynomia],Bm is extended with period n :(i.e., Bm+n=
Bm’ where n is the number of points or terms in the approximation).

An important special case is z(t), a real valued function (y(t)=0 for all t).

The coefficients Z(m)+Z(-m), i(Z(m) -Z(-m)) are real in that case, so putting
ﬁn =2 Re(Bm)
Bm = -2 Im(Bm) m=1,...,n/2-1
Ao = 2 By
Moy, = 2 By,

yields a sin, cos - polynomial with real coefficients:

= n — n
A(t) = 59_+ %(Am COS(mt) + B SIN(mt)) + An/g COS(§¢) m—1,2,...;§ -1
2 2

Note that n must be a power of two.



PROGRAM DESCRIPTION

FAST FOURIER SERIES/TRIGONOMETRIC INTERPOLATION (continued)
Algorithm: Input n, m=1092(n), data points a(*),b(*) or input z(t)

For i=0 to n-1 step 1

Input o(i) = a(i) + /-1 b(i) or evaluate z(g%§£i>

Next i

Define bit reversing function r(k)

For k = m-1 to 0 step -1

k+1

For p = 0 to n-1 step 2
s = r(p/2¥)

El = COS (2mws/n) + V-1 SIN(2ws/n)

For j=0 to 2.1 step 1

£, = £ aliprX)

a(j+p) = alj+p) + £,

a(j+p+2) = a(j+p) -2E,
Next Jj

Next p

Next k

For i=0 to n-1 step 1

Swap a(i), a(r(i)) if r(i)>i
Next i

For i = 0 to n-1 step 1

Disp B(i)=a(i)/n

Next i

Stop
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SAMPLE PROBLEM

A) Estimate the Fourier series of the data points

2(0)=(0,0), a(1)=(1,1), a(2)=(2,2), a(3)=(3,3).
ISOLUTIONI
STEP INSTRUCTIONS DISPLAY INPUT
A1 Run program *%% FAST FOURIER SERIES ***
2 | Enter number of data points: Number of data points? 4 [RTN]
3 |Select data as input: Function or Data points?F D [RTN]
4 |Enter data: Real part of «(0)? 0 [RTN]
Imag part of «(0)? 0 [RTN]
Real part of «(l)? 1 [RTN]
Imag part of a(l)? 1 [RTN]
Real part of o(2)? 2 [RTN]
Imag part of o(2)? 2 [RTN]
Real part of a(3)? 3 [RTN]
Imag part of «(3)? 3 [RTN]
5 | Continue: Recheck data or Continue?R C [RTN]
Computing...
6 |Select complex series: Select series: Real or Complex?R| C [RTN]
7 |View each point by pressing Real part of B(0)= 1.5 [RTN]
[RTN]. Pressing [BACK] will Imag part of R(0)= 1.5 [RTN]
goto the previous point. Real part of g(1)=-.99999999998 | [RTN]
Imag part of R(1)= 2.5E-12 [RTN]
Real part of R(2)=- [RTN]




JSOLUTION|

STEP INSTRUCTIONS DISPLAY INPUT
Imag part of R(2)=-.5 [RTN]
Real part of R(3)=-2.5E-12 [RTN]
Imag part of B(3)=-1 [RTN]

8 |End program Run again, View again, or End?R | E [RTN]

17
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SAMPLE PROBLEM

B) Compute the polynomial approximation to EXP(t/-1) =
COS(t+/-T)*SIN(t)=x(t)+/-1 y(t)

ISOLUTIONI
STEP INSTRUCTIONS DISPLAY INPUT
B1 | Enter x(t) on Tine 530 530 FNX=C0S(T)
Enter y(t) on line 560 560 FNY=SIN(T)
2 | Run program *** FAST FOURIER SERIES ***
3 | Enter number of data points: Number of data points? 2 [RTN]
4 | Select function as input: Function or Data points?F F [RTN]
Evaluating function...
Computing...
5 | Select complex series: Select series: Real or Complex?R| C [RTN]
6 | View each point by pressing Real part of g(0)= 0 [RTN]
[RTN]. Pressing [BACK] will Imag part of Bg(0)=-1.04E-13 [RTN]
goto the previous point. Real part of g(1)= 1 [RTN]
Imag part of B(1)=1.04E-13 [RTN]
7 | End program. Run again, View again, or End?R [ E [RTN]




SAMPLE PROBLEM

C) Estimate JO(17.5),J1(17.5),J2(17.5),J3(17.5)

using z(t) = COS(17.5 SIN(t) + v~1 SIN(17.5 SIN(t).

Read off real part of B(0),B(1),B(2),B(3).

|[SOLUTION
STEP INSTRUCTIONS DISPLAY INPUT
¢ 1 |Enter x(t) on line 530 530 FNX=COS(17.5*SIN(T))
Enter y(t) on line 560 560 FNY=SIN(17.5%«SIN(T))
2 | Run program *%% FAST FOURIER SERIES ***
3 | Enter number of data points: Number of data points? 64 [RTN]
4 |Select function as input: Function or Data points?F F [RTN]
Evaluating function...
Computing...
5 |Select complex series: Select series: Real or Complex?R| C [RTN]
6 |View each point by pressing Real part of B(0)=-.103110398225| [RTN]
[RTN]. Pressing [BACK] will Imag part of g(0)= 5.755625E-12 | [RTN]
goto the previous point. Real part of g(1)=-.163419969425| [RTN]
In this case, ignore the Imag part of g(1)=-7.412512652E-12 [RTN]
imaginary part of (i). Real part of g(2)=8.44338302963E42 [RTN]
Imag part of g(2)= 8.411875E-12 | [RTN]
Real part of B(3)= .182719130625| [RTN]
7 | End program, ignoring rest
of answer. [ATTN]
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USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program **%* FAST FOURIER SERIES ***
2 Enter number of data points: Number of data points? n [RTN]
(Must be a power of 2)
ForD
3 Select function or data Function or Data points?F [RTN]
as input:
4 | If data, enter the real and
Re a(i)
imaginary parts of each point: | Real part of o(i)? I[RTTJ)
m a(i
Imag part of o(i)? [RTN]
If function, enter the x(t) 530 FNX=
in 1ine 510 and y(t) in 560 560 FNY=
before starting program.
Goto step 6.
RorcC
5 | Check data: Recheck data or Continue?R [RTN]
a | When checking the data (R),
press [RTN] to proceed to
each point. If an error is
found, press [BACK] and
re-enter: Imag part of (i) = [BACK]
) Re o)
New real part of o(i)? [RTN]
Then continue through the data
b | Enter C to continue to step 6.
RorcC
6 | Select real or complex series:| Select series: Real or Complex?R| [RTN]
7 | Computation begins: Computing...
8 | View each point by pressing

[RTN]. Pressing [BACK] will




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
goto the previous point.

If real: A(i)= [RTN] or
B(i)= [BACK]

If complex: | Real part B(i)= [RTN] or
Imag part B(i)= [BACK]

R,V, or E
9 | Select program options: Run again, View again, or End?R | [RTN]

To run the program again,

enter 'R' and goto step 2.

To view the answers again,

enter 'V' and goto step 8.

To end the program enter 'E'.

21



VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNR(X) Bit reversing function X1,Y1 Real and imag part of
reciprocal of primitive
X Dummy variable for FNR root of unity
Temp storage for real and
A Temporary storage for FNR WP 1maﬁ part gf calculation
U Temporary storage for FNR X3,Y3 Temp storage for swap
Temp storage for
FNA Answer function S value of FNR
B Dummy variable for FNA Ky Simplifies power
A(T) Real part of input (I) N Number of subdivisions
B(I) Imag part of input (I) M Logy (n)
Real part of .
FNX object function Q$ Test string for RVE
Imag part of Test string for real/
FNY object function P$ complex data
Test string for data
T Dummy variable for FNX,FNY R$ points/function
Test string for
T$ rechecking data input

NOTES AND REFERENCES

References: 1. Stoer, J., and R. Bulirsch, INTRODUCTION TO NUMERICAL ANALYSIS,
(Springer-Verlag, New York, 1980).

2. Henrici, P., FAST FOURIER METHODS IN COMPUTATIONAL COMPLEX ANALYSIS,
(SIAM Review, V. 21, 1979, p.481-527.)



PROGRAM LISTING

10
30
40
50
60
';70
a0
90

400

140

130
140
150
160

170
180
190
200
210
=l
230
240
250

260

270
260
290

300

310
320
330

340

350
K1

370
380
320
400

440

I FAST FOURIER SERIES/TRIGON-
P OMETRIC INTERPOLATION

!' Computes the finite Fourier
' series (trig interpolant)

' at points supplied by func-
' tions or input data,using

' Cooley-Tukey algorithm

! Revision 14/04/4982

DIM A(SL2) ,B(S4i2)

DISP ‘% X % FAST FOURIER SERIES % X
)k/
INPUT ‘Number of data points?’/; N @

M=IP (LOG(N)ZL.OG(2))

IF FPOLOGON) ZLOGC(2))#0 THEN REEF @
DISP “Incorrect number of data poin
tel’ B GOTO 140

' Bit reversing function

DEF FNR(X)
U=0
FOR P=0 TO M-1i

A=RMD (X, 2)
U=U+AX2* (M~4-F)
X=TP (X/2)

IF X<{=41 THERN
NEXT P
Usi+Xk24 (M~2-P)
FNR=U & END DEF
! Define answer
DEF FN&
E=NUM(KEY$) @ IF E#i3 AND EE8 THEN
260

FNA=R & END DEF

P Interpolate func or

220

function

data

DISPF CHRE4(198); unction or
Q&) ;

INPUT “ata points?’/,’F’/; R$% @ Re=UP
RCEC(R$LL, 4 1)

ON POSCFD’ ,R$I)+4 GOTO 290,%410,330
I Input data points

G CHR$ (4

FOR I=0 TO N-i

DISPF USING "’/Real part of “,a,’(’,k
"o CHR%(4),1;

INFUT ‘37 /56800

DISF USIMG “/Imag part of “,a,’(’,k
"oy CHR% (4,1

INFUT 707 7 BOD

HEXT 1

' Check data points

DISF CHR4{2407;echeck data,or
RECL95)

INFUT “omtinue?’,’R’7; T4 @
(T$04,41)

* ;CH

TH=UFRCY$

of points must be a
Two.

-Numbenr
power of

-Reverses binary expansion of
integers

~Wait for ‘RTN’ or ‘BACK’ keys

-Select function or data as

input

-Check data points
=0Option te check data points

23
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IPROGRAM LISTING

420
430
440

4510

480
490
%00
%40
S0
330
540
%50
B60
w70
560
590
&G0
HL0
Hal
&H30
&40
650
6H60
670
&80

690
200
710

720

750
740
750
7 [w] 0
770
780
750
G0
810
€20
&30
a40
8%0
860
870
80

ON POSC/RC/,THr+4 GOTO 400,430,620
FOR I=0 TO N-4

DISF USING "/Real part ’‘,a,’(’,k,")

=, k" 53 CHR$C(4),1,AC(D)

IF FNA=8 THEN DISP USING "’'New real
part of ‘,a,’ (" ,k" ; CHR%(4),I; @
INFUT )7 754600

DIGP USING "’/Imag part ‘,a,’(/ ,k,")
=7, k" ;5 CHR%(4),1,RB(D)

IF FNA=8 THEN DISP USING "/New imag
part of ‘,a,’ (7 ,k" ; CHR$(4),1; @
INFUT )7 75 BOD

HNEXT I

GOTO 400

I Function interpolates

DISP ‘Evalvating function...’

DEF FNX(T)

FNX=COS5 (L7 SKEINCTY)

END DEF

DEF FNY(T)

FNY=STN(L7 SXSINCTY)

END DEF

FOR I=0 TO N-i

ACT)Y=FNX(2XPTXT/ND

BCL)=FNY(2¥PIXI/ND

NEXT I

DIGF ‘Computing.. .’

I' Main loops

FOR K=M~-4 TO 0 STEP -1

Ki=gaK

FOR L=0 T0 N-4 STEP 24(K+1)

G=FNR (/K1)

Xi=COSC2XFTX5/NY @ Yi=-SIN(2XPIXS/N
)

FOR J=0 TO Ki-4i

X2=A (T LAY XXL BT +L+KA kY4

Y= THLAKIYRY L+ BT +L+K L) %X

ACTHLY=ACT+HLY+X2 8 BT+ =ROIT+LI+Y2
ACTHLAKL Y =A(T L) - X2-X2

BLY+LAK LY =ROT+L)Y Y2 -Y2

NEXT J

NEXT L

NEXT K

P Unscramble remainders

FOR I=0 TO N-i

IF FNRCII (=T THEN 840

K3=00T) B Y3=R(OI)

ACTI=A(FRNR(IYI) @& BROD=RFNMROIN

ACFNR L) ) =X3 @ BIFNROD) )=Y3

NEXT I

P last computation

FOR TI=0 TO0O N-i

ACTI=ACT)/N B BCLI=RCII/N

NEXT T

~User defined functions

-Frevent double swap



PROGRAM LISTING

890
cao

G410
Y

950
940

750

P60

P70
Y80
g0

1000
1040
102

1030
1040

10%0
1060

1070
1080
1090
1400
1140
1420

1430

I Review the polynomial

DISP ‘Select series: ‘;CHR$(210);7e
al or ‘;CHR$C495);

INPUT ‘omplex?’,’R’; P4 & P$=UPRCH(
PHLL,11)

ON POSC/RCY ,P$)+1 GOTO 900,940,4030
! Real case

FOR I=0 TO N/2

IF I=0 THEN DISP ‘A(0)=’;a(0) @ Z=F
NA @ GOTO 4000

DIGP USING "'ac/,k, =" ,k" ; 1,4(D
FAMN-T) 8 IF FNA=8 THEN I=MaX(I-41,0
)

IF T=0 THEN 9%0

IF 1=N/2 THEN 4000

DISF USING "/BC/,k, )="k" ; I,-(E(I
Y-RAN~-I)) & IF FiNa=8 THEN 950

NEXT 1

GOTO 44100

I Complex case

FOR I=0 TO N-i

DIGP USBING "/Real part 7,a,’ (' ,k,")
=4, k" ;3 CHR$(%S), 1 ,a6CI)

IF Fue=8 THEN I=MAX(I-1,0)

DISF USING "'Imag part “,a, (¢ ,k,”)
=4 ,k" 5 CHR$(%), T,RBOI)

IF FiNa=g THEN 1040

NEXT I

P Run,view, or end

DIGP CHR$C210);un again,’;CHR$(214
Yy 2dew again,or’ ;CHR$O1L27);

IMPUT “nd?’,’R’; G4 & G4=UPRCH(QST
» 11D

ON POSC/RVES  G42+4 GOTO 4400,440,90
0,1430

5TOP

~Select real or complex

~Program options

cerias
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PROGRAM DESCRIPTION

ATTENUATED FOURIER SERIES

This program provides an approximation by a trigonometric polynomial with
a finite number of terms to the Fouriér expansion of a given function.
A complex function z(t) =x(t)+/-1y(t) which is periodic on [0,27] with
period 27 and whose modulus squared is integrable, has a Fourier expansion

E(m)e mtl/:-]_.-

z(t) = m=0, *1, *2...

Z
m

The Fourier series is approximated by the trigonometric polynomial

p(t) = 2B € mty~1 m=0,...,n-1
in which
m
By = %—E Z(E%EJ e'2Tr ﬁk/:T O<kg<n-1

where n is the number of points in the approximation.
Roughly, the B_ approximate the Z(m) where:

Z(m)= %—- 2"z(t)EXP(-mt/?T)dt

¢.'IT 0
Now the coefficients Z(m) approach zero as m grows large. Since the only
way to extend Bm is by being periodic in n, there is difficulty in approx-

imation which is resolved by interpolating the points zcglg). A simple
n
linear approximation leads to coefficients Cn defined by:

C =
0 BO

c_ = (n/ﬂm)Z(SIN(ﬂm/n))ZB

m m=1,...,n-1

m
The multipliers of the Bm are called attenuation factors and the resulting

coefficients C,, now approach zero as m grows large.



PROGRAM DESCRIPTION

Algorithm

ATTENUATED FOURIER SERIES (continued)

Input n, m=1og2 (n), arrays a(512), b(512), or z(t)
For i=0 to n-1 step 1
Input a(i)=a(i) + V-1 b(i) or evaluate z(2ﬂ/'l/n)

Next i

Def bit reversing function r(k)
For k=m-1 to O step -1

For p=0 to n-1 step okl
s = r(p/2")

g, = CoS(2mws/n) + V-1 SIN(2ms/n)

For j=0 to 2.1 step 1

£, = & a(i+p+2")

a(3*p) = ali+p) + €,

a(3+p+2%) = alj*p) - 2¢,
Next j

Next p

Next k

For i=0 to n-1 step 1

Swap a(i), a(r(i)) if r(i)>i
Next i

a(0) = a(0)/n
For i=1 to n-1

a(i)=(n/mi * sin(m’/n))2 a(i)
Next i

For i=0 to n-1 step 1

Disp a(i)

Next i

Stop

27
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SAMPLE PROBLEM

A) Estimate the first eight coefficients in the Fourier

series for X(t)

= (r-t)%/4

_ISOLUTION/

STEP INSTRUCTIONS DISPLAY INPUT
Al |enter x(t) 290 DEF FNX(t)=(PI-T)"2/4
Enter y(t) 300 DEF FNY(t)=0
2 | Run program * ATTENUATED FOURIER SERIES *
3 |Enter number of data points: Number of data points? 16 [RTN]
Evaluating function...
Computing...

4 |Select real series: Attn. series: Real or Complex?R | [RTN]

5 |View each point by pressing A(0)=.828892557125 [RTN]
[RTN]. Pressing [BACK] will A(1)=.999999999995 [RTN]
goto the previous point. B(i)= [RTN]

In this example the B(i) can A(2)=.24999999999 [RTN]
be considered insignificant.. |A(3)=.11111111111 [RTN]
A(4)=6.25000000009E-2 [RTN]
A(5)=4.00000000009E-2 [RTN]
A(6)=2.77777777768E-2 [RTN]
A(7)=2.04081632641E-2 [RTN]
A(8)=1.56250000004E-2 [RTN]
6 | End program. Run again, View again, or End?R | E [RTN]




SAMPLE PROBLEM

B) Estimate the first eight coefficients of the Fourier

expansion of t(t-m)(t-2m)/12 on [0,27]

(Note the exact series is 2%3

sink®)y-1,2,...)

]SOLUTION |
STEP INSTRUCTIONS DISPLAY INPUT
B1 | Enter x(t) 290 DEF FNX(T)=T#(T-PI)*(T-2%P1)/12
Enter y(t) 300 DEF FNY(T)=0
2 | Run program * ATTENUATED FOURIER SERIES *
3 | Enter number of data points: [Number of data points? 16 [RTN]
Evaluating function...
Computing...

4 | Select real series: Attn series: Real of Complex?R [RTN]

5 | View each point by pressing A(i)= [RTN]
[RTN]. Pressing [BACK] will |B(1)=.987115800974 [RTN]
goto the previous point. In |B(2)=.118507431121 [RTN]
this example the A(i) can be |B(3)=3.26508727055E-2 [RTN]
considered insignificant. B(4)=1.22718463038E-2 [RTN]

B(5)=5.24786275016E-3 [RTN]
B(6)=2.25918452119E-3 [RTN]
B(7)=7.97068408518E-4 [RTN]

6 | End program. Run again, View again, or End?R [E [RTN]
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USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Enter the function x(t) in 290 | 290 DEF FNX(T)=
Enter the function y(t) in 300 | 300 DEF FNY(T)=
2 | Run program * ATTENUATED FOURIER SERIES *
# | Enter number of data points: Number of data points? n [RTN]
(Must be a power of 2)
Evaluating function...
Computing...
RorC
4 | Select attenuated series Attn. series Real or Complex?R | [RTN]
real or complex:
5 | View each point by pressing
[RTN]. Pressing [BACK] will
goto the previous point.
If real: A(i)= [RTN] or
B(i)= [BACK]
If complex: Real part c(i)= [RTN] or
Imag part c(i)= [BACK]
6 | Select program options: Run again, View again, or End?R fo%Nar -

To run the program again,

enter 'R' and goto step 3.

To view the answers again,

enter 'V' and goto step 4.

To end the program enter 'E'.




VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
Storage for vectors to For direct
A(1),B(I) be transformed Y1 Fourier transform
o In place storage
N Number of subdivision partg X2 Yo for computation
In place storage
M Log, (n) X3.Y3 for swapping
R(X) Bit reversing function Q Attenuation factors
A(X) Answer function Q$ String for RVE module
Real part of
X(T) object function X Dummy variable for R(X)
Imaginary part of
Y(T) object function A,U Temporary storage for K(X)
Ky Simplifying index B Temporary storage for A(X)
N . Temporary storage for
Xy Primitive root of unity S value of R(X)

Note: The attenuation factors correspond to linear interpolation. Another
popular choice is found by interpolation with cubic splines. In this
case the factors for lines 670 and 760 are:

Q; = (n/miSIN(mi/n))* * 3/(2+C0S(2ri/n)), 140
For Tine 730 the change is: (2/m*SIN(m/2))"4*3/(2+C0S(n/2))
References: 1. Henrici, P., FAST FOURIER METHODS IN COMPUTATIONAL COMPLEX

ANALYSIS, (SIAM Review, V. 21, 1979, p. 481-527).

2. Eagle, A., ON THE RELATION OF THE FOURIER CONSTANTS ...
Mag. S. 7, Vol. 5, 1928, p. 113-132).

» (Phil.
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PROGRAM LISTING

10
20
240
40
-0
&0
70
80
90

100

110

130
140
150
160
170
180
190
200
210
220
230
240

250

2610
270
280
290
300
310
320
350
340
350
360

460
470

P ATTENUATED FOURIER SERIES

! Computes the Fourier series

I of a complex—valued function

I periodic on [0,2pil,using

I Cooley-Tukey and linear

L interpolation

! Rewvision 11/704/4982

DIM ACSL2),B(512

DISP ‘% ATTEHUATED FOURIER SERIES
*I

INPUT ‘Number of data poeints?’/; N @
M=1IP (LOG (N /LOGCED D

IF FPCLOG(NDY ZLOGLZ2) )40 THEN REEP @

DISP “lIncorrect number of data poin

te! 8 GOTO 100

P RBit reversing function

DEF FNR(X)
U=0
FOR P=0 TO M-4
A=RMD (X, 2)
UsstAXe » (M~1-P)
K=TIP X/ 20
IF X<{=1 THEN 210
NEXT P
UsLXRE» (M=2-~P)
FiR=U & END DEF
P Define answer function
DEF FNA
B=NUM{KEY4$) € IF B4#i3 AND BES THEN
250
FNA=R & END DEF
I Periodic funotion
DIGF ‘Evaluvating function.. .’
DEF FNXCT)Y = TXR{T-PIOXKCT-2%PIN)/742
DEF FNY(T) = 0
FOR I=0 TO N-14
ST =FNXCEKPIXI/ZND
BOL)=FNY(2XPIXI/N)
MEXT 1
DISP ‘Computing. ..
I Main loops
FOR K=M-1i TO 0 STEP -4
Ki=2%K
FOR L=0 TO N-4 STEP 22K+
G=FNR LKD)
KiI=C0T 2P IAE/N) & Yi=-5TN(2XPIXs/N
)
FOR JI=0 TO Ki-1i
Ka=a T+ AKLYRX L -BOT+HL+K ) &Y
A=A TR AN AIRY LR T+ 4K L) %X
ACTH)I =014l +X2 8 BOT+L)=R{T+L)+Y2
ALTHLAK L) =S ( T+ L) - X2 X2
BOI4HLAKL ) =B+ L) =Y a-Ya

£

-The n
power

-Funct

umber of points must be a

of 2

ion to

expansion of

~Wailt

~Jsar

for ‘RT

defined

reverse the binary

%

N or TBRACKS

functions

key




IPROGRAM LISTING

630

640
&S50

HE0
&H70
&80
HF 0
700
740
720
T30

740
750
760
770
760

790

a00
810
g0
a30
840
650

8&0

NEXT J

NEXT L

NEXT K

I Unscramble remainders

FOR I=0 TO N-i

IF FNRCI) (=1 THEN %70

XA=m (1) & YR=R(I)

ACTI=ACFNR{I)) @ B{I)=R{FNRCL))

ACFNROTII I =XE & B(FNR(I))»=Y3

NEXT I

FOR TI=0 TO N-i

ACTI=ACTO/N & BOI)=R(I)/N

NEXT I

P Attenuvate and view

DI%P ‘Bttn. series GCHR%(ZE0); 7eal
arr ‘G CHR%(L9%)

INPUT ‘omplex?’,’R’; P$% @ PE=UPRCH(

FHLL,41)

ON POSC/REC,PS+1 GOTQ 620,6%0,740

DIGE “&(0)=/;600) & IF FNA=13 THEN

660 ELBE 650

FOR I=14 TU N/2-4

= NP LRIIRSTIN(PIHI/NY Y~ 2

DIGE Uulﬂb E90 5 AL T, (ACTIAAIN-T)
YRE @ IF FNA=E THEN I=MAX(I-1,41)

IMAGE a,” ¢/ ,k, y=’ K

= (NP TRID XS INCPTRI/NIY A2

DISF USBING 690 ; B/ ,1,-(B(I)-B{N~T
Y& B OLF FiNA=G THEN 670

NEXT I

DIEP USTNG 620 5 7687 N2, 280 (N/2) %L

SAPTRSTIH(P L/ 2 8 H FNA=8 THEN 6

50 ELSE 8%0

FOR I=0 TO N-14

TF T=0 THEN Q=1

IF 120 THEN Q=(MN/(PIXIIRSIN(PIRI/ND
yhe

DIGE USING "‘Real part cl/,k, )=’k

"oy LLACIYRG

IF FA=8 THEN I=Ma&X(I-4,0) & cOTo 7

50

ITF T=0 THEN Q=i

IF T30 THEN @=(N/(PIXIIKSINIPIXI/ N
Y e

DIGE ULING "/Imag part cl(/,k, 2=’k

"oy TLECLYXQ

IF FiNA=8 THEN IT=MaX{I-4,0) & GOTo 7

20

NEXT T

Vo Run,view, on ond

DIGK LHP%(.iO) ‘un again, ' ;CHR$(214

) iew ugajn,nr sCHRE (197

INPFUT ‘nd?’,'R7; G% & Q= UPP(E(ﬂbI1
1A

-Select real or complex

~Gompler answer

-Frogram options

SEries
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IPROGRAM LISTING!

870 ON POSC/RVE,Q4)+1 GOTO 850,400,620
, 880
880 STOP




PROGRAM DESCRIPTION

SPHERICAL HARMONICS

This program computes the values of the spherical harmonics YE(8,¢)
on the three dimensional sphere of unit radius and angles 0<6<m

0<¢<2m. The functions YE satisfy the following relations:

vg = 1//87

Y$ = [(-1)"/2Mm1]  Vome 1) /4% (SIN 8)MEXP(mev=T)

m m

Yo, = /A3 C0S 6 Yo

cos o y" ij(n+m+1)(n—m+1) o +\J (n+m) (n=m) -
(2n+1)(2n+3) n (2n+1)(2n-1) n-

Algorithm: Input n, m, 06, ¢; Tlet f1=2
For i =1 tom

£, = 2if,/(2i+1)

1
Next i

f) = (-1?7/?%?;

w=f, SIN(o)™

u=w CoS(mp), v = w SIN(m¢)
If n=m then finish and display u,v

=/2m+3 COS(6) u, v, =/2m+3 COS(6) v

| 1
If n = mtl then finish and display UpsVy

35
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PROGRAM DESCRIPTION

SPHERICAL HARMONICS (continued)

For i = 1 to n-m-1

° _

sy = |cos(e) up-u (m+1)2£m2 (2(m+i)+1) (2(m+i)+3)
N 4(m+i)"-1 (i+2m+1)(i+1)

oy = |cose)e,-v (m+1')25m2 (2(mti)+1) (2(m+i)+3)
“ A(m+i)-1 | (i+2m+1) (i+1)

Update UsUpsVysV
NEXT 1
Disp u2’V2
Stop




SAMPLE PROBLEM

A) Calculate Y5 (1,2) = Y7(6,4)

B) Calculate Y7 (2,2) = Y'(5,0)
JSOLUTIONL
STEP INSTRUCTIONS DISPLAY INPUT

1 | Run program *** SPHERICAL HARMONICS ***
2 | Enter subscript Subscript of harmonic? 2 [RTN]
3 | Enter superscript Superscript of harmonic? 0 [RTN]
4 | Continue Recheck sub/super or Continue?R | C [RTN]
5 | Enter 6 First angular argument? 1 [RTN]
6 | Enter ¢ Second angular argument? 2 [RTN]
7 | View result Re(Y(0,2,1,2)) =

-3.91780206022E-2 [RTN]

Im (Y(0,2,1,2)) =

0 [RTN]
8 | Run again Run again, View again, or End?R | [RTN]
9 | Enter subscript Subscript of harmonic? 1 [RTN]
10 | Enter superscript Superscript of harmonic? 3 [RTN]

Sub/super reversed: Superscript out of range!

11 | Enter subscript Subscript of harmonic? 3 TRTN]
12 | Enter superscript Superscript of harmonic? 1 [RTN]
13 | Check entries Recheck sub/super or Continue?R | [RTN]
14 Subscript = 3 [RTN]

Superscript = 1 [RTN]

37
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|SOLUTION|

STEP INSTRUCTIONS DISPLAY INPUT
15 | Continue C [RTN]
16 | Enter o First angular argument? 2 [RTN]
17 | Enter ¢ Second angular argument? 2 [RTN]
18 | View result Re(Y(1,3,2,2)) =

-1.64004353583E-2 [RTN]

Im (Y(1,3,2,2)) =

3.5835605032E-2 [RTN]
19 | End program Run again, View again, or End?R |E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program *** SPHERICAL HARMONICS ***
2 | Enter subscript, n Subscript of harmonic? n [RTN]
a non-negative integer
3 | Enter superscript, m, Superscript of harmonic? m [RTN]
a non-negative integer,
<n; for negative m,
-n<m<0 see comments.
4 | Check sub/super or continue Recheck sub/super or Continue?R R[E?N%
To check entries enter 'R': Subscript = n [RTN]/[BACK]
Press [BACK] to change entry: | New subscript = n [RTN]
New superscript = m [RTN]
5 | Enter 6, 0<ogm First angular argument? 6 [RTN]
6 | Enter ¢ ,0<¢<2m Second angular argument? ¢ [RTN]
7 | View result: Re(Y(m,n,8,8)) =
number [RTN]
Im (Y(m,n,06,2)) =
number [RTN]
R,V, or E
8 | Select program options Run again, View again, or End?R [RTN]

To run again, enter 'R' and

goto step 2.

To review the result, enter 'V

and goto step 7.

To end the program, enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Answer function W Factor
A Dummy variable for FNA Fi Coefficient for Y
Real/Imaginary parts of
N Subscript u,v final values
M Superscript Uy,Vq Real/Imaginary parts
. , Ym
T The argument 6 1N recurvence, T4
F The argument ¢ Us,Vo Real/Imaginary parts
. m
TS String for sub/super check in R recurrence, Yy,
Q$ String for RVE module
References: 1. Sommerfeld, A., PARTIAL DIFFERENTIAL EQUATIONS IN PHYSICS,
(Academic Press, New York, 1949).
2. Cohen-Tannondji, C., B. Diu, and F. Laloé, QUANTUM MECHANICS,
(Vol. 1, John Wiley & Sons, New York, 1977).
Note: To compute Y;m for m>0 use the relation:

Complex conjugate (Yﬂ(e,¢)) = (-1)mY;m(e,¢)
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I PROGRAM LISTING!

10
20
30
40
S0
60
70
80
90
100
110
120

130
140

150

160

170
180

190

200
2410

220

a30

......

I GPHERICAL HARMONICS

I Compute the values of the

I gpherical harmonics by

! recursion

! Revision 11/01/741982

DISP % X % SPHERICAL HARMONICS X

¥ %7 @ OPTION ANGLE RADIANS

P Wait for return,back keys

DEF FN&

A=NUMIKEYS$) @

?0

FNA=A 8 END DEF

INPUT ‘Subscript of harmonic?’;N

IF FPC(MO40 OR NCO THEN RBEEP € DISP
‘ITnvalid subscript!’ @ GOTO 140
INPUT “Superscript of harmonic?’ ;M

IF FP(MYHD THEN EBEEP @ DISP ‘Invali

d superscript!’ & GOTO 130

IF M>N THEN BEEFP & DISP ‘Superscrip

t out of rangel!’ & GOTO 1410

IF M<{0 THEN BEEF @ DISP “Enter abs(

n) and see comments!’ & GOTO 130

I Correct sub-superscript?

DISKF CHR4(210); ‘echeck sub/super or
GUHRE L)

INPUT “ontinve?’ ,’R’7; T% @
(T$L4,11)

ON POSC/REC,TE)+4 GOTO 180,240,240

DIGF “Subscript=’/;N @ IF FNA=E THEN
DISP ‘New subscrip’; @ TNPUT
N & GOTO 220

DIGSF ‘Superscript=’';M &

EN DISP ‘New superscrip’; @

t=/; M & GOTO 230

TF ARS(MY 2N THEN BEEP @

seript out of range!’

SE GOTO 180
INFUT “First

IF AR13 AND ARS8 THEN

TH=UFRCH

I.‘::::I}
IF FRA=8 TH
INPUT 7
DIGP

‘Super

angular argument?’;T
IF 1<0 O TXPT THEN BEEP @ DISF ‘An
gle out of range!’ & GOTO 240

INPUT “Second angular arqument?’;F
IF FCO OR FR2%PT THEN BEEF & DISP
fngle out of range!’ & GOTD 260

P Compute Yim,®m)

IF M=0 THEN W=1/7(2%80RPIY) @
3610

Fimg

FOR T=4 TO M
FamaflirFiy s 2xi+1)

MNEXT I

Fasm (-3 "M/8RC2%P 1TXF 1)

W ARG TNCTY A M

UsbKCOS (MEF) & U=WESTNOMXF)

P Compute harmonics by

GOTO

& GOoTo 110 EL

~-Enter

~(ption

~-Enter

subscript, superscript

to correct entries

angular arguments
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PROGRAM LISTING

380
390
400
410
4520
430
4490
450
460
470
480
450
500
540

%20

530
540

550
560
570
560
560

600

I recursion relation

P Initalize

IF N=M THEN %20

Ul=GRR (24M+3)XCOSCTIXU & Vi=50R (P%M
+3IXCOSCTIRY

IF N=M+i THEN U=Ui @ V=U4i & GOT0D %2
0

I Main loop for spherical harmonics
FOR I=1 TO N~M-1
U2=CO08(THRUL-UXBAR C CI(M+T) *2-M*2) /(4
X(M+I)*2-4))

U2=GRR (2R M+ I+ 00X (2K (M+T)+3) /(T +
MEMHLI KT +M~M+4) ) ) %U2

V=GOS (TIRVEI~VKEAR (((I+M) *2~-M"2) /(4
¥CL+M) 224

Va=GRR (2% CTHM 4 K 2X(T+MI+3) /7 ( (I +
MEMAL I K CT+HM-M+1) ) I RVE

U=U4 & Ui=UZ2 @ V=yi @ Vi=V2
NEXT I

U=U2 @ U=yz

DISP ‘'Re(Y(/ ;M;7/, 5N;7, 5T,
Y= @ IF FNA=13 THEN DISPF U ELSE %2
0

IF FMA=8 THEN %20

DISF “TImCYC 5057, 5N, 5T, 71
Y= @ IF FNA=L3 THEN DISP V ELSE
0

IF FiMNA=8 THEN %20

P Run,view,or end

DIGF CHR#%4240);7un again,’ ;CHR$(2414
Y ldew again,or’ ;CHRECLP7);

INPUT “nd?7 'R’ (4% & Qe=UPRCE(GETL
, 1)

ON POSC/RVE,B%0+4 GOTO $70,140,%20
600

sSTOP

~Display results

~Program

options



PROGRAM DESCRIPTION

ELLIPTIC INTEGRALS

The general form of the elliptic integral of the second type is given by:

x a + bt dt
0o (1+t2)  V/(1+t2) (1+k' 2t?)

el2(x,k',a,b) = J

in which k' # 0. Using the trigonometric substitution t=tan 6 the standard
elliptic integrals are recovered. With x=tan ¢ and k= 1-k'2 (k is called
the modulus) the standard elliptic integrals are

= el2(tan ¢,k',1,1)

de
Flok) = [°
o V1-k2 sing

¢ 2 .2
foVkl'k sin“8)d = el2(tan ¢,k',1,k'

2)

E(¢,k)

The functions F,E are called incomplete elliptic integrals while
F(k) = F(m/2,k), E(k) = E(m/2,k)
are called complete elliptic integrals.
Although the general integral el2 contains the complete integrals as special
cases with upper limit x=1022(¢5w/2), a separate routine is used to compute

F(k) and E(k).

Algorithm: If complete integral goto @
If general integral goto B
Input modulus k and angle ¢
x=tan ¢,k'=\’1—k2, a=1
If E(¢,k) then b=k'2; If F(¢,k) then b=1; goto B
B: Input k', x, a, b
By: m=1, n=k, x_=1/|x]|, c=0, d=|x]/(a+x?2)
p=A/((1+(k'x)2)/(1+x2)) , i=0, t=1/2, s=0, h=a-b

m2=1, n2=1

43
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PROGRAM DESCRIPTION

ELLIPTIC INTEGRALS (continued)

ve m1=n+m,n1=2 /n m,a1=(b/m+a)/2

b1=a n+b,x1 = —mn/xo + Xo P1= mn/p + P

c,=(d/p+2)/2,d;=m n c/p+d,

s=s+t(1-SGN(xo))

-6
If ABS(l-nZ/m2)<10

then wi
Update n2,m2,n,m,a,b,xo,p,d;c,t,1, goto vy
b F=ATN(m/x )+(2] s+(1-S6N(x ) )m/2
e=a, f/m+h c ; disp e
Stop
a:  Input k; Tet a2=1,b2=k',f1=1, g=k2
E a3=(a2+b2)/2, c2=a3-b2

2 13
2

. = = »2 = =
Update: f1—2f1, g—g+ﬁ.b2,b2-/a2 52,a2 ag goto oy

If c5<107 7 then Ue

[ i1=n/2a2, disp 11
i,= (1-9/2)11, disp 1,
Stop



SAMPLE PROBLEM

A) Compute F(k) i/ﬁn/z do/V1-k2 sin2e, with

k = 1A2 = .707106781188 and compute

E(k) =fﬂ/2 1-k? sin%e do and check
0

against e12(10%3, .707106781188,1,1)

and e12(10%3, .707106781188,1,.5)

JSOLUTION |
STEP INSTRUCTIONS DISPLAY INPUT
A 1 [Run program **%x ELLIPTIC INTEGRALS ***
2 |Select complete integral Complete/Incomplete integral?C [RTN]
3 |Enter modulus (1/SQR(2)) Value of modulus?.707106781188 [RTN]
4 |Results F(.707106781188)=1.85407467721 [RTN]
E(.707106781188)=1.35064388098 [RTN]
5 |Run again Run again, View again, or End?R | [RTN]
6 |Select incomplete integral Complete/Incomplete integral?C I [RTN]
7 |Select general form Trig or General form?T G [RTN]
8 |Enter modulus (1/SQR(2)) Complementary modulus?.707106781188 [RTN]
9 |Enter parameters Parameter a? 1 [RTN]
Parameter b? 1 [RTN]
10 [Approximate infinite upper Upper 1imit of integral? 1E23 [RTN]
limit
11 |Result el2(1.E23,.707106781188,1,1)= [RTN]
1.8540746773 [RTN]
12 |Run again Run again, View again, of End?R | [RTN]
13 [Select incomplete integral Complete/Incomplete integral?C I [RTN]
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ISOLUTION |

STEP INSTRUCTIONS DISPLAY INPUT

14 [Select general form Trig or General form?T G [RTN]

15 [Enter modulus (1/SQR(2)) Complementary modulus?.707106781188 [RTN]

16 |[Enter parameters Parameter a? 1 [RTN]
Parameter b? .5 [RTN]

17 |Approximate infinite upper Upper 1imit of integral? 1E23 [RTN]

Timit

18 |Result el2(1.E23,.707106781188,1,.5)= | [RTN]
1.35064388105 [RTN]

19 |End program. Run again, View again, or End?R | E [RTN]




SAMPLE PROBLEM

B) Compute e12(10%2, 107%1,1,1)

_ISOLUTION |
STEP INSTRUCTIONS DISPLAY INPUT
B1 Run program ***% ELLIPTIC INTEGRALS ***

2 |[Select incomplete integral Complete/Incomplete?C I [RTN]

3 |Select general form Trig or General form?T G_[RTN]

4 | Enter complementary modulus Complementary modulus? 1E-11 [RTN]

5 |Enter parameters Parameter a? 1 [RTN]
Parameter b? 1 [RTN]

6 |Enter upper limit of integral Upper limit of integral? 1E12 [RTN]

7 |Result el2(1.E12,.00000000001,1,1)= [RTN]
26.614896305 [RTN]

8 |Run again Run again, View again, or End?R | [RTN]

9 |Select incomplete integral Complete/Incomplete integral?C I [RTN]

10 [ Select general form Trip or General form?T G [RTN]

11 |Enter complementary modulus Complementary modulus? 1E-11 [RTN]

12 [Enter parameters Enter parameter a? 1 [RTN]
Enter parameter b? 1 [RTN]

13 | Enter upper 1imit Upper Timit of inteqral? 1E9 [RTN]

14 [Result e12(1000000000,.00000000001,1,1)= [RTN]
21.4163880183 [RTN]

15 |End program Run again, View again, or End?R | E [RTN]
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SAMPLE PROBLEM

C) Compute the length of the ellipse x°/16+Y%/4 = 1

Va2-b2
The modulus k = the eccentricity = ———

while k' = b/a,k'? = b?/a°.

b = 2; we get k'

a

Since a = 4 and

.5and k'? = .25. The

Tength = 4ae(k) = 16 e12(10%3,.5,1,.25)

1SOLUTION|
STEP INSTRUCTIONS DISPLAY INPUT
1 [Run program *%% ELLIPTIC INTEGRALS ***
2 |Select incomplete integral Complete/Incomplete integral?C I [RTN]
3 |Select general form Trig or General form?T G [RTN]
4 |Enter complementary modulus Complementary modulus? .5 [RTN]
5 | Enter parameters Parameter a? 1 [RTN]
Parameter b? .25 [RTN]
6 | Approximate infinite upper Upper Timit of integral? 1E23 [RTN]
limit
7 | Result el2(1E23,.5,1,.25)= [RTN]
1.21105602757 [RTN]
8 | End program Run again, View again, or End?R | E [RTN]
9 | Final answer is 16*result: Ex16 [RTN]
19.3768964411




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program *%%x ELLIPTIC INTEGRALS ***
2 | Select complete or incomplete | Complete/Incomplete integral?C %R$E]I
integral :
For incomplete integral,
goto 6.
3 | Enter value of modulus K: Value of modulus? K [RTN]
4 | View results F(K), E(K): F(K)= [RTN]
E(K)= [RTN]
5 | Goto step 16.
TorG
6 | Select trig substitution or Trig or General form?T [RTN]
general form:
For the general form goto 12.
7 | Enter modulus K: Value of modulus? K [RTN]
8 | Enter the angle ¢: Value of angle? ¢ [RIN]
9 | select function: E function or F function?F ER$§]F
10| View result: E(F2,K)= [RTN]
11 | Goto step 16.
12 | Enter the complementary Complementary modulus? K' [RTN]
modulus:
13| Enter parameters: Enter parameter a? A [RTN]
Enter parameter b? B [RTN]
14 | Enter the upper limit of the Upper limit of integral? X [RTN]
integrand:
15| View result: el2(x,k',a,b)= [RTN]

E

[RTN]
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USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
R,V, or E
16 | Program options: Run again, View again, or End?R [RTN]

To run the program again

enter 'R'.

To view the result again

enter 'V'.

To end the program enter 'E'.




VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Answer function S1 Accumulator
Z1 Dummy for FNA T Factor = 2 power
K Modulus I Exponent for 2
Kq Complementary modulus E.F Final computation of el2
Fo Angle A2
A Parameters in el?2 B2
Iterated variables
B Parameters in el2 F1
in complete integral
X Upper 1imit of integral G
Flag for various types
JA of integral c2
Final answers for
M, M, 11,12 E(k), F(k)
Test string for complete/
N,N, A$ incomplete
Test string for trig/
X0,X, B$ general form
Varjables in iteration
c,C, C$ Test for E,F
D,D, Q$ Test for RVE
Save values for
P,P M2 ,M2 stopping test

NOTES AND REFERENCES

References: 1.

Bulirsch, R., NUMERICAL CALCULATION OF ELLIPTIC INTEGRALS AND

ELLIPTIC FUNCTIONS, (Num. Math., V. 7, 1965, pp. 78-90).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET
CALCULATOR, (John Wiley & Sons, New York, 1977).
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PROGRAM LISTING

10
20
30
40
50
&0
70
80

50
100
110

20
130

140
150

160

170

270
280

290

300
E10
YR
340
340
350
360

370
380

P ELLIPTIC INTEGRALS

1 OF THE FIRST AND SECOND TYPE

' Computes complete and

' incomplete elliptic integrals

b of the first and second

' type by iteration

! 11/701/3982
ELLIPTIC

' Revision
DISF 7% % X
¥ %k’

I Define
DEF FNA
Zi=NUMIKEY$)Y @ IF
EN 140
FMNA=Z4 & END DEF
! Test for compl/inc

INTEGRALS X

answer function

ZiHL3 AND Z148 TH

integral

DISPF CHR$(19%);omplete /
i35

INPFUT ‘ncomplete integral?’,’C7; a%
& At=UPRCEAEIL, 41D

ON POSCCT A% +L GOTO 440,6%0,4170
P Irig/general form for dinc integra
1

DISF CHR$(242);rig or
INFUT ‘“eneral form?7,/T7;
PROSCEELL 41D

ON POSC/ TG ,BE)+4 GOTO 480,220,330
P Input for trig form

INFUT “VYalue of modulus?’ ;K

IF Kr=4 OR K40 THERN RBEEP @ DISP “In

correct value for modulus!” & GOTO

ae

INPUT "VYalue of angle?’;

= THEN DISF “E=0 and F=0-
00

IF Fao=PIl/2 OR F2<0

P “Incorrect angle!’ &
A=TEHMOFE) 8 Ki=80R (1 -KKK)

=4 @ Z=i

P lest for E oor F

DISF CHRE (49757
(19867,

INPUT Y Function?’,F’; C4 @

CHCCHIL , 11

ON POSC/FE,CH)+4 GOTO 280,390,310

Z=0 @ B=AdkKE @ GOTO 390

P lnput paramters

INPUT “Complementary modulus?”’
INPUT ‘Parameter a?’; A & Ad4m=p
INFUT ‘Parameter b7, B 8 REi=R
INFUT “Upper limit of integral?’; X
@ IF X=0 THEN E=0 @ Z=2 @ G070 %90
2=

P Indtialize variables

GCHR$EC20

GOHRE L9
B% @ R$=U

Fe @ IF Fo

g coTo 8

THEN REEF & DIS

GOTO 240
@ A=1 @B

functioen or /;CHRYE

CH=UPR

;KA

~Wait +

-Select
integr

~Gelect Trig

-SQelect

~Enter

~Enter

or ‘RTN’ or

complete or

al

E or

modulus,

upper

TRACK keys

incomplete

or General form

F o function

parametenrs

Limit



PROGRAM LISTING

390

400

410
420
4350
4410
4%0
460
470
480
490
%00
%40
520
530
5410

550

560
570

560
590

&H00

640

b0
H30
640
&%

6H60

&7 0
LG
L7 0
700
740
70
730
740
750

760
770

760

M=4 B N=ABS(KL) & X0=1/a6RB8(X) @ (=0
@ D=ARSCX)/(1+X%¥X) @ P=5SAR((L+(Kix

XIA2)Y/CL+X%kX))

I=0 @ T=4/2 @ S=0 & H=06-B & M2=1 @
Ne=2

I Main iteration

Mi=N+M

N1 =2%kG6R (kM)

Al=(B/Mt00 /2

Ri=AXN+E

Xi==-MAN/XO+X0

PAi=MkN/P+P

Ci=CD/P+CH/2

DA =M¥NKC/P+D

SuG+THOL-SEN(X0))

I Test for completion

IF ARSOL-N2/M24.000001 THEN %70

I Update variables

N2=N & MZ=H

M=Ni & M=pi @ A=A1 @ B=Ei B X0=Xi @
P=pP4i @ D=Di & C=Ci @ T=T/2 & I=l+4
@ GOTQO 420

I Final calculation
FMTNCM/XO)+ (22 TRE+ (L -8ENIX0) ) /2) %P
Lr7&

Es=01 XF /M+HXCA

IF Z=2 THEM DISP USING "/el2(/,k,’,
ok, K, Lk, s M LKL, AL B3

@ GOTO &20

IF Z=1 THEN DISP ‘FC/5F2;7,7K;7)="
& GOTO 620

IF Z=0 THEN DISPF E(/F2;57, K7 0=7
® GOTO 620

IF FNA=13 THEN &30 ELSE 620

DISF E & IF FiNA=8 THEN S%0 ELSE 800
P Complete elliptic integrals

INFUT “Value of modulus?’; K & Z=3

IF Ko=4 OR KO THEN REEF & DISP “In

correct valuve for modulus!’” & GOTO
550

AZ=4 B BE=HARCI-KKKY @ Fi=1 & G=KXK

A= (AZEREY /2 8 C2=A3%-R2

TF AR a2y ¢4  E-43 THEN 7%0

Fa=2%F1

G=GHF LRGN0

1= SR CAZRRED

3

GOTO &E80

Ti=PL/(2%a2) €& DISP USING "/FO7,k,’
y=ok" oy K, T4

TF FiNAa=8 THEN 7%0

T2=01-G/722%T4 @ DISP USING "/EC/,k,
Cyml okt KLTE

IF Fia=g THEN 770 BLSE 800

-Display result

~Complete elliptic

-Display results

integrals
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PROGRAM LISTING

I RVE module -Program options
DIGP CHR%(240);un again,’;CHR$(214
Y;dew again,or’ ;CHRECL97);

INPFUT ‘nd?,’R‘; &% @ Q$¢=UPRCEL{IQA$LA

REE

ON POSC/RVE,Q4)+1 GOTO 800,440,830
L 840

ON Z+4 GOTO 610,600,590,750

STOP




PROGRAM DESCRIPTION

BESSEL FUNCTIONS: ASYMPTOTIC EXPANSION

This program computes the values for large z of the Bessel functions Jm(z)
and Ym(z).

Let (a), :=a(a+l)...(a+k-1) for k a non-negative integer. The Bessel func-

k
tions of the first order, Jm(z), and second order, Ym(z) are defined asymp-

totically by:

Ip(2)= VI (P, (2)C0S (z-m/2-7/4)-Q, (2)SIN(z-1m/2-7/4) )

Y (z)= V/2]nz (Qm(z)COS(z—mn/2-ﬂ/4)+Pm(z)SIN(z-mw/Z-ﬂ/4))

in which Pm(z) and Qm(z) for large values of z are given by:

)= 2(-1)"(%-m),,

P ( on

m

Q (z)

m

N

(), A(20)1(22)°™), n=0,1,...

>

(1) (%=m) ... (%m) ont1)1(22)%™ Y p=1,2,..

1]
S

2n+1( 2n+1/((
Algorithm: Input m,z
Let n=0, c=1, a=1, b=0
DEF q(w) = (=%-m+w) (-3stm+w)/(2zw)
a: n=n+l, c=q(n) ¢, g=q(n)
If MOD(n,2)=0 then a=a+(-1)n/2 c, goto B
b=t (-1) (M D/2 ¢
B: If q(n)=0 then vy
If n small enough then «
v: u=sz-mn/2-m/4, v= V2/(nz)
r=v(a COS(u) - b SIN (u))
s=v(b COS(u) + a SIN(u))
Disp J(m,z) = r
Disp Y(m,z) = s
Stop
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SAMPLE PROBLEM

Estimate JO(17), YO(17)

Estimate J

(6), Y. ., (6)

11/2 11/2
ISOLUTION
STEP INSTRUCTIONS DISPLAY INPUT
A1 | Run program **%%x BESSEL FUNCTIONS ***
2 | Enter order Order of Bessel function? 0 [RTN]
3 | Enter argument Argument of Bessel function? 17 [RTN]
Computing...
4 | Answer J(0,17) = .169854252151 [RTN]
Y(0,17) = -926371984416E-2 [RTN]
5 | Run again Run again, View again, or End?R | [RTN]
6 | Enter order Order of Bessel function 5.5 [RTN]
7 | Enter argument Argument for Bessel function? 6 [RTN]
Computing...
8 | Answer J(5.5,6) = .309778760825 [RTN]
Y(5.5,6) = -.319846110638 [RTN]
9 | End program Run again, View again, or End? E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 [ Run program *x%% BESSEL FUNCTIONS ****
2 | Enter order Order of Bessel function? M [RTN]
3 | Enter argument, Z, Argumant of Bessel function? Z [RTN]
4 | Answer J(m,z) = [RTN]
Y(m,z) = [RTN]
R,V, or E
5 | Select program options: Run again, View again, or End? [RTN]

To run again enter 'R' and

goto step 2.

To view the answer again

enter 'V' and goto step 4.

To end the program, enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Answer function N Counter
Accumulators for sum
D Dummy variable for FNA A,B of series P.Q
FNG Multiplier function C Main term of series P,Q
Simplify argument for
M Order of Bessel function U sine and cosine
L Argument of Bessel function Vv Factor for J,Y
W Dummy variab]e for FNQ R Final computations
Input string for
Q$ RVE module S

NOTES AND REFERENCES

References:

1. Henrici, P., APPLIED AND COMPUTATIONAL COMPLEX ANALYSIS,
(Vol. 2, John Wiley & Sons, New York, 1977).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25
POCKET CALCULATOR, (John Wiley & Sons, New York, 1977).



PROGRAM LISTING

40
20
30
410
50
&HO
70
80
20

370
3H0
E90
400
410

420

PRESSEL FUNCTIONS

U (Asymptotic expansion)

P Approximates the valuves of

! Bessel functions using an

P asymptotic expansion.

I Works best for large

b values of the argument.

I Revision 11/04/4782

DISP 7% ¥ % % BESSEL FUNCTIONS % X%
¥ % @ OPTION ANGLE RADIANS

INPUT ‘Order of Bessel function?’ ;M
INFUT “dArgument of Bessel function?
I}z

IF Z¢=0 THEN BEEP & DISP ‘Tnvalid a

rgument’ @ GOTO 440

DISF Computing. ..’

VoInitialize

ELoN=0 & &,C=1

P Define multiplier function

DEF FNGWY = 1/ (0252 y (-4 /72-0+WD
A WACE SRR

I Define answer
DEF NG
D=NUMIKEYS$) & TF

200

FiNf=D B END
I Main loop

[RESRE ]

C=FNA(Y R0 @
IF MODCON, 23=0
® GOTO 270

Bat (-4 TP CON+0) 720 %0

ITF FNECNY=0 THEN 300

ITF NCG2L THEN 23

function

DHLI AND DRG THEN

DEF

Cl=FNGHOND
THEN A=fe(-1) 2 (N2 KE

P oactual calculation of values
UsZ~MAPT/2-PI/74 @ V=8AR(2/(FIXZ))
RV (ARCOS O -RBRESTINCD
S=URBRCOSUD +AXSTINCUY)
DISP USING "/ JC/ ,k, 7, Kk, y=’ k"
M,Z,R

b Wait for RTN kev

IF FNARLI THEN 3%0
DIGF USING "/ Y/ ,k,”7, ,k, )=
M,Z,5

TF FNALLI THEN 350

I Program options

"o,
okt

DISP CHR$(240); un
4y ; 7iew again, onr
INPFUT ‘nd?’,’R’7; Q%
;I

O POSC/RVE,Q%)+1 GOTO 390,100,330
, 420
DISP @&

again, “;CHR%{24
SCHR$ (L9705
@ QFE=UPRCHIQSTA

STOP

~Enter order, arqgument

~Waits For "RTN’ or “BACKS kay

~Sete number of
in the series

tarms computed
for p,qg

~Display results

~(ptioens to view

again, or

T un
end .

agin,
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PROGRAM DESCRI<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>