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An Introduction to Sixth Edition

All investment is a matter of exchanging something of value today for what we hope may become
something of greater value tomorrow. When we express these exchanges in terms of money, we
create cashflow situations. All investments involve cashflows, and the value of every investment
is the Present Value of all the future cashflows which the investor can hope to accrue over the
entire holding period, discounted at an acceptable rate.

This text attempts to uncover and illustrate, for those whose primary professional concern has not
been finance, the basic financial concepts and principles involved in investment problems and
decisions. Examples are drawn from a wide variety of financial investments: stocks, bonds, real
estate, promissory notes, leases, mortgages, all set in the practical circumstances of everyday
business.

The text makes ample use of the financial calculator, but assumes the reader initially has only the
most basic skills in using the machine. It uses the machine as a convenience-tool rather than as an
end in itself. It is a text aimed at understanding and employing financial concepts and not another
book on how to operate a financial calculator. This seems to me to be an important goal since the
skills required to solve financial cashflow problems depend more on a basic understanding of the
underlying concepts and creative thinking than on the ability to push keys by rote.

In this revision of the text, we have added a chapter pertaining to investment risk. We have also
added a glossary containing definitions, and sometimes a short explanation of a financial term or
related concept. We have revised the Appendix which now contains the mathematical derivation
of the most frequently used cashflow formulas. It also includes an amplification of the Inflation-
Adjusted Rate which is sometimes troublesome to some readers.

Although there are many excellent hand-held financial calculators, it is impractical to write a text
such as this for every different machine. Examples in the text are rendered in terms of Hewlett-
Packard's 12C model. If you have a calculator other than the HP-12C, you should take a few
minutes to learn how its financial registers can be accessed. After that, following the
methodology here is not at all difficult since all financial calculators use the same symbols.

The text also presents solutions using a computer spreadsheet. Examples are given in terms of
MS-Excel,® but a spreadsheet from Works® or Lotus 1-2-3® will do as well since the differences
among these programs are very small.

The reader may notice some small differences in the values calculated by the hand-held calculator
vs. those calculated by the computer. But the majority of differences found will be the result of
'lifting' (reading) calculated values from one register and manually reinserting them into another.
In almost all cases, we transpose values from one register to another thereby preserving the
accuracy of the calculation to the ninth decimal place. This accounts for some small differences.
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Introduction

The key to mastery of these concepts is in the solution of business problems. Therefore the text
makes ample use of problems and their solutions, step by step, to help the reader extract the
financial principle involved. I have also included a chapter with over 60 word problems and their
solutions because the process of mastering these techniques is a process of abstracting principles
from specific, relevant examples. Financial principles become evident only through the working
of many problems.

In depicting the calculator keystrokes we have sometimes omitted drawing a box around the key.
In instances where the omission was deemed likely to be confusing, or where the key is used for
the first time, we have boxed the key to help identify it. Also, we have used a shorthand to
identify key locations on the HP-12C: a location (1,3), for example, denotes the key located on

the first (top) row, third key (from the left).

Lastly, I wish to thank the students at the University of California, Irvine, for their excellent
suggestions and for their invaluable assistance in ferreting out errors, the inevitable typos, and
miscalculations. I am also pleased and thankful for the comments and support of many teachers in
various universities and colleges throughout the country where this book now serves as the text
for Cashflow Analysis courses in financial planning programs.

I also remain grateful to Dr. Charles J. Cuny of the University’s Graduate School of Business
who was especially helpful in developing the section on Bond Duration.

I hope An Introduction to Cashflow Analysis will be a significant, rewarding and stimulating
learning experience for you.

Robert J. Donohue CCIM

Irvine, California
2002
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he Time Value of Money is an important financial Chapte r ]

concept, since many investments in business (and

in our personal lives, as well) involve the payment or P resent Value

receipt of money over a period of time. And, as most

experienced business people know, financial value is a & F ulure Va lue

combination of cash paid today, and the terms for the

balance of the payment tomorrow. Of Ca Shﬂows

Most often affected are our major business investments:

the purchase or sale of a major income property; a direct

investment in a business venture; an investment in a partnership which, in turn, invests in a
business or real estate venture; the lease of both personal and real property; business and
personal loans; investments in stocks and bonds; and a host of transactions which create
cashflows over time.

We are concerned with our ability to measure and compare the value of cash to be paid tomorrow
with an equivalent amount paid today, and with tomorrow's value of an amount invested today.
These concepts involve Future Value cashflows and Present Value cashflows. But first, let’s
define our terms and establish a few basic concepts.

What is a Cashflow?

Cashflows are not profits, although some use the terms interchangeably. A Cashflow, in the
context in which we will be working, simply means the flow of money from one set of pockets
into another. The party providing the cash experiences a negative out-of-pocket cashflow; the
party receiving the cash experiences a positive into-the-pocket cashflow. Every financial
transaction involves both a positive cashflow and a negative cashflow.

In a more technical (and more correct) sense, cashflow may refer to cashflow from operations, or
from interest and dividends received, or from interest paid. For our purposes we are interested in
net earnings from operations before deductions for interest, taxes, depreciation and amortization
(EBITDA).
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| Chapter 1: Present and Future Values

Present Value and Future Value

Both these terms, Present Value and Future Value, rely for their meaning on the fact that money
has a time-value. By time-value, we mean that money can be worth more or worth less than its
apparent face or nominal value, depending on when it is to be paid out or when it is to be
received.

For example, a tax which can be deferred has a lower Present Value than its nominal amount
because a smaller sum can be invested today to grow to the amount necessary to pay the full tax
in the future. Cashflow analysis concerns itself with the Present and Future Values of money
paid or received over time, often measuring these values against some pre-selected investment
yardstick.

Nominal vs. Real Profits and Losses, Constant Dollars

There is a distinction to be made between nominal and real profits. If we invest today’s $1 in an
investment which will add to our wealth, the $1 will grow into some Future Value. If the $1 is
invested in such a way that it just keeps pace with inflation, we will have preserved the constant
or purchasing value of the dollar. We will have a nominal profit, but in actuality the future
dollar received will have no more buying power than the original dollar invested.

If we invest $1 in such a way that the amount realized in the future will buy more than $1’s worth
of goods or services, we will have made a real profit.

If our investment of $1 today increases in value, but does not keep pace with inflation, we will
have suffered a real loss in purchasing power, even though we may have a nominal profit. The
concept of nominal and real profits and losses is important to us all, but especially important to
those whose responsibility it is to plan for real profits, or to plan to meet future expenses with
constant dollars.

The Sign Convention

Since every financial transaction involves at least one positive and one negative cashflow, the
financial description of the cashflows must always include at least one positive and one negative
sign. Whenever you enter a cashflow problem involving only a PV and a FV, the PV and FV
values must be opposite in sign. This rule is so inviolable that if you enter a cashflow problem
into a financial calculator or computer without designating a giver (-) and a receiver (+), the
calculator will display an “Error 5 message while the computer spreadsheet delivers a #NUM
error sign.. You will know that you did not observe the proper sign convention, which recognizes
that in every cashflow sequence someone gives (—) and someone gets (+) the cash..

Cashflows may be either positive or negative, depending on the vantage point from which you
view the transaction. If you are a banker, the loan of $100,000 would be a negative (out-of-
pocket) cashflow event for your bank. Later, re-payments to your bank would be positive
cashflow events. If you are the borrower, the initial receipt of $100,000 would be a positive
cashflow; later, the same re-payments would be negative (out-of-pocket) cashflows.
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Importance of Maintaining Single Vantage Point

In analyzing cashflows, you must discipline yourself to adopt a single vantage point from which
to describe and analyze the cashflow transaction — and then stick to it. You must either be the
lender or the borrower; the lessor or the lessee; the mortgagor or the mortgagee. Viewing a loan
transaction from the lender’s point of view one moment, and then from the borrower’s point of
view the next, is a sure-fire way to introduce fatal signing errors into the structure of your
cashflow analysis. Any analysis based on this error will itself be incorrect. Be consistent. Be
either the lender or the borrower; either the lessor or the lessee; either the mortgagor or the
mortgagee. In sticking to one point of view, you will avoid signing errors. Or, to put it another
way, you will avoid crediting (+) cash to a party when you should be debiting (—) the same
party.]

’ Failure to follow this rule is one of the most common errors in cashflows analysis. |

Depicting Cashflows

It helps a great deal if you can "see" the cashflow situation with which you are working. A very
useful graphic device to accomplish this is a T-Bar, which will enable you to portray the
negative and positive movements of cash and their timing through the entire transaction. If you
learn to use this device to illustrate the flow of the cash you are attempting to evaluate, it is
difficult to imagine any cashflow problem which will not yield to a proper analysis.

The vertical T-Bar graphic used here has advantages when compared to the horizontal graphic
devices pictured in the handbook of most financial calculators because the T-Bar can be
expanded to the right to add and to the left to subtract cashflows, whereas the horizontal graphic
cannot be so easily modified. The ability to expand the T-Bar laterally means that other
cashflows which are concurrent in time can be added to, or subtracted from, the principal
cashflow. This ability to add and subtract T-Bars is a great aid in visualizing, simplifying and
condensing the overall transaction.

Fortunately the T-Bar which we will use contains a “place setting” for all financial elements
which correspond to the keys of the (horizontal) financial register of your HP—12C. These are the
keys which extend from positions (1,1) to (1,5) on the keyboard.2 They are also keys which are
common to all financial calculators, and they correspond to some of the symbols used by
computer spreadsheets3 in financial formulas:

| n i PV PMT FV |

1 Wherever possible view the transaction from the point of view of the investor.
2 (1,1) indicates the first key in row 1: (#key, #row)
3 Computer spreadsheets use nper instead of n to denote time periods, and rate to denote i.
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Therefore if you can depict the problem graphically with the aid of the T-Bar, you can transfer
the elements of the graphic to the calculator for a rapid solution.

Consider, for example, a T-Bar constructed to represent a loan by a banker for $1,000 to be re-
paid monthly over a five-month period, including interest at an annual rate of 10%. This loan

will be depicted from the point of view of the banker-lender who advances the cash.

The amount of —$1,000 will be entered in

ITHE BASIC T-BAR WILL LOOK LIKE THISI the T-Bar in the position occupied by PV
(Present Value), at the top of the T-Bar. It

(PV) is entered as a negative number because

- it represents a negative (out of-pocket)

1| PMT cashflow for the banker-lender. Payments

2 | PMT made by the borrower are represented as

i= 3 | pMT positive numbers because these are
d0/12 4 | pMT positive (into the pocket ) cashflows to the

5| PMT +FV same banker-lender from whose vantage

point we are describing the transaction.

Next, the number of periods is entered under the letter n(umber). Here we shall enter the
numbers 1,2,3,4 and 5 representing the 5 separate periods over which a cashflow will be received
as a periodic payment. A “period” can be any measure of time as you wish to define it: it may be
a day, month, year, quarter, half-year — or any other period of time you choose. In this example it
represents monthly periods.

The position indicated by FV (Future Value) will be represented by a zero (0), because the loan
is meant to be fully repaid at the end of the fifth month (period) and (0) will remain as the future
balance. The position FV in loan situations always represents the remaining balance of the loan.
In other situations it represents a value present at the end of a sequence of cashflows. For
example, if you rent equipment to others, FV would be the reversionary value , or worth, of your
property at the end of the lease. If you are leasing an automobile, dealers call the Future Value
of the auto at the end of the lease the residual value.

The interest rate i is annotated to the left of the T-Bar as a mnemonic to remind us that the
interest rate is 10%. We have divided the interest rate by 12 to convert it to a monthly rate. Take

note that in order to enter a 10% interest rate into EI you should not enter into the calculator the
decimal 0.10. Any number entered into the key El is automatically divided by 100. Therefore to
enter an interest rate of 10%, you should simply key-in the number 10, and press the EI button

(1,2). The calculator expects a number entered into E] to be a percent, not a decimal.

Be Time Consistent With The Variables

Another very common error made in dealing with cashflows is that the interest rate i per period
does not conform with the period, n, for which payments (PMTs) are to be made or received. If
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payments are to be considered monthly payments, the interest rate in i should be a monthly
interest rate (e.g. 0.10 + 12); if the payments are to be considered quarterly payments, the number
in i should represent the quarterly interest rate (e.g. 0.10 + 4); if the payments are to be annual
payments, the number in i should represent the annual interest rate (e.g. 0.10 + 1).4 The interest
rate i should always be time-consistent with the period n and with the time period for the PMT.

The last position is the PMT position. If we solve this particular problem for the amount of
payment necessary to repay the loan, the solution will be transferred to the PMT position to
represent the completed cashflow event.

Our T—Bar will now look like this:

-1,000.00 _ (PV)

!
EOMS 1 | 20503 (PMT)
2 20503
i=10%/12 3 |  205.03
4 | 205.03
5 205.03 + 0 (FV)

Let’s now transfer the elements of the T-Bar to the financial registers of the calculator:

n i PV PMT FV
5 0.83 -1,000.00 ? 0

Here are the keystrokes and what should appear in the display window after each entry:

Key-In Display Shows
5 [n] 5.00 6

10fg][i | 0.83
1000 -1,000.00

0 0.00
solving ......... (push) 205.03

4 The value (0.10 +12) would be entered as 10 +12. The calculator will divide the result by 100.
End of Month. EOY = End of Year; EOQ = End of Quarter, etc.

If your calculator does not show two decimal places, set it to two places by pressing [Z] 2. Be aware,

however, that although only 2 decimal places are shown, the calculation uses up to 9 decimal places in
it computations.
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The second entry, 10 IEI ,1s a convenient way of dividing the interest rate by 12. Whenever you

precede the entry of a number into E| by first pressing the blue key E] (4,3) the number entered into El

is automatically divided by 12. If you need to express the interest rate for any period other than
monthly, do it using the keypad; e.g. if n were a quarterly period, then you would handle the interest

rate as follows: (10 4 E] ) delivers 2.5 which is then directly entered into E] . The

key (1,6) CHanges the Sign to the opposite sign. In this case it changes a positive 1,000 to a negative
-1,000.

Suppose, on the other hand, that you elect to depict the cashflow from the viewpoint of the
borrower. Everything is the same except that the signs are reversed:

+1,000.00 (PV)

EOM 1 \ 205.03 (PMT)
2 -205.03
i=10%/12 3 -205.03
4 | 205.03
5

-205.03 + 0 (FV)

If you enter these data into the calculator, the result will be:

Key In Display Shows
5[n] 5.00

10 [g] [i] 0.83
1000 1,000.00

0 0.00
solving .......... «|PMT -205.03
or,
n i PV PMT FV
5 0.83 | -1,000.00 ? 0

Solving 9t 205.03..

It’s a good idea to approach every investment situation from the vantage point of the investor.
Therefore every investment situation will begin with a negative cashflow, the amount of the
initial investment.
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Concept of Present Value, Future Value

The Present Value, PV, of one dollar held today is one dollar because it can buy one dollar’s
worth of goods or services. The FV of one dollar invested today, however, cannot be determined
until you decide how many periods, n, will elapse before you receive it, and the rate of growth, i,
which the cash will earn for the number of periods over which it is invested.

If we are trying to determine the future value of a present value dollar, held for n periods and
earning interest at the rate i per period, then i is called an interest rate.” If, on the other hand, we
want to determine the present value today of a sum to be received n periods in the future, i is
called a discount rate. In other words, i can represent either an interest rate or a discount rate,
depending on the direction in time we want to go. Going forward in time, i is an interest rate; but
going backward in time, i is a discount rate.

An interest rate and a discount rate are different sides of the very same coin.

That’s why these calculations are often referred to as calculations involving the “present worth of
money” or the “time value of money.” These phrases suggest, as we have already noted, that cash
has a value today, and a different value tomorrow. The value of money is time-dependent.

The Underlying Basic

There is a mathematical relationship between the Future Value (FV) of a dollar and its Present
Value (PV), a relationship which is very important to understand. It is described by this simple
expression:

FV

1+i)"

PV =

where,
PV is the value of an amount of cash today — its Present Value
FV is the Future Value of the cash to be received in the future
i is the interest (or discount) rate to be applied
n is the number of periods (time) between the PV and the FV

Mathematically, the relationship tells us that the PV of a single sum to be received in the future
(FV), is equal to the FV divided by the expression (1 + i) raised to the power n. Before going
on, let’s refresh our memories about what it means to raise a number to a power.

When we raise a number to a power n, we simply multiply a number times itself for as many
times as is indicated by the number n. The number n is called the exponent, and is written x".

7 In some cases the letter r is used to indicate rate.
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Therefore:
100 = 10
10> = 10x10=100
(1+.100* = 1.10x1.10x1.10x 1.10= 1.46
3% = 3x3x3x3x3x3=729

107" = 110

102 = 1/100

10" = 10°% =1.5849 (the 5" root of 10) —
10° = 1 Any number or expression raised to

g the zero power equals one.

Knowing these simple facts enables you to convert the future receipt of a single sum of money
into a Present Value (today), provided you specify a discount rate (since we are moving
backward in time), and further specify the number of periods, n , between PV and FV.

Solve this problem, please:

You agree to take part of your consultation fee in the form
of a note which calls for you to receive $5,000 at the end of 3
years. The notes carries no interest rate and no intermediate
payments.

What is the present value (or present worth) of this note?

It is easy to see that:

PV=7"?
FV = 5,000
n =3

But whatisi ?

You determine that if you had a comparable sum in your hand today, you could invest it (in
another investment of similar risk8) at an annual interest rate of 10%. Therefore, you assign i a
value of 10% or 0.10. Now you can substitute into the formula above all the values you have at
hand:

FV 5,000

T +D)M T (1+.10)3

5,000 = 2000 55657

V= (1+.10)(1+.10)(1+.10) 1.33

Therefore your promissory note has a Present Value, under the terms and conditions stipulated,
of not $5,000, but $3,756.57 today. To someone else who has a different opportunity cost, this
note will have a different Present Value. Therefore the (present) value of this note is, in the last
analysis, fairly subjective because it depends on the rate at which the future PMTs are discounted
by the person doing the discounting. This is a fact with all investments.

8 The rate which could be earned on the next best investment of similar risk is known as the “Opportunity
Cost” of money. In this case you estimate that if you were paid your fee at closing you could invest it to
earn 10% per year. Therefore your Opportunity Cost is 10%.

Page 1-8



Chapter 1: Present and Future Values |

Using the Calculator's Financial Register

Now that you understand how PVs are determined, you could process one with a discount-store
calculator. But financial calculators, such as the HP-12C,9 make the entire exercise very easy.
Simply enter the data into the appropriate financial registers:

n i PV PMT FV
3 10.00 ? 0 5,000.00
Solving -{—P» -3,756.57

The keystrokes are:

Key-In Display Shows
3 [n] 3.00
10 [i] 10.00
0 [PMT 0.00
5000 5,000.00
solving ........... -3,756.57

[The fact that PV is shown as a negative number is a convention of the calculator, and does not
necessarily indicate a negative number.]

Determining the Future Value of a Single Sum

It is frequently required to estimate the value to which a single sum invested today (a PV) will
grow if invested at i rate of interest for n periods. For example:

Smith invests $300,000 in a parcel of vacant land in the "path
of progress." He estimates that land values will grow at an

annually compounded rate of 8% over the next 5 years.

What is the projected value (FV) of Smith's land at the end of 5 years?

In order to answer this question, we need only to rearrange the PV-FV formula:

FV
PV = :
(1+)n
FV =PV * (1+ 1)1 (This is the formula for compound interest)
Therefore — FV =300,000x (1+.08)5

FV =300,000x 1.08 x 1.08 x 1.08 x 1.08 x 1.08
FV =440,798.42

9  All financial calculators use this sequence.
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Using the calculator, the problem is easily solved:

n i PV PMT FV
5 8.00 -300,000 0 ?
Solving... | 440,798.42

The key strokes are:

Key In Display Shows
5[n] 5.00
8 [i 8.00
300000 -300,000.00
0 [PMT 0.00
solving,
440,798.42

When i Is a Negative Number

Suppose Smith were absolutely wrong in his projection, and
the value of the land declined at the rate of 8% per year for 5 years.

What would Smith's lot then be worth?

FV =300,000 x (1-.08)5
FV =300,000 x 0.92 x 0.92 x 0.92 x 0.92 x 0.92
FV =197,724.46

On the calculator —

n i PV PMT FV
5 —8.00 -300,000 0 ?
Solving ¥ 197,724.46
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The keystrokes are virtually identical except that the interest rate, i, is entered as a negative
number:

Key In Display Shows

5[n] 5.00
8 [i] - 8.00
300000 ~300,000.00

0 [PMT 0.00
SOIVING ..o, 197,724.46

Try another:
You deposit $10,000 in a bank which compounds interest at
the end of every month at the annual rate of 4.5% per year.

What will be your bank balance at the end of 5 years?

The thorn in this problem is that the interest rate is expressed annually but applied every month.
Therefore i per period is not 4.5% but (4.5% + 12).10 Since the annual interest rate is to be
expressed and applied monthly, you must also convert the periods n to months.

In 5 years there are 12 x 5 = 60 months. Therefore n = 60.

Now solve the problem using your non-financial calculator.

FV = PVx (1+in

FV = 10,000 x (1 + (0.045+12))60 (see footnotel1)
FV = 10,000 x (1 +.00375)60

FV = 10,000 x 1.25180

FV = 12,517.96

10 This will result in compounding of the rate.
11 There is an alternate way to calculate the value of ( 1+ (0.045+12))60. Follow these steps:

Key-In Display

£6 0.000000
.045 Enter 0.045000
12+ 0.003750
1+ 1.003750
60 |y'] 2,1) 1.251796
10000 12,517.9582
f2 12,517.96

Page 1-11



| Chapter 1: Present and Future Values

It’s much easier using a financial calculator:

n i PV PMT FV
60 4.5/12 -10,000 0 ?
Solving - 12,517.96

The keystrokes are:

KeyIn Display Shows
5[g| [n] 60.00
4.5 [g] [i] 0.38 (0.375, actually 12)
10000 ~10,000.00
0 [PMT 0.00
SOIVING .eveeereerersece 12,517.96

PV and FV Derived from Periodic Payments

So far we have determined PVs and FVs without any regard to PMTs. But the financial world is
simply not that simple. Most financial cashflows involve payments made or received
periodically. To complicate matters slightly, these periodic PMTs can be either negative
cashflows or positive cashflows. The difference between a FV and a PMT is that a FV occurs
only once, while PMTSs can occur at the beginning or at the end of each period for as many times
as may be indicated by n. Any value you enter into FV, however, is always regarded by the
calculator as occurring at the end of period n, and occurs only once.

This is as good a time as any to tell you that this "horizontal" financial register —

| n i PV PMT FV |

can be used in problems only where there are no PMTs or where the PMTs are equal. By
“equal” we mean equal in amount and equal in sign (+,-). If the payments are of different
amounts, or if, though equal in amount, they change signs during the cashflow series, this register
cannot be used. There is a separate register which will solve these problems, and we will get to
that shortly.13

12 Press 3 to view the number with the decimal point set to three places

13 If the cashflow series has a period in which no payment is received or made, this period must be
represented by a zero. Cashflows containing zero payments combined with either positive or negative
payments are uneven cashflows. The “horizontal” registers cannot be used.
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The value of the number entered into the PMT register is a payment either made or received in
each period, n. For example, suppose you expect to receive $100 per month for the next 2
months. If you enter the number 100 into PMT and the number 2 into n, you are informing the
calculator that the cashflow will be positive (into your pocket), will be equal to 100, and will
occur 2 times.

n i PV PMT FvV
2 100 0

Now let us inform the calculator that the rate i is 10% annually. You may not enter 10 directly
into i because 10% is the annual rate and you have already defined that PMT!4 is a monthly
cashflow. Therefore you must convert the annual rate into a monthly rate.

Key In Display Shows

10 [g] 0.83

The registers now contain:

n i PV PMT FvV
2 0.83 100 0

You must now decide whether to move forward in time to solve for FV, or move backward in
time to solve for PV. If we move forward in time to solve for the Future Value of these
payments, we ask the calculator to determine the interest on the payments received, and to add
the interest to the accrued payment amounts, and to display the results in the FV register.

Payments at the Beginning or End of Period

But before we can go on, we need to discuss when these PMTs are to be received. We know that
they are to be received at monthly intervals, but the question is: “At the beginning or at the end
of the month?” It makes a financial difference.

The difference between PMTs received from a lease and those from a mortgage, for example,
will serve to illustrate this important point. Lease PMTs are customarily made at the beginning of
the month (BEG). Therefore if you were to receive two lease payments of $100 per month, you
could earn interest on the first payment of $100 for two months; you could also earn interest on
the second month’s PMT of $100 for one month.

If these PMTs flowed from a mortgage, however, the payment of $100 would be made at the end
of the month (END). In this case you could earn interest on the first payment for only one month,
and you would earn no interest on the second payment of $100 because it occurs at the end of the
second month, which is also the end of the cashflow period under consideration. Therefore you

14 Whenever a PMT is involved, the timing of the PMT defines the timing for the values in i and n.

Page 1-13



| Chapter 1: Present and Future Values

need to inform the calculator when the PMTs will occur: at the BEGinning or at the END of the
month.

On the lower face of keys (1,7) and (1,8) you will see — printed in blue — the letters BEG on
(1,7) and END on (1,8). You must access these functions by first pressing the blue key, @ 4,3)

and then pressing either BEG or END. Depending on which you choose, you inform the
calculator that the PMT will occur either at the beginning or end of the period n. When BEG is
selected the word “BEGIN” will appear in the display window. When END is selected, the word
“BEGIN” will not appear (the same position in the window will be blank).

Let’s assume that in our example the PMT of 100 will flow from a lease and will occur at the
beginning of the period. We need, then, to set the calculator to “BEGIN.” Once that is done we
can solve the problem.15 Here are the keystrokes:

Key In Display Shows
<
E] (1,7 0.00 Calculator window now
2 [n] 2.00 reads "BEGIN"
indicating that all
10 IE' EI 0.83 PMTs will be treated as
100 [PMT 100.00 having pegn received at
the beginning of each
solving ........ -202.51 period.
BOP (Beginning of Period)
n i PV PMT FV
2 0.83... 0 100 ?

Solving - —202.51

Now consider that the PMTs flow from a mortgage or bond you hold. Since mortgage and bond
payments are made in arrears (at the end of the period), you need to inform the calculator to treat
the PMTs as end-of-the-period PMTs. There is no need to key in all the values again. Simply
change to END (g, End on key 1,8) and re-solve by pressing FV:

n i PV PMT FV
2 0.83... 0 100 0
Solving P —200.83

15 On computer spreadsheets this choice is available in relevant financial function commands by the
insertion of either O or 1 at the “TYPE” position in the formula; e.g. =PMT(rate, nper, PV,
FV,TYPE). When TYPE = 1, PMTS are BOP. When TYPE = 0, PMTs are EOP. Default = 0
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Combining PVs & FVs with Positive & Negative PMTs

A savings account is an excellent example of a combination of an initial PV and subsequent
PMTs.

Suppose that you deposit (a deposit is a negative cashflow to you)

$10,000 in a savings account which pays interest i at the

rate of 5% per year. You also plan to deposit an additional

$2,309.75 to this account at the end of the year.

Interest is credited to your account annually.

What would be your account’s balance be at the end of year 1 ?

n PV PMT FV
1 -10,000 -2,309.75 ?
Solving.. | 12,809.75

Note that PMT is also a negative number because it represents an out-of-pocket cashflow to you.

At the end of the first year (‘period’) your balance would consist of a recent PMT of $2,309.75
plus the original $10,000 deposit plus the interest earned on the original $10,000 deposit for one
year ($500). This explains the total ($10,000 + 500 + 2309.75 = $12,809.75). You earned no
interest on the $2,309.75 you deposited because it was deposited at the end of the last period.

Suppose now, that after entering the original sum of $10,000 in your account, you withdraw the
amount of $2,309.75 at the end of the year. What would be your balance after the first year’s
withdrawal?

Let’s change the sign of the PMT to reflect an into-your- pocket cash flow:

n i PV PMT FV
1 5 -10,000 +2,309.75 ?
Solving.Pr 8,190.25

During the year, your original deposit earned interest at the rate of 5% annually and therefore the
total in the account was $10,500. But after your year-end withdrawal of $2,309.75, your balance
fell to $8,190.25 ($10,500 - 2,309.75).

What would be your balance at the end of 5 years?

(Did you make yourself a fully-amortizing loan payable $2,309.75 annually for 5 years,

n PV PMT FV
5 —-10,000 +2,309.75 ?
Solving.~¥  0.01

including interest at the rate of 5% per annum? Think about this.)
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Discounting Amounts To Be Received in the Future

So far we have dealt with converting PVs, either alone or combined with positive and negative
PMTs, into FVs. An equally important skill involves converting PMTs into Present Value
amounts, single sums (FVs) into Present Values, and the combination of FVs and PMTs into

PVs. Let’s take simple future PMTs first.

There is a priority involved in solving this problem: first, you must determine the PV of the note
in the hands of each banker; then you must determine what percentage of the PV he will lend.

Suppose that you grant your neighbor, Jones, a 5-year

easement over your property in return for his promissory note
which specifies monthly payments of $125 for the next five years.
You visit three banks to determine how much you can borrow
against this note. You are well known to each banker and have

the financial ability to guarantee the payments on the note.

Banker A tells you that he will lend 50% of the value of the (note)
PMTs, discounted at 10% annually.

Banker B tells you that he will lend 55% of the value of the (note)
PMTs, discounted at 11% annually.

Banker C tells you that he will lend 60% of the value of the (note)
PMTs, discounted at 12% annually.

Which is the best offer?

Let’s quickly determine the PV of this note to each banker:

Therefore Banker A estimates the PV of this note at $5,883.17; Banker B values it at $5,749.13,

Banker A:
n i PV PMT FV
60 10/12 ? 125.00 0

Banker B:
n i PV PMT FV
60 11/12 ? 125.00 0

Solving % —5,749.13

Banker C:
n i PV PMT FV
60 12/12 ? 125.00 0

Solving:~ % —5,619.38

while Banker C holds for a value of $5,619.38.
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Notice that as the discount rate increases, the PV of the future PMTs decreases. You should
make permanent mental storage of the fact that when discounting cashflows, the higher the
discount rate applied, the lower the Present Value of the cashflow.16

To determine the amount each banker will lend on this note we need only multiply the PV value
times the percentage listed above:

Banker PV % of Value | Loan Amount
A 5,883.17 50 2,941.59
B 5,749.13 55 3,162.02
C 5,619.38 60 3,371.63

Obviously, Banker C will advance a greater amount on the collateral of your note even though
he discounts the value of the note at a higher (12%) rate.

The problem above involves the discounting of future PMTs only. No FV was involved.
Frequently, however, cashflows to be received in the future come in the form of periodic PMTs
together with a lump sum at the end of the period. Many Promissory Notes are a good example of
periodic PMTs combined with a FV (the loan payoff).

Discounting a Promissory (Trust Deed) Note

“Discounting” a promissory note to determine its market value is simply the process of
determining the Present Value of future cashflows, having selected a desired yield or discount
rate. Consider, for example, the following common situation:

A client has negotiated the sale of her residence. The price is
satisfactory but the buyer’s offer requires the client/seller to carry
back a promissory note in the amount of $25,000, payable monthly,
interest only, at the rate of 10% per year, with the remaining balance
and interest all due and payable three years “from date” (the date of
the note). Your client/seller agrees to accept the price only if you can
liquidate the note at the close of escrow. A physician whom you
know invests in discounted promissory notes for his 401-K account.
He agrees to buy the note provided it provides him a 12% annual
yield.

At what price must the note be sold into the physician’s retirement
account, and what will be the percent discount of the note from its
face value?

16 Bonds behave this way also. As the interest rates rise, bond values fall. See-saw Majorie Daw: a
Discount rates sits on one end of the teeterboard and the Present Value sits on the other.
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Let’s enter the cashflow represented by the note into the T-Bar:

—25,000 (PV)
EOM 1 208.33... (PMT)
2 208.33
i=10%/12 :
36 208.33 + 25,000 (FV)

Note that the principal payoff (FV) occurs at the End Of Month 36 and not in the following
month. It is a common mistake to set up a problem such as this indicating 36 monthly payments
and then to place the payoff (FV) one period later. This mistake converts the term of the note, n,
to 37 months, not 36 months as it should be.

The T-Bar now depicts the way this note will perform. But the problem to be solved is to
determine the Present Value of this cash flow discounted at 12%, the minimum rate the investor
requires. In other words:

2 (PV)
EOM 1 208.33 (PMT)
208.33
i=12%/12 :
36 208.33 + 25,000 (FV)

We can now transfer these values to the calculator and solve for PV.

n i PV PMT FV
36 12/12 ? 208.33... 25,000
Solving --1-» 23,745.52

Therefore the physician can buy this note for $23,745.22 and earn exactly 12% per annum on his
invested cash for 3 years. His PMTs will be $208.33 per month for 35 months with a final
payment of $208.33 plus the remaining balance of $25,000.17 The keystrokes for this problem
are as follows:

Key In Display Shows
36 [n] 36.00
12 [g] [i] 1.00
208.33 208.33
25000 25,000.00
solving, .............. -23,745.22

17 Notes which provide for interest-only payments are know as straight notes.

Page 1-18



Chapter 1: Present and Future Values |

Suppose, for a moment, that the physician requires not a
12% return on his cash invested, but a 15% return.

What would the PV of this note become?

Again, it is not necessary to re-enter all the values. Simply “write over” the discount rate i as
follows:

Key In Display Shows
15 [g] [i] 1.25
solving, .......cccccouu..... —21,994.9818
n i PV PMT FV
36 15/12 ? 208.33 25,000

Solving -9 —21,994.98

As you can see, the higher the discount rate, the lower the PV of the cashflow.

The percentage of discount from face value is also easily expressed.
In the first case:

Key In Display Shows
25000 25,000.00

23,745.22 (2.4) -5.02

Therefore the seller would be required to discount the $25,000 note 5.02% to deliver a 12% yield
to the physician. In the second case:

Key In Display Shows
25000 25,000.00
21,994.98/ A% | -12.02

If a 15% yield were required, the note would be discounted 12.02% from face value.

The first two sets of examples and problems involved the discounting of PMTs only, and then the
discounting of PMTs combined with a FV to be received at the end of the periods. If you are
required to determine the PV of a single future sum, FV, you have the easiest problem of all.

18 The PMT is 1/12th of (25,000 *10%) which results in 208.333333.... but this would be collected as
$208.33.
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For example, here’s a dramatization of the PV of a FV, discounted at a certain rate:

Suppose your home has a current market value of $250,000.
Would you sell it for $50,000?

“Of course not,” you say.

But what if you were offered $1,000,000 for your property?
Most individuals would jump at the chance.

But you haven’t yet been told when you would receive the cash.

If you were told that the cash would be paid in 50 years (a bit
hyperbolic, but play along), would you still accept the offer?

The situation really poses the financial question: “What is the PV (today) of $1,000,000 to be
received 50 years in the future?

In order to answer the question, you must again choose a discount rate i, which will enable you to
move the value of money backward in time. Let’s assume that if you had a large sum of money in
hand, you could safely invest the cash to earn 8% per year, net. This, then, is the opportunity cost
of money to you. It is also the discount rate you would use to value the offer, and to convert the
promise of a future receipt of cash into its equivalent cash value today:

n i PV PMT FV
50 8.00 ? 0 1,000,000
Solving--- > -21,321.23

Now that you know you would not accept the $1,000,000 offer because it has an equivalent
Present Value of only $21,321.23, what is the longest period of time you could wait to receive
the money without losing the present value of your $250,000 home?

We can solve this problem by entering —250,000 into the PV register and solving for n, the
number of periods required for $250,000 to grow to $1,000,000 if the PV grows at the rate of 8%
annually. But before we proceed.....

Uncovering an Idiosyncrasy of the HP-12C

We can also restate this problem to ask “Over how many periods must we discount the receipt of
$1,000,000 to create a Present Value of $250,000, if we discount at the rate of 8% per period?”

n i PV PMT FV
? 8.00 -250,000 0 1,000,000
19 <~ Solving
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Caveat

When solving for n, the HP-12C calculator!9 rounds up the answer and delivers the value of n
only in whole numbers (integers). In this example, the answer for n appears to be 19 years. But
the calculator has rounded the answer up to the next highest integer.20 If you re-solve this
problem for FV using n = 19 you will find a different value for FV:

n i PV PMT FV
19 8.00 ~250,000 0 ?
Solving -»| $1,078,925.27

The fact that the FV exceeds $1,000,000 means that n should be slightly less than 19.00 years.
Unfortunately, there is no way, using the financial registers of this particular calculator,2! to
determine exactly what n should be. This problem surfaces again in dealing with amortizing
promissory notes, and we will amplify on its significance in a later chapter.

Determining a Yield (i) From Even Payments

Suppose the physician in the previous example

desires to know the rate of return he could achieve if he could
buy the seller’s carry-back note of $25,000 at a 20%

discount from its face value.

What would his return be?

Remember that the note is scheduled to pay interest-only PMTs of $208.33 each month for 35
months and then a final payoff of the last interest PMT and the FV (balance) of $25,000. This
variation is a problem in determining the yield, or discount rate, on the investment of $20,000. A
T-Bar constructed to depict this cashflow would look like this:

20,000 (PV)
EOM 1 | 208.33 (PMT)
2 1 208.33
i= 212

36 208.33 + 25,000 (FV)

19 This is not a problem with other HP machines such as the 17B and 19B.
20 n rounds UP to the next higher integer whenever the decimal portion of the answer exceeds .005
21 There is a way to do this on the HP 12-C using the natural logarithm LN (2,3) function: (1.08)" =

FV/PV, or, 1,000,000/250,000 = 4. (1.08)1 = 4. Therefore n = LN(4) + LN(1.08) = 18.012937 (years).
(Use key (2,3) to determine values of LN. ) Substituting 18.012937 in n will deliver FV = 1,000,000.
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Transferring these values to the calculator:

n

PV

PMT

FV

36

?

—20,000

208.33

25,000

The answer obtained, 1.564%, is the interest rate per period. Because we expressed both the
period n and the PMT in months, however, we need to multiply this monthly answer by 12 to
express the annual rate of 18.77%.

Distinguishing Between PMTs and FV

If you are dealing with only one PMT to be received at the end of the period, or one FV at the
end of the period, it doesn’t matter whether you treat the sum as a PMT or as a FV.
For example:

Determine the PV of a sum, $5,000, to be received one
year in the future and discounted at 10%.

As an EOP PMT:
n i PV PMT FV
1 10.00 ? 5,000 0
Solving 1% —4,545.45
AsaFV:
n i PV PMT FV
1 10.00 ? 5,000
Solving ~1'®»  —4,545.45

If n is something other than 1, however, it does make a difference. Here’s why...

If n = 2, and $5,000 is entered as a PMT, the calculator considers the sum of $5,000 to be
received twice, once at the end of period 1 and again at the end of period 2. If n = 2, and the
$5,000 is entered as a FV, the calculator considers that the sum of $5,000 is to be received only
once, at the end of the second period.

If n = 2, and $5,000 is entered both as a PMT and as a FV, the calculator considers that the PMT
of $5,000 is to be received twice and the FV to be received only once, at the end of period 2.

If you instruct the calculator to consider the receipt of the PMT as occurring at the beginning of
each period, such instruction will not alter the fact that the calculator always treats the receipt of
a FV to be a_one-time event always occurring at the end of period n.
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Chapter Summary

In this chapter, you have learned how to determine the Future and Present Values of cashflows
involving single sums and even payments. A number of points are worth re-emphasizing:

1.

2.

Cashflows represent financial transactions. There is a flow of money from one
pocket across to another.

Technically, a cashflow is a company's net operating profit after taxes, but with all
non-cash items added back in: depreciation and amortization deductions are non-cash
items.

In analyzing a cashflow transaction, it is important to adopt one point of view
regarding the flow of cash. In most cases, it is helpful to adopt the position of the
investor, or the person who advances the cash into an investment.

The signs of a cashflow are important when payments (PMTs) are involved. A
positive PMT usually will indicate the receipt of cash, while a negative cashflow will
represent additionally invested cash.

Every transaction must have a positive and negative cashflow. If PMTs are not
involved, entering a FV as a positive number will deliver a negative PV. This is
simply a convention of the calculator, and does not represent a loss. If a cashflow is
entered in PV as a negative number, the FV will always be positive.

The application of interest rates permits us to express the future worth (FV) of a
single sum, or a series of periodic, equal payments, or the combination of a single
sum together with periodic payments . Interest rates move money forward in time.
The application of discount rates permits us to express a single sum (a Future
Value), or a series of equal payments (PMTs), or a combination of the two, as a
Present Value (PV). Discount rates move both kinds of money values backward in
time.

The mathematical relationship between a single sum Present Value of money and a
single sum Future Value of money is expressed by the equation:

FV
1+)?
When equal PMTs are involved, this formula is opened up to show:

PMT ., PMT , PMT kv,
A+i)'  A+i)?  A+i)’ A+t
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In Chapter 1, we worked with cashflows which either did not Chap t er 2
contain PMTs or, if they did, the PMTs were equal, both in

amount and sign.. These situations occur with fixed-rate U neven
mortgages, payments under most promissory notes, the

conversion of a single sum annuity to a Present Value, or the C as hﬂows
extension of a series of equal annuity PMTs into a Future Value

or Present Value.

But many financial situations involve payments which change from period to period, either in
amount or from a positive to a negative sign. Most income-producing investments involve uneven
cashflows, and some even involve negative cashflows.

Whenever you need to deal with uneven PMTs, the “horizontal” financial register which has been
used,

| n | i | Pv |PMT |[FV |

is no longer applicable. You need to learn a different method. Consider a situation in which you
are scheduled to receive the following cashflows:

2
End of Period 1 } 100
| 200
i=.10 3| 300

What is the PV of this series of PMTs?

The alternate financial register we must use in dealing with uneven cashflows is composed of keys
(1,3), (1,4) and (1,5); specifically the functions printed in blue on the lower facet of these keys-1

1 Users of HP 17 and 19 models can access the uneven cashflow registers via the TVM /CFLO registers

Page 2-1



| Chapter 2: Working with Uneven Cashflows

These functions are, respectively:

n i ¥y PALT wY
CFo CFj Nj

You already know that in order to access these functions in blue you must first press the blue key
IE (4,3). You can consider that CFo stands for CashFloworiginal, or that certain amount of cash

invested at the very beginning of an investment. When it represents the initially invested cash, it
will be entered as a negative number.

CFj stands for the separate and different, individual PMTs, which you will enter per period E'
Nj stands for the number of times a particular cashflow, CFj, will occur. We will continue to use

the Elregister as before.

The first rule to observe is that when you begin a new cashflow series involving uneven payments,
you should set Cfo to zero.2 By doing so you automatically reset the n register to zero and alert
the calculator to get ready to count the number of different CFjs you are about to enter. You
should do this even though (as in the problem above) there is no CFo - no original investment.
Once done, the calculator will automatically keep track of the number of different cashflows
entered, increasing n by 1 each time you enter a different cashflow into CFj. Let’s try it:

Key In Display Shows Comment
E 0.00 clears all memory (except PRGM)
0 El 0.00 sets the n register to 0 and
installs 0 in memory cell 0
100 [g] 100.00 installs 100 in memory cell 1
200 [g| 200.00 installs 200 in memory cell 2
300 I—_ﬂ 300.00 installs 300 in memory cell 3

Now that you have these uneven cashflows entered into the memory registers of the calculator,
you n<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>