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An Introduction to Sixth Edition

All investment is a matter of exchanging something of value today for what we hope may become
something of greater value tomorrow. When we express these exchanges in terms of money, we
create cashflow situations. All investments involve cashflows, and the value of every investment
is the Present Value of all the future cashflows which the investor can hope to accrue over the
entire holding period, discounted at an acceptable rate.

This text attempts to uncover and illustrate, for those whose primary professional concern has not
been finance, the basic financial concepts and principles involved in investment problems and
decisions. Examples are drawn from a wide variety of financial investments: stocks, bonds, real
estate, promissory notes, leases, mortgages, all set in the practical circumstances of everyday
business.

The text makes ample use of the financial calculator, but assumes the reader initially has only the
most basic skills in using the machine. It uses the machine as a convenience-tool rather than as an
end in itself. It is a text aimed at understanding and employing financial concepts and not another
book on how to operate a financial calculator. This seems to me to be an important goal since the
skills required to solve financial cashflow problems depend more on a basic understanding of the
underlying concepts and creative thinking than on the ability to push keys by rote.

In this revision of the text, we have added a chapter pertaining to investment risk. We have also
added a glossary containing definitions, and sometimes a short explanation of a financial term or
related concept. We have revised the Appendix which now contains the mathematical derivation
of the most frequently used cashflow formulas. It also includes an amplification of the Inflation-
Adjusted Rate which is sometimes troublesome to some readers.

Although there are many excellent hand-held financial calculators, it is impractical to write a text
such as this for every different machine. Examples in the text are rendered in terms of Hewlett-
Packard's 12C model. If you have a calculator other than the HP-12C, you should take a few
minutes to learn how its financial registers can be accessed. After that, following the
methodology here is not at all difficult since all financial calculators use the same symbols.

The text also presents solutions using a computer spreadsheet. Examples are given in terms of
MS-Excel,® but a spreadsheet from Works® or Lotus 1-2-3® will do as well since the differences
among these programs are very small.

The reader may notice some small differences in the values calculated by the hand-held calculator
vs. those calculated by the computer. But the majority of differences found will be the result of
'lifting' (reading) calculated values from one register and manually reinserting them into another.
In almost all cases, we transpose values from one register to another thereby preserving the
accuracy of the calculation to the ninth decimal place. This accounts for some small differences.
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Introduction

The key to mastery of these concepts is in the solution of business problems. Therefore the text
makes ample use of problems and their solutions, step by step, to help the reader extract the
financial principle involved. I have also included a chapter with over 60 word problems and their
solutions because the process of mastering these techniques is a process of abstracting principles
from specific, relevant examples. Financial principles become evident only through the working
of many problems.

In depicting the calculator keystrokes we have sometimes omitted drawing a box around the key.
In instances where the omission was deemed likely to be confusing, or where the key is used for
the first time, we have boxed the key to help identify it. Also, we have used a shorthand to
identify key locations on the HP-12C: a location (1,3), for example, denotes the key located on

the first (top) row, third key (from the left).

Lastly, I wish to thank the students at the University of California, Irvine, for their excellent
suggestions and for their invaluable assistance in ferreting out errors, the inevitable typos, and
miscalculations. I am also pleased and thankful for the comments and support of many teachers in
various universities and colleges throughout the country where this book now serves as the text
for Cashflow Analysis courses in financial planning programs.

I also remain grateful to Dr. Charles J. Cuny of the University’s Graduate School of Business
who was especially helpful in developing the section on Bond Duration.

I hope An Introduction to Cashflow Analysis will be a significant, rewarding and stimulating
learning experience for you.

Robert J. Donohue CCIM

Irvine, California
2002
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he Time Value of Money is an important financial Chapte r ]

concept, since many investments in business (and

in our personal lives, as well) involve the payment or P resent Value

receipt of money over a period of time. And, as most

experienced business people know, financial value is a & F ulure Va lue

combination of cash paid today, and the terms for the

balance of the payment tomorrow. Of Ca Shﬂows

Most often affected are our major business investments:

the purchase or sale of a major income property; a direct

investment in a business venture; an investment in a partnership which, in turn, invests in a
business or real estate venture; the lease of both personal and real property; business and
personal loans; investments in stocks and bonds; and a host of transactions which create
cashflows over time.

We are concerned with our ability to measure and compare the value of cash to be paid tomorrow
with an equivalent amount paid today, and with tomorrow's value of an amount invested today.
These concepts involve Future Value cashflows and Present Value cashflows. But first, let’s
define our terms and establish a few basic concepts.

What is a Cashflow?

Cashflows are not profits, although some use the terms interchangeably. A Cashflow, in the
context in which we will be working, simply means the flow of money from one set of pockets
into another. The party providing the cash experiences a negative out-of-pocket cashflow; the
party receiving the cash experiences a positive into-the-pocket cashflow. Every financial
transaction involves both a positive cashflow and a negative cashflow.

In a more technical (and more correct) sense, cashflow may refer to cashflow from operations, or
from interest and dividends received, or from interest paid. For our purposes we are interested in
net earnings from operations before deductions for interest, taxes, depreciation and amortization
(EBITDA).
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| Chapter 1: Present and Future Values

Present Value and Future Value

Both these terms, Present Value and Future Value, rely for their meaning on the fact that money
has a time-value. By time-value, we mean that money can be worth more or worth less than its
apparent face or nominal value, depending on when it is to be paid out or when it is to be
received.

For example, a tax which can be deferred has a lower Present Value than its nominal amount
because a smaller sum can be invested today to grow to the amount necessary to pay the full tax
in the future. Cashflow analysis concerns itself with the Present and Future Values of money
paid or received over time, often measuring these values against some pre-selected investment
yardstick.

Nominal vs. Real Profits and Losses, Constant Dollars

There is a distinction to be made between nominal and real profits. If we invest today’s $1 in an
investment which will add to our wealth, the $1 will grow into some Future Value. If the $1 is
invested in such a way that it just keeps pace with inflation, we will have preserved the constant
or purchasing value of the dollar. We will have a nominal profit, but in actuality the future
dollar received will have no more buying power than the original dollar invested.

If we invest $1 in such a way that the amount realized in the future will buy more than $1’s worth
of goods or services, we will have made a real profit.

If our investment of $1 today increases in value, but does not keep pace with inflation, we will
have suffered a real loss in purchasing power, even though we may have a nominal profit. The
concept of nominal and real profits and losses is important to us all, but especially important to
those whose responsibility it is to plan for real profits, or to plan to meet future expenses with
constant dollars.

The Sign Convention

Since every financial transaction involves at least one positive and one negative cashflow, the
financial description of the cashflows must always include at least one positive and one negative
sign. Whenever you enter a cashflow problem involving only a PV and a FV, the PV and FV
values must be opposite in sign. This rule is so inviolable that if you enter a cashflow problem
into a financial calculator or computer without designating a giver (-) and a receiver (+), the
calculator will display an “Error 5 message while the computer spreadsheet delivers a #NUM
error sign.. You will know that you did not observe the proper sign convention, which recognizes
that in every cashflow sequence someone gives (—) and someone gets (+) the cash..

Cashflows may be either positive or negative, depending on the vantage point from which you
view the transaction. If you are a banker, the loan of $100,000 would be a negative (out-of-
pocket) cashflow event for your bank. Later, re-payments to your bank would be positive
cashflow events. If you are the borrower, the initial receipt of $100,000 would be a positive
cashflow; later, the same re-payments would be negative (out-of-pocket) cashflows.
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Importance of Maintaining Single Vantage Point

In analyzing cashflows, you must discipline yourself to adopt a single vantage point from which
to describe and analyze the cashflow transaction — and then stick to it. You must either be the
lender or the borrower; the lessor or the lessee; the mortgagor or the mortgagee. Viewing a loan
transaction from the lender’s point of view one moment, and then from the borrower’s point of
view the next, is a sure-fire way to introduce fatal signing errors into the structure of your
cashflow analysis. Any analysis based on this error will itself be incorrect. Be consistent. Be
either the lender or the borrower; either the lessor or the lessee; either the mortgagor or the
mortgagee. In sticking to one point of view, you will avoid signing errors. Or, to put it another
way, you will avoid crediting (+) cash to a party when you should be debiting (—) the same
party.]

’ Failure to follow this rule is one of the most common errors in cashflows analysis. |

Depicting Cashflows

It helps a great deal if you can "see" the cashflow situation with which you are working. A very
useful graphic device to accomplish this is a T-Bar, which will enable you to portray the
negative and positive movements of cash and their timing through the entire transaction. If you
learn to use this device to illustrate the flow of the cash you are attempting to evaluate, it is
difficult to imagine any cashflow problem which will not yield to a proper analysis.

The vertical T-Bar graphic used here has advantages when compared to the horizontal graphic
devices pictured in the handbook of most financial calculators because the T-Bar can be
expanded to the right to add and to the left to subtract cashflows, whereas the horizontal graphic
cannot be so easily modified. The ability to expand the T-Bar laterally means that other
cashflows which are concurrent in time can be added to, or subtracted from, the principal
cashflow. This ability to add and subtract T-Bars is a great aid in visualizing, simplifying and
condensing the overall transaction.

Fortunately the T-Bar which we will use contains a “place setting” for all financial elements
which correspond to the keys of the (horizontal) financial register of your HP—12C. These are the
keys which extend from positions (1,1) to (1,5) on the keyboard.2 They are also keys which are
common to all financial calculators, and they correspond to some of the symbols used by
computer spreadsheets3 in financial formulas:

| n i PV PMT FV |

1 Wherever possible view the transaction from the point of view of the investor.
2 (1,1) indicates the first key in row 1: (#key, #row)
3 Computer spreadsheets use nper instead of n to denote time periods, and rate to denote i.
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Therefore if you can depict the problem graphically with the aid of the T-Bar, you can transfer
the elements of the graphic to the calculator for a rapid solution.

Consider, for example, a T-Bar constructed to represent a loan by a banker for $1,000 to be re-
paid monthly over a five-month period, including interest at an annual rate of 10%. This loan

will be depicted from the point of view of the banker-lender who advances the cash.

The amount of —$1,000 will be entered in

ITHE BASIC T-BAR WILL LOOK LIKE THISI the T-Bar in the position occupied by PV
(Present Value), at the top of the T-Bar. It

(PV) is entered as a negative number because

- it represents a negative (out of-pocket)

1| PMT cashflow for the banker-lender. Payments

2 | PMT made by the borrower are represented as

i= 3 | pMT positive numbers because these are
d0/12 4 | pMT positive (into the pocket ) cashflows to the

5| PMT +FV same banker-lender from whose vantage

point we are describing the transaction.

Next, the number of periods is entered under the letter n(umber). Here we shall enter the
numbers 1,2,3,4 and 5 representing the 5 separate periods over which a cashflow will be received
as a periodic payment. A “period” can be any measure of time as you wish to define it: it may be
a day, month, year, quarter, half-year — or any other period of time you choose. In this example it
represents monthly periods.

The position indicated by FV (Future Value) will be represented by a zero (0), because the loan
is meant to be fully repaid at the end of the fifth month (period) and (0) will remain as the future
balance. The position FV in loan situations always represents the remaining balance of the loan.
In other situations it represents a value present at the end of a sequence of cashflows. For
example, if you rent equipment to others, FV would be the reversionary value , or worth, of your
property at the end of the lease. If you are leasing an automobile, dealers call the Future Value
of the auto at the end of the lease the residual value.

The interest rate i is annotated to the left of the T-Bar as a mnemonic to remind us that the
interest rate is 10%. We have divided the interest rate by 12 to convert it to a monthly rate. Take

note that in order to enter a 10% interest rate into EI you should not enter into the calculator the
decimal 0.10. Any number entered into the key El is automatically divided by 100. Therefore to
enter an interest rate of 10%, you should simply key-in the number 10, and press the EI button

(1,2). The calculator expects a number entered into E] to be a percent, not a decimal.

Be Time Consistent With The Variables

Another very common error made in dealing with cashflows is that the interest rate i per period
does not conform with the period, n, for which payments (PMTs) are to be made or received. If
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payments are to be considered monthly payments, the interest rate in i should be a monthly
interest rate (e.g. 0.10 + 12); if the payments are to be considered quarterly payments, the number
in i should represent the quarterly interest rate (e.g. 0.10 + 4); if the payments are to be annual
payments, the number in i should represent the annual interest rate (e.g. 0.10 + 1).4 The interest
rate i should always be time-consistent with the period n and with the time period for the PMT.

The last position is the PMT position. If we solve this particular problem for the amount of
payment necessary to repay the loan, the solution will be transferred to the PMT position to
represent the completed cashflow event.

Our T—Bar will now look like this:

-1,000.00 _ (PV)

!
EOMS 1 | 20503 (PMT)
2 20503
i=10%/12 3 |  205.03
4 | 205.03
5 205.03 + 0 (FV)

Let’s now transfer the elements of the T-Bar to the financial registers of the calculator:

n i PV PMT FV
5 0.83 -1,000.00 ? 0

Here are the keystrokes and what should appear in the display window after each entry:

Key-In Display Shows
5 [n] 5.00 6

10fg][i | 0.83
1000 -1,000.00

0 0.00
solving ......... (push) 205.03

4 The value (0.10 +12) would be entered as 10 +12. The calculator will divide the result by 100.
End of Month. EOY = End of Year; EOQ = End of Quarter, etc.

If your calculator does not show two decimal places, set it to two places by pressing [Z] 2. Be aware,

however, that although only 2 decimal places are shown, the calculation uses up to 9 decimal places in
it computations.
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The second entry, 10 IEI ,1s a convenient way of dividing the interest rate by 12. Whenever you

precede the entry of a number into E| by first pressing the blue key E] (4,3) the number entered into El

is automatically divided by 12. If you need to express the interest rate for any period other than
monthly, do it using the keypad; e.g. if n were a quarterly period, then you would handle the interest

rate as follows: (10 4 E] ) delivers 2.5 which is then directly entered into E] . The

key (1,6) CHanges the Sign to the opposite sign. In this case it changes a positive 1,000 to a negative
-1,000.

Suppose, on the other hand, that you elect to depict the cashflow from the viewpoint of the
borrower. Everything is the same except that the signs are reversed:

+1,000.00 (PV)

EOM 1 \ 205.03 (PMT)
2 -205.03
i=10%/12 3 -205.03
4 | 205.03
5

-205.03 + 0 (FV)

If you enter these data into the calculator, the result will be:

Key In Display Shows
5[n] 5.00

10 [g] [i] 0.83
1000 1,000.00

0 0.00
solving .......... «|PMT -205.03
or,
n i PV PMT FV
5 0.83 | -1,000.00 ? 0

Solving 9t 205.03..

It’s a good idea to approach every investment situation from the vantage point of the investor.
Therefore every investment situation will begin with a negative cashflow, the amount of the
initial investment.
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Concept of Present Value, Future Value

The Present Value, PV, of one dollar held today is one dollar because it can buy one dollar’s
worth of goods or services. The FV of one dollar invested today, however, cannot be determined
until you decide how many periods, n, will elapse before you receive it, and the rate of growth, i,
which the cash will earn for the number of periods over which it is invested.

If we are trying to determine the future value of a present value dollar, held for n periods and
earning interest at the rate i per period, then i is called an interest rate.” If, on the other hand, we
want to determine the present value today of a sum to be received n periods in the future, i is
called a discount rate. In other words, i can represent either an interest rate or a discount rate,
depending on the direction in time we want to go. Going forward in time, i is an interest rate; but
going backward in time, i is a discount rate.

An interest rate and a discount rate are different sides of the very same coin.

That’s why these calculations are often referred to as calculations involving the “present worth of
money” or the “time value of money.” These phrases suggest, as we have already noted, that cash
has a value today, and a different value tomorrow. The value of money is time-dependent.

The Underlying Basic

There is a mathematical relationship between the Future Value (FV) of a dollar and its Present
Value (PV), a relationship which is very important to understand. It is described by this simple
expression:

FV

1+i)"

PV =

where,
PV is the value of an amount of cash today — its Present Value
FV is the Future Value of the cash to be received in the future
i is the interest (or discount) rate to be applied
n is the number of periods (time) between the PV and the FV

Mathematically, the relationship tells us that the PV of a single sum to be received in the future
(FV), is equal to the FV divided by the expression (1 + i) raised to the power n. Before going
on, let’s refresh our memories about what it means to raise a number to a power.

When we raise a number to a power n, we simply multiply a number times itself for as many
times as is indicated by the number n. The number n is called the exponent, and is written x".

7 In some cases the letter r is used to indicate rate.
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Therefore:
100 = 10
10> = 10x10=100
(1+.100* = 1.10x1.10x1.10x 1.10= 1.46
3% = 3x3x3x3x3x3=729

107" = 110

102 = 1/100

10" = 10°% =1.5849 (the 5" root of 10) —
10° = 1 Any number or expression raised to

g the zero power equals one.

Knowing these simple facts enables you to convert the future receipt of a single sum of money
into a Present Value (today), provided you specify a discount rate (since we are moving
backward in time), and further specify the number of periods, n , between PV and FV.

Solve this problem, please:

You agree to take part of your consultation fee in the form
of a note which calls for you to receive $5,000 at the end of 3
years. The notes carries no interest rate and no intermediate
payments.

What is the present value (or present worth) of this note?

It is easy to see that:

PV=7"?
FV = 5,000
n =3

But whatisi ?

You determine that if you had a comparable sum in your hand today, you could invest it (in
another investment of similar risk8) at an annual interest rate of 10%. Therefore, you assign i a
value of 10% or 0.10. Now you can substitute into the formula above all the values you have at
hand:

FV 5,000

T +D)M T (1+.10)3

5,000 = 2000 55657

V= (1+.10)(1+.10)(1+.10) 1.33

Therefore your promissory note has a Present Value, under the terms and conditions stipulated,
of not $5,000, but $3,756.57 today. To someone else who has a different opportunity cost, this
note will have a different Present Value. Therefore the (present) value of this note is, in the last
analysis, fairly subjective because it depends on the rate at which the future PMTs are discounted
by the person doing the discounting. This is a fact with all investments.

8 The rate which could be earned on the next best investment of similar risk is known as the “Opportunity
Cost” of money. In this case you estimate that if you were paid your fee at closing you could invest it to
earn 10% per year. Therefore your Opportunity Cost is 10%.
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Using the Calculator's Financial Register

Now that you understand how PVs are determined, you could process one with a discount-store
calculator. But financial calculators, such as the HP-12C,9 make the entire exercise very easy.
Simply enter the data into the appropriate financial registers:

n i PV PMT FV
3 10.00 ? 0 5,000.00
Solving -{—P» -3,756.57

The keystrokes are:

Key-In Display Shows
3 [n] 3.00
10 [i] 10.00
0 [PMT 0.00
5000 5,000.00
solving ........... -3,756.57

[The fact that PV is shown as a negative number is a convention of the calculator, and does not
necessarily indicate a negative number.]

Determining the Future Value of a Single Sum

It is frequently required to estimate the value to which a single sum invested today (a PV) will
grow if invested at i rate of interest for n periods. For example:

Smith invests $300,000 in a parcel of vacant land in the "path
of progress." He estimates that land values will grow at an

annually compounded rate of 8% over the next 5 years.

What is the projected value (FV) of Smith's land at the end of 5 years?

In order to answer this question, we need only to rearrange the PV-FV formula:

FV
PV = :
(1+)n
FV =PV * (1+ 1)1 (This is the formula for compound interest)
Therefore — FV =300,000x (1+.08)5

FV =300,000x 1.08 x 1.08 x 1.08 x 1.08 x 1.08
FV =440,798.42

9  All financial calculators use this sequence.
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Using the calculator, the problem is easily solved:

n i PV PMT FV
5 8.00 -300,000 0 ?
Solving... | 440,798.42

The key strokes are:

Key In Display Shows
5[n] 5.00
8 [i 8.00
300000 -300,000.00
0 [PMT 0.00
solving,
440,798.42

When i Is a Negative Number

Suppose Smith were absolutely wrong in his projection, and
the value of the land declined at the rate of 8% per year for 5 years.

What would Smith's lot then be worth?

FV =300,000 x (1-.08)5
FV =300,000 x 0.92 x 0.92 x 0.92 x 0.92 x 0.92
FV =197,724.46

On the calculator —

n i PV PMT FV
5 —8.00 -300,000 0 ?
Solving ¥ 197,724.46
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The keystrokes are virtually identical except that the interest rate, i, is entered as a negative
number:

Key In Display Shows

5[n] 5.00
8 [i] - 8.00
300000 ~300,000.00

0 [PMT 0.00
SOIVING ..o, 197,724.46

Try another:
You deposit $10,000 in a bank which compounds interest at
the end of every month at the annual rate of 4.5% per year.

What will be your bank balance at the end of 5 years?

The thorn in this problem is that the interest rate is expressed annually but applied every month.
Therefore i per period is not 4.5% but (4.5% + 12).10 Since the annual interest rate is to be
expressed and applied monthly, you must also convert the periods n to months.

In 5 years there are 12 x 5 = 60 months. Therefore n = 60.

Now solve the problem using your non-financial calculator.

FV = PVx (1+in

FV = 10,000 x (1 + (0.045+12))60 (see footnotel1)
FV = 10,000 x (1 +.00375)60

FV = 10,000 x 1.25180

FV = 12,517.96

10 This will result in compounding of the rate.
11 There is an alternate way to calculate the value of ( 1+ (0.045+12))60. Follow these steps:

Key-In Display

£6 0.000000
.045 Enter 0.045000
12+ 0.003750
1+ 1.003750
60 |y'] 2,1) 1.251796
10000 12,517.9582
f2 12,517.96
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It’s much easier using a financial calculator:

n i PV PMT FV
60 4.5/12 -10,000 0 ?
Solving - 12,517.96

The keystrokes are:

KeyIn Display Shows
5[g| [n] 60.00
4.5 [g] [i] 0.38 (0.375, actually 12)
10000 ~10,000.00
0 [PMT 0.00
SOIVING .eveeereerersece 12,517.96

PV and FV Derived from Periodic Payments

So far we have determined PVs and FVs without any regard to PMTs. But the financial world is
simply not that simple. Most financial cashflows involve payments made or received
periodically. To complicate matters slightly, these periodic PMTs can be either negative
cashflows or positive cashflows. The difference between a FV and a PMT is that a FV occurs
only once, while PMTSs can occur at the beginning or at the end of each period for as many times
as may be indicated by n. Any value you enter into FV, however, is always regarded by the
calculator as occurring at the end of period n, and occurs only once.

This is as good a time as any to tell you that this "horizontal" financial register —

| n i PV PMT FV |

can be used in problems only where there are no PMTs or where the PMTs are equal. By
“equal” we mean equal in amount and equal in sign (+,-). If the payments are of different
amounts, or if, though equal in amount, they change signs during the cashflow series, this register
cannot be used. There is a separate register which will solve these problems, and we will get to
that shortly.13

12 Press 3 to view the number with the decimal point set to three places

13 If the cashflow series has a period in which no payment is received or made, this period must be
represented by a zero. Cashflows containing zero payments combined with either positive or negative
payments are uneven cashflows. The “horizontal” registers cannot be used.
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The value of the number entered into the PMT register is a payment either made or received in
each period, n. For example, suppose you expect to receive $100 per month for the next 2
months. If you enter the number 100 into PMT and the number 2 into n, you are informing the
calculator that the cashflow will be positive (into your pocket), will be equal to 100, and will
occur 2 times.

n i PV PMT FvV
2 100 0

Now let us inform the calculator that the rate i is 10% annually. You may not enter 10 directly
into i because 10% is the annual rate and you have already defined that PMT!4 is a monthly
cashflow. Therefore you must convert the annual rate into a monthly rate.

Key In Display Shows

10 [g] 0.83

The registers now contain:

n i PV PMT FvV
2 0.83 100 0

You must now decide whether to move forward in time to solve for FV, or move backward in
time to solve for PV. If we move forward in time to solve for the Future Value of these
payments, we ask the calculator to determine the interest on the payments received, and to add
the interest to the accrued payment amounts, and to display the results in the FV register.

Payments at the Beginning or End of Period

But before we can go on, we need to discuss when these PMTs are to be received. We know that
they are to be received at monthly intervals, but the question is: “At the beginning or at the end
of the month?” It makes a financial difference.

The difference between PMTs received from a lease and those from a mortgage, for example,
will serve to illustrate this important point. Lease PMTs are customarily made at the beginning of
the month (BEG). Therefore if you were to receive two lease payments of $100 per month, you
could earn interest on the first payment of $100 for two months; you could also earn interest on
the second month’s PMT of $100 for one month.

If these PMTs flowed from a mortgage, however, the payment of $100 would be made at the end
of the month (END). In this case you could earn interest on the first payment for only one month,
and you would earn no interest on the second payment of $100 because it occurs at the end of the
second month, which is also the end of the cashflow period under consideration. Therefore you

14 Whenever a PMT is involved, the timing of the PMT defines the timing for the values in i and n.
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need to inform the calculator when the PMTs will occur: at the BEGinning or at the END of the
month.

On the lower face of keys (1,7) and (1,8) you will see — printed in blue — the letters BEG on
(1,7) and END on (1,8). You must access these functions by first pressing the blue key, @ 4,3)

and then pressing either BEG or END. Depending on which you choose, you inform the
calculator that the PMT will occur either at the beginning or end of the period n. When BEG is
selected the word “BEGIN” will appear in the display window. When END is selected, the word
“BEGIN” will not appear (the same position in the window will be blank).

Let’s assume that in our example the PMT of 100 will flow from a lease and will occur at the
beginning of the period. We need, then, to set the calculator to “BEGIN.” Once that is done we
can solve the problem.15 Here are the keystrokes:

Key In Display Shows
<
E] (1,7 0.00 Calculator window now
2 [n] 2.00 reads "BEGIN"
indicating that all
10 IE' EI 0.83 PMTs will be treated as
100 [PMT 100.00 having pegn received at
the beginning of each
solving ........ -202.51 period.
BOP (Beginning of Period)
n i PV PMT FV
2 0.83... 0 100 ?

Solving - —202.51

Now consider that the PMTs flow from a mortgage or bond you hold. Since mortgage and bond
payments are made in arrears (at the end of the period), you need to inform the calculator to treat
the PMTs as end-of-the-period PMTs. There is no need to key in all the values again. Simply
change to END (g, End on key 1,8) and re-solve by pressing FV:

n i PV PMT FV
2 0.83... 0 100 0
Solving P —200.83

15 On computer spreadsheets this choice is available in relevant financial function commands by the
insertion of either O or 1 at the “TYPE” position in the formula; e.g. =PMT(rate, nper, PV,
FV,TYPE). When TYPE = 1, PMTS are BOP. When TYPE = 0, PMTs are EOP. Default = 0
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Combining PVs & FVs with Positive & Negative PMTs

A savings account is an excellent example of a combination of an initial PV and subsequent
PMTs.

Suppose that you deposit (a deposit is a negative cashflow to you)

$10,000 in a savings account which pays interest i at the

rate of 5% per year. You also plan to deposit an additional

$2,309.75 to this account at the end of the year.

Interest is credited to your account annually.

What would be your account’s balance be at the end of year 1 ?

n PV PMT FV
1 -10,000 -2,309.75 ?
Solving.. | 12,809.75

Note that PMT is also a negative number because it represents an out-of-pocket cashflow to you.

At the end of the first year (‘period’) your balance would consist of a recent PMT of $2,309.75
plus the original $10,000 deposit plus the interest earned on the original $10,000 deposit for one
year ($500). This explains the total ($10,000 + 500 + 2309.75 = $12,809.75). You earned no
interest on the $2,309.75 you deposited because it was deposited at the end of the last period.

Suppose now, that after entering the original sum of $10,000 in your account, you withdraw the
amount of $2,309.75 at the end of the year. What would be your balance after the first year’s
withdrawal?

Let’s change the sign of the PMT to reflect an into-your- pocket cash flow:

n i PV PMT FV
1 5 -10,000 +2,309.75 ?
Solving.Pr 8,190.25

During the year, your original deposit earned interest at the rate of 5% annually and therefore the
total in the account was $10,500. But after your year-end withdrawal of $2,309.75, your balance
fell to $8,190.25 ($10,500 - 2,309.75).

What would be your balance at the end of 5 years?

(Did you make yourself a fully-amortizing loan payable $2,309.75 annually for 5 years,

n PV PMT FV
5 —-10,000 +2,309.75 ?
Solving.~¥  0.01

including interest at the rate of 5% per annum? Think about this.)
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Discounting Amounts To Be Received in the Future

So far we have dealt with converting PVs, either alone or combined with positive and negative
PMTs, into FVs. An equally important skill involves converting PMTs into Present Value
amounts, single sums (FVs) into Present Values, and the combination of FVs and PMTs into

PVs. Let’s take simple future PMTs first.

There is a priority involved in solving this problem: first, you must determine the PV of the note
in the hands of each banker; then you must determine what percentage of the PV he will lend.

Suppose that you grant your neighbor, Jones, a 5-year

easement over your property in return for his promissory note
which specifies monthly payments of $125 for the next five years.
You visit three banks to determine how much you can borrow
against this note. You are well known to each banker and have

the financial ability to guarantee the payments on the note.

Banker A tells you that he will lend 50% of the value of the (note)
PMTs, discounted at 10% annually.

Banker B tells you that he will lend 55% of the value of the (note)
PMTs, discounted at 11% annually.

Banker C tells you that he will lend 60% of the value of the (note)
PMTs, discounted at 12% annually.

Which is the best offer?

Let’s quickly determine the PV of this note to each banker:

Therefore Banker A estimates the PV of this note at $5,883.17; Banker B values it at $5,749.13,

Banker A:
n i PV PMT FV
60 10/12 ? 125.00 0

Banker B:
n i PV PMT FV
60 11/12 ? 125.00 0

Solving % —5,749.13

Banker C:
n i PV PMT FV
60 12/12 ? 125.00 0

Solving:~ % —5,619.38

while Banker C holds for a value of $5,619.38.
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Notice that as the discount rate increases, the PV of the future PMTs decreases. You should
make permanent mental storage of the fact that when discounting cashflows, the higher the
discount rate applied, the lower the Present Value of the cashflow.16

To determine the amount each banker will lend on this note we need only multiply the PV value
times the percentage listed above:

Banker PV % of Value | Loan Amount
A 5,883.17 50 2,941.59
B 5,749.13 55 3,162.02
C 5,619.38 60 3,371.63

Obviously, Banker C will advance a greater amount on the collateral of your note even though
he discounts the value of the note at a higher (12%) rate.

The problem above involves the discounting of future PMTs only. No FV was involved.
Frequently, however, cashflows to be received in the future come in the form of periodic PMTs
together with a lump sum at the end of the period. Many Promissory Notes are a good example of
periodic PMTs combined with a FV (the loan payoff).

Discounting a Promissory (Trust Deed) Note

“Discounting” a promissory note to determine its market value is simply the process of
determining the Present Value of future cashflows, having selected a desired yield or discount
rate. Consider, for example, the following common situation:

A client has negotiated the sale of her residence. The price is
satisfactory but the buyer’s offer requires the client/seller to carry
back a promissory note in the amount of $25,000, payable monthly,
interest only, at the rate of 10% per year, with the remaining balance
and interest all due and payable three years “from date” (the date of
the note). Your client/seller agrees to accept the price only if you can
liquidate the note at the close of escrow. A physician whom you
know invests in discounted promissory notes for his 401-K account.
He agrees to buy the note provided it provides him a 12% annual
yield.

At what price must the note be sold into the physician’s retirement
account, and what will be the percent discount of the note from its
face value?

16 Bonds behave this way also. As the interest rates rise, bond values fall. See-saw Majorie Daw: a
Discount rates sits on one end of the teeterboard and the Present Value sits on the other.

Page 1-17



I Chapter 1: Present and Future Values

Let’s enter the cashflow represented by the note into the T-Bar:

—25,000 (PV)
EOM 1 208.33... (PMT)
2 208.33
i=10%/12 :
36 208.33 + 25,000 (FV)

Note that the principal payoff (FV) occurs at the End Of Month 36 and not in the following
month. It is a common mistake to set up a problem such as this indicating 36 monthly payments
and then to place the payoff (FV) one period later. This mistake converts the term of the note, n,
to 37 months, not 36 months as it should be.

The T-Bar now depicts the way this note will perform. But the problem to be solved is to
determine the Present Value of this cash flow discounted at 12%, the minimum rate the investor
requires. In other words:

2 (PV)
EOM 1 208.33 (PMT)
208.33
i=12%/12 :
36 208.33 + 25,000 (FV)

We can now transfer these values to the calculator and solve for PV.

n i PV PMT FV
36 12/12 ? 208.33... 25,000
Solving --1-» 23,745.52

Therefore the physician can buy this note for $23,745.22 and earn exactly 12% per annum on his
invested cash for 3 years. His PMTs will be $208.33 per month for 35 months with a final
payment of $208.33 plus the remaining balance of $25,000.17 The keystrokes for this problem
are as follows:

Key In Display Shows
36 [n] 36.00
12 [g] [i] 1.00
208.33 208.33
25000 25,000.00
solving, .............. -23,745.22

17 Notes which provide for interest-only payments are know as straight notes.
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Suppose, for a moment, that the physician requires not a
12% return on his cash invested, but a 15% return.

What would the PV of this note become?

Again, it is not necessary to re-enter all the values. Simply “write over” the discount rate i as
follows:

Key In Display Shows
15 [g] [i] 1.25
solving, .......cccccouu..... —21,994.9818
n i PV PMT FV
36 15/12 ? 208.33 25,000

Solving -9 —21,994.98

As you can see, the higher the discount rate, the lower the PV of the cashflow.

The percentage of discount from face value is also easily expressed.
In the first case:

Key In Display Shows
25000 25,000.00

23,745.22 (2.4) -5.02

Therefore the seller would be required to discount the $25,000 note 5.02% to deliver a 12% yield
to the physician. In the second case:

Key In Display Shows
25000 25,000.00
21,994.98/ A% | -12.02

If a 15% yield were required, the note would be discounted 12.02% from face value.

The first two sets of examples and problems involved the discounting of PMTs only, and then the
discounting of PMTs combined with a FV to be received at the end of the periods. If you are
required to determine the PV of a single future sum, FV, you have the easiest problem of all.

18 The PMT is 1/12th of (25,000 *10%) which results in 208.333333.... but this would be collected as
$208.33.
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For example, here’s a dramatization of the PV of a FV, discounted at a certain rate:

Suppose your home has a current market value of $250,000.
Would you sell it for $50,000?

“Of course not,” you say.

But what if you were offered $1,000,000 for your property?
Most individuals would jump at the chance.

But you haven’t yet been told when you would receive the cash.

If you were told that the cash would be paid in 50 years (a bit
hyperbolic, but play along), would you still accept the offer?

The situation really poses the financial question: “What is the PV (today) of $1,000,000 to be
received 50 years in the future?

In order to answer the question, you must again choose a discount rate i, which will enable you to
move the value of money backward in time. Let’s assume that if you had a large sum of money in
hand, you could safely invest the cash to earn 8% per year, net. This, then, is the opportunity cost
of money to you. It is also the discount rate you would use to value the offer, and to convert the
promise of a future receipt of cash into its equivalent cash value today:

n i PV PMT FV
50 8.00 ? 0 1,000,000
Solving--- > -21,321.23

Now that you know you would not accept the $1,000,000 offer because it has an equivalent
Present Value of only $21,321.23, what is the longest period of time you could wait to receive
the money without losing the present value of your $250,000 home?

We can solve this problem by entering —250,000 into the PV register and solving for n, the
number of periods required for $250,000 to grow to $1,000,000 if the PV grows at the rate of 8%
annually. But before we proceed.....

Uncovering an Idiosyncrasy of the HP-12C

We can also restate this problem to ask “Over how many periods must we discount the receipt of
$1,000,000 to create a Present Value of $250,000, if we discount at the rate of 8% per period?”

n i PV PMT FV
? 8.00 -250,000 0 1,000,000
19 <~ Solving
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Caveat

When solving for n, the HP-12C calculator!9 rounds up the answer and delivers the value of n
only in whole numbers (integers). In this example, the answer for n appears to be 19 years. But
the calculator has rounded the answer up to the next highest integer.20 If you re-solve this
problem for FV using n = 19 you will find a different value for FV:

n i PV PMT FV
19 8.00 ~250,000 0 ?
Solving -»| $1,078,925.27

The fact that the FV exceeds $1,000,000 means that n should be slightly less than 19.00 years.
Unfortunately, there is no way, using the financial registers of this particular calculator,2! to
determine exactly what n should be. This problem surfaces again in dealing with amortizing
promissory notes, and we will amplify on its significance in a later chapter.

Determining a Yield (i) From Even Payments

Suppose the physician in the previous example

desires to know the rate of return he could achieve if he could
buy the seller’s carry-back note of $25,000 at a 20%

discount from its face value.

What would his return be?

Remember that the note is scheduled to pay interest-only PMTs of $208.33 each month for 35
months and then a final payoff of the last interest PMT and the FV (balance) of $25,000. This
variation is a problem in determining the yield, or discount rate, on the investment of $20,000. A
T-Bar constructed to depict this cashflow would look like this:

20,000 (PV)
EOM 1 | 208.33 (PMT)
2 1 208.33
i= 212

36 208.33 + 25,000 (FV)

19 This is not a problem with other HP machines such as the 17B and 19B.
20 n rounds UP to the next higher integer whenever the decimal portion of the answer exceeds .005
21 There is a way to do this on the HP 12-C using the natural logarithm LN (2,3) function: (1.08)" =

FV/PV, or, 1,000,000/250,000 = 4. (1.08)1 = 4. Therefore n = LN(4) + LN(1.08) = 18.012937 (years).
(Use key (2,3) to determine values of LN. ) Substituting 18.012937 in n will deliver FV = 1,000,000.
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Transferring these values to the calculator:

n

PV

PMT

FV

36

?

—20,000

208.33

25,000

The answer obtained, 1.564%, is the interest rate per period. Because we expressed both the
period n and the PMT in months, however, we need to multiply this monthly answer by 12 to
express the annual rate of 18.77%.

Distinguishing Between PMTs and FV

If you are dealing with only one PMT to be received at the end of the period, or one FV at the
end of the period, it doesn’t matter whether you treat the sum as a PMT or as a FV.
For example:

Determine the PV of a sum, $5,000, to be received one
year in the future and discounted at 10%.

As an EOP PMT:
n i PV PMT FV
1 10.00 ? 5,000 0
Solving 1% —4,545.45
AsaFV:
n i PV PMT FV
1 10.00 ? 5,000
Solving ~1'®»  —4,545.45

If n is something other than 1, however, it does make a difference. Here’s why...

If n = 2, and $5,000 is entered as a PMT, the calculator considers the sum of $5,000 to be
received twice, once at the end of period 1 and again at the end of period 2. If n = 2, and the
$5,000 is entered as a FV, the calculator considers that the sum of $5,000 is to be received only
once, at the end of the second period.

If n = 2, and $5,000 is entered both as a PMT and as a FV, the calculator considers that the PMT
of $5,000 is to be received twice and the FV to be received only once, at the end of period 2.

If you instruct the calculator to consider the receipt of the PMT as occurring at the beginning of
each period, such instruction will not alter the fact that the calculator always treats the receipt of
a FV to be a_one-time event always occurring at the end of period n.
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Chapter Summary

In this chapter, you have learned how to determine the Future and Present Values of cashflows
involving single sums and even payments. A number of points are worth re-emphasizing:

1.

2.

Cashflows represent financial transactions. There is a flow of money from one
pocket across to another.

Technically, a cashflow is a company's net operating profit after taxes, but with all
non-cash items added back in: depreciation and amortization deductions are non-cash
items.

In analyzing a cashflow transaction, it is important to adopt one point of view
regarding the flow of cash. In most cases, it is helpful to adopt the position of the
investor, or the person who advances the cash into an investment.

The signs of a cashflow are important when payments (PMTs) are involved. A
positive PMT usually will indicate the receipt of cash, while a negative cashflow will
represent additionally invested cash.

Every transaction must have a positive and negative cashflow. If PMTs are not
involved, entering a FV as a positive number will deliver a negative PV. This is
simply a convention of the calculator, and does not represent a loss. If a cashflow is
entered in PV as a negative number, the FV will always be positive.

The application of interest rates permits us to express the future worth (FV) of a
single sum, or a series of periodic, equal payments, or the combination of a single
sum together with periodic payments . Interest rates move money forward in time.
The application of discount rates permits us to express a single sum (a Future
Value), or a series of equal payments (PMTs), or a combination of the two, as a
Present Value (PV). Discount rates move both kinds of money values backward in
time.

The mathematical relationship between a single sum Present Value of money and a
single sum Future Value of money is expressed by the equation:

FV
1+)?
When equal PMTs are involved, this formula is opened up to show:

PMT ., PMT , PMT kv,
A+i)'  A+i)?  A+i)’ A+t
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In Chapter 1, we worked with cashflows which either did not Chap t er 2
contain PMTs or, if they did, the PMTs were equal, both in

amount and sign.. These situations occur with fixed-rate U neven
mortgages, payments under most promissory notes, the

conversion of a single sum annuity to a Present Value, or the C as hﬂows
extension of a series of equal annuity PMTs into a Future Value

or Present Value.

But many financial situations involve payments which change from period to period, either in
amount or from a positive to a negative sign. Most income-producing investments involve uneven
cashflows, and some even involve negative cashflows.

Whenever you need to deal with uneven PMTs, the “horizontal” financial register which has been
used,

| n | i | Pv |PMT |[FV |

is no longer applicable. You need to learn a different method. Consider a situation in which you
are scheduled to receive the following cashflows:

2
End of Period 1 } 100
| 200
i=.10 3| 300

What is the PV of this series of PMTs?

The alternate financial register we must use in dealing with uneven cashflows is composed of keys
(1,3), (1,4) and (1,5); specifically the functions printed in blue on the lower facet of these keys-1

1 Users of HP 17 and 19 models can access the uneven cashflow registers via the TVM /CFLO registers
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These functions are, respectively:

n i ¥y PALT wY
CFo CFj Nj

You already know that in order to access these functions in blue you must first press the blue key
IE (4,3). You can consider that CFo stands for CashFloworiginal, or that certain amount of cash

invested at the very beginning of an investment. When it represents the initially invested cash, it
will be entered as a negative number.

CFj stands for the separate and different, individual PMTs, which you will enter per period E'
Nj stands for the number of times a particular cashflow, CFj, will occur. We will continue to use

the Elregister as before.

The first rule to observe is that when you begin a new cashflow series involving uneven payments,
you should set Cfo to zero.2 By doing so you automatically reset the n register to zero and alert
the calculator to get ready to count the number of different CFjs you are about to enter. You
should do this even though (as in the problem above) there is no CFo - no original investment.
Once done, the calculator will automatically keep track of the number of different cashflows
entered, increasing n by 1 each time you enter a different cashflow into CFj. Let’s try it:

Key In Display Shows Comment
E 0.00 clears all memory (except PRGM)
0 El 0.00 sets the n register to 0 and
installs 0 in memory cell 0
100 [g] 100.00 installs 100 in memory cell 1
200 [g| 200.00 installs 200 in memory cell 2
300 I—_ﬂ 300.00 installs 300 in memory cell 3

Now that you have these uneven cashflows entered into the memory registers of the calculator,
you need to inform the calculator of the discount rate you wish to use to convert these future
values into a single Present Value. The T-Bar indicates that the discount rate m will be 10%.

Continue by keying—in:

10 [i] 10.00 enters 10% into register [i]

2 Whenever appropriate. Some cashflows specify an up-front investment payment. This payment should
be entered into CFo as a negative.
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You will notice that the top (gold) facet of key (1,3) is marked NPV. This stands for Net Present
Value. It will also deliver the Present Value if no initial value has been entered into CFo. This is
the case in this example.

Therefore go ahead and solve for (N)PV:

solving,
(1,3) 481.59

Therefore the Present Value of this series of future cash payments of $100, $200 and $300,
discounted at 10% per period, is $481.59.

Just how did the calculator arrive at this answer? — Just the way we demonstrated in the first
chapter when we considered the relationship:

PV = EV
(1+in

100 200 300
V = 1+ 5+ 3
(1+.10) (1+.10) (1+.10)
PV 9091 + 16529 + 225.39
PV = 481.59

In this case,

Verifying Accuracy of Entries

You can check for the accuracy of your entries by recalling the various storage registers to verify
what they contain. Recall the value in the n register:

KeyIn Display Shows Comment
(4,5)[n] 3.00 Shows number of different CFjs

Recall the values from the various registers in which the calculator stored your CFo and CFjs.
The memory cells used are in the numerical keypad, O through 3.

0 0.00 Shows 0.00 stored in memory cell 0
1 100.00 Shows 100.00 stored in memory 1
2 200.00 Shows 200.00 stored in memory 2
3 300.00 Shows 300.00 stored in memory 3

Now that you know where these values are stored, you can easily change them, if you need to, by
“writing over” the stored value and entering the new value directly into the memory cell/register.
For example, suppose that the value 200 which you entered into memory cell 2 should have been
500. How can you change this single entry without having to re-enter all the values?
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Key In Display Shows Comment
500 4,4) 2 500.00 Replaces the value
of 200 in memory cell 2
with 500 3

solving,

729.53 New Present Value

Adding Cashflows to a Series

If you wish to continue to add cashflows to this series, simply continue to enter the new ones from
where you left off. (Don’t enter O into CFo because this would reset the “counter,” n, equal to
0). Let’s add two additional cashflows: 600 and 750.

Key In Display Shows Comment
600 IE| 600.00 Stores 600 in memory cell 4
750 IE 750.00 Stores 750 in memory cell 5

solving,

1605.03 New PV

Using |[Nj| To Indicate Repeating Cashflows

Cashflows frequently repeat themselves for a number of periods before changing. Consider a
situation in which a cashflow of $1,000 is received for 6 periods; then the cashflow increases to
$1,200 for 3 periods and finally rises to $1,500 for the last 2 periods.

What is this cashflow's presently worth (what is its PV?) to an investor who requires a 12% return
per period on his money?
(4]
1000

1000 Y™

1000 6 times

1000
1000
1000

End of Period

1=12%

AN AW -

3 The (4,4) indicates the key position, not the entry.
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7 1200
8 1200 4—— 3 times
9 1200
10 1500
11 1500 €¢— 2 times
Key In Display Shows Comment

(7] 0.00 Clears memory
0 EI 0.00 sets the n register to 0

and installs 0 in memory cell 0

1000 [g] 1,000.00 Stores 1000 in memory 1
6 |£I 6.00 Informs the calculator that this
cashflow occurs 6 times
1200 @ 1,200.00 Stores the second different
cashflow in memory cell 2
3 @ 3.00 Informs the calculator that this
cashflow occurs 3 times
1500 @ 1,500.00 Stores the third different
cashflow in memory cell 3
2 E| 2.00 Informs the calculator that this

cashflow occurs 2 times

Now inform the calculator of the discount rate you wish to use.
12 EI 12.00 Enters 12% into the i register

Before solving for the answer, check to see how many different cashflows the calculator has
stored. You have entered three different cashflows: one occurring 6 times, a second occurring 3
times, and the third occurring 2 times.

[n] 3.00 Shows that 3 different
cashflows have been entered.

Also, check to see that the value of each of the 3 different cashflows stored in memory is correct:

1 1000.00 Value stored in memory cell 1
2 1200.00 Value stored in memory cell 2
3 1500.00 Value stored in memory cell 3
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solving,

6,485.79 Present Value of 11

sequential cashflows as specified.

Some Limitations on the Number of Cashflows

The HP-12C calculator will accept 10 cashflows and store each in Registers O through 9, and up
to 10 more in additional registers .0 through .9.4 Each of these cashflows may be repeated a
maximum of 99 times. Therefore. if you had a certain cashflow, 180, which occurred 100 times,
you could not enter 100 into Nj since it exceeds the calculator’s limit of 99 repetitions per
memory cell (register). You could, however, enter this cashflow as follows

180 [g] 180.00
98 [g] 98.00
180 [g] 180.00
2 [g] 2.00

Any other combination of numbers (Njs) totaling 100 would do as well. But if you attempt to
enter any one cashflow 100 times or more, the calculator will display an Error Code (6) message.

If, however, the cashflow series consists of more than 20 different cashflows, then the longer
formulas (see Appendix) or a computer spreadsheet can be used.

Adjusting for Incorrect Entries

Now and then you will make errors in entering cashflows. If the cashflow contains only a few
entries, it's not terribly inconvenient to clear the memories and re-enter the data. But if there is a
long series of CFjs, re-entering all the data from scratch can be frustrating. Here's how to correct
for data entry errors.

Wrong Amounts

If you have entered an incorrect amount in the series, simply key-in the correct amount, press
(4,4) and deposit the corrected amount in the cell (Rx) in which it belongs.

For example, enter the following cashflow series in your calculator:

4 The 12-C handbook defines these 20 storage registers as Rq through Rg and R.¢ through R.9 Note the

decimal points in the second set . You can examine the contents of any register by using the recall RCL
key (4,5) followed by number of the cell you wish to see. There are times when some of these memory
cells are used for other functions. In those cases, fewer than 20 storage cells may be available.
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(PVD)
End of Period 1 100
400
i =10% 3 500

The second entry, 400, should have been 300. To make the correction, follow these steps:

Key In Display Shows Comment
300 2 300.00 Over-rides the value in Rp

Changing it from 400 to 300
Re-solving,

(] [NeV]

If you make this correction properly, the PV of the series will change from 797.15 to 714.50.

Wrong Njs
Occasionally the number of times a unique cashflow occurs is mis-entered in Nj. The wrong Nj

entry can be replaced without disturbing the remainder of your entries.

For example, suppose that you entered the following set of values:

___(PVD)
End of Period 1 10 1
2 300
i=.10 3 300 2
4 300
5 300
6 500 3
7 700 4
8 900 5

The error consists in the fact that the 2nd, separate cashflow of 300 occurs 3 times not 4 times.

The T-Bar should have been:

____(PV

End of Period 1 100 1
2 300 |

i=.10 3 300 2
4 300 |

5 500 3

6 700 4

7 900 5
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Here are the keystrokes to correct this error:

Key In Display Shows Comment
2 @ 2.00 Informs the calculator that

a change is to be made
affecting the second CFj entry

3 @ 3.00 Changes Nj from 4 to 3
5 n] 5.00 Restores n to 5, the

correct number of separate
CFj entries

Re-solving, E ?

If you have made these adjustments correctly, the NPV will change from 2,016.72 to 1,936.58.

The difference is a loss of the Present Value of one entry of 300, which, however, is offset by the
fact that the 3rd, 4th and 5th cashflows each advance one period in time, and gain in Present
Value.

The value stored in may be viewed by inserting into @ the number of the cashflow you
wish to examine. Then EI to view the value stored for that cashflow.

The most common error made in changing entries is to forget to restore the proper |n| value
following the corrections. Note that @ , in this case, should be = 5, both before and after the

correction. Recall EJ to verify this. If it is not 5, make the necessary change.

Uneven Payments Made at the Beginning of the Period

When we dealt with even cashflows using the "horizontal" registers,> we could alter the timing of
the PMTs by use of the blue key, g, followed by keys BEG ((1,7) and End (1,8). When we deal
with uneven cashflows, however, these keys have absolutely no effect on the timing of the
payments. All PMTs entered into the "uneven cashflow" registers are regarded as occurring at the
end of the period. Therefore we must have another way to structure the cashflow series when the
first PMT occurs at the very beginning of the series, and therefore ought not be discounted. There
are two methods we can use to accomplish this.

First, we can simply remove the first cashflow from the series and treat (discount) all remaining
cashflows as though they occur at the end of the period. After the PV of this series is determined,
we can add back the value of the cashflow we removed. The result will be the correct PV of the
series. Alternately, and more conveniently, we can store the first cashflow in register 0 as a
positive number, and enter all the remaining cashflows in the normal manner. When the calculator

5  Keys (1,1) through (5,5)
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has finished determining the PV of the series, it will "look" into the O register and add whatever
value is there to the total it has computed. The result will be the correct PV of the series. The
calculator will not discount any value in memory Register 0.

Valuation of Leases

The ability to discount uneven cashflows is a requirement for the valuation of leases since almost
all leases furnish uneven PMTs in the form of rents which change from period to period. Since
leases can be bought and sold, and also used as collateral for loans, valuing a lease is a pre-
condition of many financial transactions. Consider this situation:

You have just completed the leasing of your 24,000 S.F. industrial
building to a credit tenant6 for 7 years.
The tenant has contracted to pay rent as follows:

First three years .........ccc..... $12,000 per month
Next tWo years ........ccceveueenee. $13,000 per month
Last two years .......ccccccevuueenee $14,000 per month

As owner of the building, you are pressed for cash and would like to
sell the right to collect these lease PMTs to an investor.

If the investor requires a 15% annual return, what is the likely
(present) value of the lease to this investor?

PV?
End of Period 3 12’?00 This is a problem which
. 35months requires you to discount the
i=15%/12 36 12,000 _1 future receipt of the monthly
3Z 13’900 rent at a nominal rate of 15%
24 months per year. Note that rent is paid
60 13,000 _| monthly, while the required
61 14,000 rate of return in the problem is
62 expressed annually.
“ “ 24 months
84 14,000

6 A credit tenant is one whose assets are sufficient to act as security for the entire amount due under the
lease, even if the tenant chooses to vacate.
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The keystrokes would be:

Key In Display Shows Comment
12,000 [g] 12,000.00 Stores the first lease PMT
as a positive in register 0
12,000 [g] 12,000.00 Enters 12,000 as a PMT
35 El 35.00 Enters 35 PMTs in register 1
13,000 [g] 13,000.00 The succeeding PMTs

24 [g 24.00
14,000[g| 14000.00
24 [g] 24.00

15 [g] [i] 1.25 The monthly discount rate
solving 662,811.59 The PV of the lease

If the investor pays exactly $662,811.59, and if the tenant pays the rent as scheduled, the investor
will realize a 15% rate of return (yield) on his money over the term of the lease. If he pays more
than $662,811.59, he will earn less than 15%, since a higher Present Value requires a lower
discount rate. If he pays less than $662,811.59, he will have a higher yield since a lower Present
Value requires the application of a higher discount rate.

The discount rate is the investor’s yield.

The Concept of Net Present Value (NPV)

Most investments involve up-front cash. These out-of-pocket, negative cashflows can be
represented by entering the amount of the original investment in CFo as a negative number. The
calculator stores CFo in register Rg ( in memory cell O on the numeric keypad).

When you press f, NPV (1,3), after having entered a series of cashflows, the calculator responds
by determining the Present Value of each individual cashflow, discounting each one back to a PV

using the discount rate you entered in E_:l . Then it adds the resulting present values together,

including the value in register Rg. When the value in register Rg (CFo) is O, the result is not

different from the total of the PV for all future cashflows and the result delivered is the Present
Value of the cashflow. But when CFo is a negative number, indicating an out-of-pocket initial
cashflow, the calculator adds the positive and negative results and displays the Net Present
Value. Therefore the summation of all the PVs + (- CFo) = Net Present Value.

The NPV of a series is nothing more than the PV of a series minus the amount of the original
investment.
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For example,

Let’s assume the buyer of the lease on the industrial
building in the preceding example negotiated to acquire the
lease for $580,000.

What would be the NPV of this lease in the hands of this
investor?

Hopefully, your calculator still retains the values from this recent problem. (If not, please re-enter
them.) If so, you need only add the CFo value, —$580,000, to the first PMT, +$12,000, and place
the total (—$568,000) in register R( in order to structure a Net Present Value calculation.” Here
are the keystrokes:

Key In Display Shows Comments
568,000 0 -568,000.00 Changes the sign, stores
-568,000 in R(), the cell in
which the CFo is stored.

Using STO instead of |£|

avoids resetting n to zero.
82,811.59 The NPV, or the sum of the

present value of $662,811.59
& the initial investment of
-$580,000.

Usefulness of the NPV Method

The NPV tells us whether or not the Present Value of the future cashflows is equal to, less than,
or greater than the amount of cash initially invested. Many (if not most) finance professionals
prefer the NPV method of ranking an investment over any other method. In theory, any number of
alternative investments can be reduced to a NPV number and then prioritized or rank-ordered.
Investments which have a negative NPV would be eliminated from consideration because the
financially equivalent present worth of the future returns would be less than the cash required to
obtain them in the first place.

Of those alternatives which result in a positive NPV, and which carry comparable risks, the
investment which would deliver the highest NPV may be the logical choice. If the investments
carry dissimilar degrees of risk, ranking them according to their NPVs would be inappropriate
unless the NPV of each investment were determined using a risk-adjusted discount rate.

7 The investor would pay $580,000 but immediately receive the first month's rent of $12,000.
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Discount Rate Varies with Risk

We have said little about the risk associated with the probability of receiving future cash flows.
The difference in the degree of risk associated with each financial alternative should be reflected
in the selected discount rate. A higher risk calls for a higher discount rate, and, as you already
know from the schoolyard seesaw analogy, a higher discount rate results in a lower Present Value.
Therefore a riskier investment usually has a lower investment value than a less risky one because
the selection of a higher discount rate results in a lower Present Value.

We will expand on the calculation of risk and the selection of a discount rate in Chapter 7, but it
should be noted that the use of the NPV method to evaluate an investment opportunity requires
the investor to furnish a discount rate commensurate with perceived risk — whereas the IRR
forces a discount rate without any regard to risk.

Return on Investment (ROI) - a Profitability Index

A variation of the NPV method is to determine the Present Value of the future returns and divide
this number by the amount of the total 8 original investment, the CFo. In the example above, the
Return on Investment (ROI) for the investor would be:

PVs = 662,811.59 = 1.14
CFo 580,000

This indicates that the investor may recover 100% of his capital and an additional profit of 14%

The Internal Rate of Return (IRR)

The single discount rate which will produce a Net Present Value = 0 is called the Internal Rate of
Return (IRR). Because the IRR is an important measure of investment performance, we will defer
any detailed discussion of it to Chapter 4. But before we leave this section, let’s address a few
anomalies.

Negative Cashflows

Other than the initial cashflow, CFo, all of our examples have used positive cashflows occurring
in later periods. But there are many circumstances in which negative cashflows occur in financial
investments. When you discount a negative future cashflow ( or PMT) the result is a negative
Present Value:

-FV

(1+)n

=-PV

8  Equity + Debt

Page 2-12



Chapter 2: Working with Uneven Cashflows |

Contrary to popular opinion, negative cashflows, in and of themselves, are not necessarily
indicative of a poor investment. Consider a situation in which a $1,000 investment is scheduled to
return the following cashflows:

CFo (1,000

End of Period 1 100
2 200

i=10% 3 1200

If the initial investment of $1,000 is made in one lump sum at the beginning of the investment
period, the NPV of this investment is:

1000 [CHS] [g] [CFo] -1,000.00
100 [g] 100.00
200 [g| 200.00
1200 [g] 1,200.00
10 [i] 10.00
solving, 157.78

[You can also simultaneously solve for the IRR:

(1,5 16.16%]

But if the initial $1,000 could be paid in two annual (EOP) installments of $500, note the effect on
the NPV:
NPV= CFo0 + IPV
End of Period 1 100 — 500 = 400

\
2 ! 200 — 500 = -300
i=.10 3 | 1200
Translating,
KeyIn Display Shows
0g CFo 0.00
400 CHS g CFj -400.00
300 CHS g CFj -300.00
1200 g CFj 1,200.00
10i 10.00
solving, f NPV 290.019

9 Partnership contributions often involve this type of staged investment
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The effect on the IRR is also dramatic:

39.72

Many limited partnership interests have been sold using “staged” investor contributions. These
initial payments are negative (out-of-pocket) payments which may occur simultaneously with
return payouts (if any) from operations. The net cashflow position can be depicted by adding the
T-bars representing both cashflows :

Staged Investment | Operating Returns | Net Cashflow
0 0 0
EOP 1 (1,500) 590 910)
EOP 2 (1,500) 640 (860)

Although staged initial investments may improve the investor’s yield, the General Partner will
charge interest on the deferred amounts, thereby reducing the net payback. These interest
payments should be included as negative cashflows in the periods in which they are payable.

Calculating PV and NPV on the Computer's
Spreadsheet

Spreadsheets handle the PV and NPV of cashflows in a manner quite similar to the HP-12C.

The computer ft}ncti(?n (=PV(rate, nper, pmt, fv, type)] Tip: To call up the formula for
accepts only identical payments (PMTs), and is any Excel function, type in the
therefore equivalent to the "horizontal" registers10 of g“hfifiﬁ:“ desired and press Ctrl
the HP—12C: The type position in the fgrmula provides eg. = IRR Cul Shift A will
an opportunity to solve for PMTs received at the end deliver

(EOP) or at the beginning (BOP) of the period. Replace =IRR( values, guess)
type with a 1 if PMTs are received BOP; enter 0 if | This shortcut may not work on

PMTs are received at EOP. The default (do nothing) L?;ggi (v)vfh écf Ol;lse a condensed
value = 0. '

If PMTs are uneven, the functionll [=NPV(rate, CF,;, CF,, CF,, ..... CF,,) ] must be used. But
this function, as is true with the HP-12C, returns only the Present Value of the series, not the
NPV!

Therefore if the Net Present Value of the uneven cashflow is desired, the original investment
value (CF,) must be subtracted from the result, just as we have done above. Do not make CF,the

10 Keys 1,1 through 1,5.
11 Analogous to the "vertical" registers.
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first cashflow in the spreadsheet's menu formula; doing so will effectively push all succeeding
cashflows back one period in time and distort (Iessen) the value of the PV.
If the uneven cashflows are received at the beginning of each period (BOP), then the first
cashflow must also be extracted from the series and added to the result, since there is no fype
position in the NPV formula. Excel's function for an uneven cashflow when the PMTs are
received BOP would be:

[= NPV( rate, CF;.....CF,) — Initial Investment + CF,]

Varying the Discount Rate

The selection of a single discount rate implies that the risk of receiving future payments from an
investment will be equal over all time periods. In most circumstances this will not be so. As we
attempt to anticipate farther and farther into the future, the margin for error usually increases, as
does the risk of not receiving our return cashflows. Raising the exponent n on the expression
(1+i)" compensates for the time delay in receiving a future cashflow, but it does not reflect the
risk of receiving cashflowy. That risk must be built into the selection of the discount rate, i.

It's worth noting, however, that the discount rate need not always increase. For some new ventures
the earliest cashflows are the riskiest while a concept or product is tested. Once a project has
proven-out, it may be entirely appropriate to lower the discount rate, even though n continues to
increase to reflect the time value of money.

For example, it is quite common to value the worth of established small business ventures by
varying the discount rate applied to the future cashflows from the operation of the business.
Unfortunately there is no convenient wayl2 to instruct the calculator to vary the discount rate to
be applied to future cashflows. If different discount rates are to be used, the PV of each future
cashflow must be determined using its particular discount rate. Then the total of all the resulting
individual PVs, the can be determined by simple addition. Consider this situation:

Smith is considering the purchase of his first small business, a well-located
automatic laundry in a newly developing section of town. The business has
been in operation for just two years and is doing quite well. An examination
of the operating records, together with estimates of increased usage by a
growing local population, lead Smith to believe that the business could
produce significant gains. In particular, a new apartment house is to be
constructed only a short distance from this location within the next year and
will be in operation in two years. If this happens, Smith estimates the
following amounts of net cash from operations:

Year 1 $35,000 Year 4 $65,000
Year 2 $38,500 Year 5 $70,000
Year 3 $60,000

12 The HP-12C can be programmed to perform this kind of calculation, but programming a hand-held
calculator is cumbersome in comparison to solving this kind of problem on a computer's spreadsheet
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Smith is comfortable with discounting the first year’s income @

25%, and the second year’s income @ 30%. But his confidence for the
outyears 1is shakier, and he feels that he must have a 50% return

to justify the risk that the apartment house may never be built.

What price should Smith pay for this business?

This is the kind of problem which cannot be solved on a financial calculator in one operation
because you cannot apply different discount rates to an uneven cashflow. We can, however, solve
the problem by breaking it down into its component parts, determining the PV for each part, and
then adding the resultant PVs together:

Let’s construct three T-Bars:

|
EOY 1 | 35000 1 0« 1 0 «
2 38500 2 0 «
i=.25 : 3 60,000
4 | 65000
i=.30 5 70,000
i=.50

Note that zeros have been inserted in the second and third T-Bars to maintain the time
relationships among the payments. If these three T-Bars were added together laterally, they would
replicate the original cashflow series.

By applying the methods we have already described, the following PVs are calculated:

PV Year | @ 25% 28,000
PV Year2 @ 30% 22,781
PV Yrs. 34,5 @ 50% 39,835
3 PVs $90,616

The value of the business is $90,616 because this is the sum of all the future cashflows, which the
owner can expect to receive , discounted at acceptable rates over his intended holding period.

Smith's valuation problem could also be presented as:

$35,000 $38,500 $60,000 $65,000 $70,000
+ + + +

PV =
1+025'  1+0302 (1+050° (1+050* (1+050)

= $90,616

If it could be assumed that the business will continue to produce income beyond the 5" year, and
that this income would remain at $70,000 annually, the PV of that future income, continuing
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indefinitely (in perpetuity), would be $70,000 / 0.50, or $140,000. But this Present Value would
be the value at the end of the 5" year. Its Present Value today would be:

PV = $140ﬂ=$18,436

1+ 0.50)°

This low value reflects a cashflow discounted at a high rate and to be received so far in the future.
If Mr. Smith were forced to do so as the result of negotiations, he would include the PV of the
reversion value to his 5-year calculations. His total price would be $90,616 + 18,436 = $109,052

Using Excel To Calculate PVs Using Varying Discount
Rates

The easiest method of determining PVs (and FVs) for uneven cashflows with varying discount
rates is to construct a spreadsheet, such as Excel. The formula is the basic formula:

PV) = % and is inserted in Column D, below. (The formula appears in Column E).
1
A B C D E
1 Period CFlow | Disc.Rate PV Formula in D
2 1 35,000 25% 28,000.00 | =B2/(1+C2)"A2
3 2 38,500 30% 22,781.07 | =B3/(1+C3)"A3
4 3 60,000 50% 17,777.78 | =B4/(1+C4)"A4
5 4 65,000 50% 12,839.51 | =B5/(1+C5)*A5
6 5 70,000 50% 9,218.10 | =B6/(1+C6) A6
7 Total PV | 90,616.46 =Sum(D2:D6)

If these cashflows had occurred at the beginning of the period, the value of the exponent would be
decreased by 1: i.e. [=B2/(1+C2)"(A2-1)]. Since the value of (A2—1) would then be equal to zero,
the first cashflow would not be discounted at all.

A fair question at this point might be: "Given these cashflows, and given the Present Value which
you have calculated, what would be Smith's overall return (yield) on his investment over the
depicted holding period?" This question asks for the Internal rate of Return (IRR) on the
investment.

That return is:

Initial
Investment —90,616.46
1 35,000
2 38,500
3 60,000
4 65,000
5 70,000
IRR = 43.3%
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Note that although the Present Value of this series of cashflows was arrived at using different
discount rates per period, we can still express the overall yield by use of the IRR.

This example, though simple, is very important since it is the fundamental method of valuing any
investment.

The value of any investment is equal to the value of all the future cashflows, including any
reversion amount, which will accrue to the investor, discounted at an acceptable rate.

Chapter Summary

1.

2.

Whenever PMTs are unequal in amount or sign, the determination of the Present Value
of a cashflow must be made by using the CFo, CFj and Nj registers, or by a spreadsheet.
The determination of the Present Value of an uneven cashflow (EOP) follows the same
algebraic formula used in the determination of the PV of even cashflows:

Cq Cy C3 Cy Cs

V=(1+i)1 * a+2 T+l T A+t T+

The HP-12C can never accommodate more than 20 separate, distinct, cashflow entries,
and at times less than 20. Each separate cashflow, however, may be repeated up to 99
times per storage register.

There is no button to adjust uneven cashflows for BEGIN or END of period. When the
first cashflow occurs at the beginning of the period it should be removed from the
cashflow stream, the PV of the remaining cashflows determined, and then the original
cashflow added back. When a cashflow occurs at the beginning of a series, it is not
subject to a discount.

Discounting all future cashflows and totaling their numbers results in the Present Value
of an investment. If the original cash invested is then subtracted, the result is the Net
Present Value of an Investment. If no initial cash were invested, the result would simply
be the Present Value of the investment.

A positive NPV indicates hat the investor will receive a yield at least equal to the
discount rate used to determine the NPV. A negative NPV indicates that the Present
Value of all future cashflows, discounted at the rate used, will be less than the amount
the investor paid to secure these cashflows. The investor will not reach his targeted rate
of return.

That single discount rate which, when applied to all future cashflows, results in a total
PV exactly equal to the original investment is called the Internal Rate of Return.

Risk is the likelihood that a beneficial future event (reward) may never happen, or that an
adverse event will happen. High risk situations indicate the use of high discount rates.
Risk runs with reward.
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Discounting a Future Value (or PMT) which is negative results in a negative Present
Value.

In those instances when different discount rates are to be applied to a cashflow series,
the separate PVs must be determined for each discount rate. The resulting PVs can then
be added together to arrive at the value of the investment. Once the PV is known, the
overall yield can be expressed in the form of the Internal Rate of Return by using the PV
as the initial investment and using the original cashflows in the computation.
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Financial texts refer to a regularly occurring sum of cash, Chap t er 3

either paid or received, as an “annuity.” “Annuity” once

meant a sum paid on an annual schedule,' but the term is now Annuities
more loosely applied to any sum paid on a regular basis.
& Rates

When a regular PMT is received over a limited time, we can
say that it is a finite annuity. If the PMT is to be received
forever, as it might be in the case of an endowment, it is
known as a perpetual annuity.

Both finite and perpetual annuities can provide payments either at the beginning or end of the
PMT period. Annuities which provide PMTs at the beginning of the period are known as
Annuities Due; those whose PMTs are furnished at the end of the period are Ordinary Annuities.
The PMT may be fixed or variable® resulting in Fixed/Variable, Ordinary Annuities or Annuities
Due.

The subject of annuities is a very important one for the serious investor, for the corporate
financial office, the banker, the financial planner and for almost all other financial professionals
because so much of their practices revolve around the purchase, sale or valuation of Annuities.

For example, a banker who makes a loan may be considered to be buying a finite annuity from
the borrower: the banker pays an up-front lump sum for the right to receive a stipulated PMT over
a pre-specified number of periods. The borrower is selling an annuity: the obligation to make the
PMTs in return for the receipt of a lump sum today. Both lenders and borrowers are dealing in
annuities.

1 L. Annus, year.
2 A "variable annuity" as used here simply means a PMT which changes from time to time. It does not
mean an investment contract sold by insurance companies.
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Perpetual Annuities

Consider the following situation:

An alumnus wishes to endow his alma mater in order to provide annual
operating funds of $100,000 per year forever. He determines that the
invested principal (corpus) of the endowment could earn 8% each year

What must be the amount of his contribution if payments will begin
one year from the effective date of the endowment.?

This situation represents a minor problem for us in that the PMT of $100,000 is expected to be
received “forever.” Therefore n would have to be set to infinity — a challenge to which neither
the calculator nor the computer’s spreadsheet is quite equal.

You can see that the amount of the endowment must be equal to the sum of the PVs of all future
PMTs, discounted to infinity, at 8% per year, or,

100,000 100,000 100,000 100,000
(1+.08)1 (1+.08)2 (1+.08)3 (1+.08)4

There is a way to calculate the PV of an infinite series of equal PMTs. This calculation reduces to
a simple but precise formula® for the sum of the present values of an infinite series:

PV = E (where C is the equal PMT)
i

Therefore the alumnus must set aside: PV = $100,000

= $1,250,000

This kind of valuation of an infinite series of future PMTs is important because it forms the basis
for the Capitalization Method of valuing a level stream of income from real estate and sometimes
from stocks. We will discuss the “cap method” of establishing the value of income-producing
property by “capitalizing” its net operating income, and the valuation of stocks by “capitalizing”
dividends, in later chapters.

When the perpetual PMT is scheduled to be paid at the beginning of the period (BOP), one
additional payment of C is required, and the formula becomes:

PV = S+ C,
i
C .
or alternately, PV = T * (141)

> The mathematical derivation can be found in the Appendix.

Page 3-2



Chapter 3: Annuities and Rates

Present Value of Annuities for a Definite Period

A more common need in building financial plans is the need to capitalize a trust or an account to
meet future cashflow requirements of an education fund, a retirement plan or any special-needs
account. These kinds of accounts can be funded in one lump sum but are more commonly
provided for by periodic payments which will grow to meet the future need.

The Present Value of a series of equal cashflows for a finite period, n, is really the difference
between the Present Values of two infinite series of cashflows, one of which begins today and the
other at the end of period n:

| This INFINITE series A -
[ minus this INFINITE series B -
r. .. leaves this FINITE series C |
n
/ v
O, PVa= % minus PV = %

But PVg occurs n periods in the future. Therefore we must discount PVy by (14i)" to be able to
express its value today. The Present Value of a finite series of equal cashflows n long, discounted
at rate 1 becomes:

pv=C___ C
i i1 +0)"

PV=$(1- 1..,J
i a+1i

Fortunately, the determination of the Present Value of a finite series of equal cashflows is a
problem easily handled by either the calculator or a computer’s spreadsheet. Whenever a Future
Value is also involved, its Present Value can be added to (or subtracted from) the Present Value

of the cashflows:
PV = —C 1- 1 + FV
i a+i" a+mn"

Notice that in this case the Future Value is discounted by the expression (1+ i)", where n is also
the timing of last cashflow in a series n long. This indicates that the last cashflow occurs
simultaneously with the last PMT (C). When the last cashflow occurs one period after the last
PMT, as it does in equipment and auto leasing, the FV must be discounted at (1+ i1,
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Perpetual Annuities Adjusted for Growth or Inflation

It is often necessary to determine the Present Value of an annuity which grows by a constant
factor each period. An increase to offset inflation could be one kind of growth factor adjustment.
Here’s an example:

The alumnus who wishes to endow his alma mater realizes that a
constant sum of $100,000 each year will be subject to inflation, so
that each dollar in later years will lose purchasing power. In order to
allow for inflation, he must set aside a sufficiently large sum today to
allow for an estimated 4% annual inflation rate.

With what amount must he now capitalize the fund?

Once again, the future annual amounts will have a Present Value of...

100,000 100,000(1+ g)! + 100,000(1 + g)2 + 100,000(1+ g)3
(1+.08)1 (1+.08)2 (1+.08)3 (1+.08)4

where g = inflation (or growth) factor.* Note that the first annual payment of an ordinary annuity
is not adjusted for inflation since it is stipulated. This is an important observation.

The formula for the PV of an infinite series of equal payments (C), payable at the end of the
period, invested at rate i and growing at a constant rate g per period simplifies to:
C

(i-g)

It almost goes without saying that g must always be less than i.
Therefore, if the alumnus anticipates future inflation to be 4% per year, he must contribute:

$100000

PV ="08_04)

= $2,500,000

Notice that the first cashflow in an Ordinary Annuity is not incremented by g: it is stipulated.
Notice also that the required amount of the endowment decreases with any combination of
increasing rates of return i and decreasing rates of inflation rate g.’ If the endowment could be
managed for a greater annual return (e.g., i = 0.10), in a 3% inflationary environment (g = .03),
the amount of the required endowment could be reduced substantially:

$100000

= 2 $1,428,571.
(.10-.03)

Inflation is but one kind of growth factor.
The result is valid only as long as i is greater than g. The value of g, however, may be negative.
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In dealing with annuities both the rate of return on invested cash and the prospective inflation
rate are important factors.

PV of Finite Annuities Subject to a Growth Factor

If we continue with the endowment situation, we can postulate that
our flagging alumnus has decided to limit his generosity to 20
years. In order to provide $100,000 in constant dollars® annually,
we can ask what amount must now be set aside to offset

inflation of 4% per year over the next 20 years? Cash in the fund
will still earn 8% per year, and the first payment will still be made
at the end of the first year (an Ordinary Annuity).

We need a formula for the Present Value of a finite cashflow series, growing at rate g per period
and which returns a yield of i per period. Payments are limited to 20 years, n. The first payment
begins at the end of the first year in which the fund is established (an Ordinary Annuity). The first
payment, though occurring at the end of the first period, is unadjusted for inflation because it is

n
pve C » [l_[(ug)]]
i-g (1+1)
20
vo_C . 1—[(l+‘04)]
.08-.04 (1+.08)

PV = $1i)’-@@k(l-o.molo)
.04
PV = $2,500,000 * 0.52990 = $1,324,746.14

Although this formula seems to be a bit complicated, it is quite useful when the number of
periods increases beyond 20, since the HP-12C is limited to a maximum of 20 different

cashflows.’

The Annuity Due

If the first payment is to be disbursed at the time the fund is established (creating an Annuity
Due), then we seek the formula for a finite series of cashflows, growing at rate g per year, and
discounted at rate i per year, and whose payments occur at the BOP.

Dollars which are adjusted for inflation to maintain their purchasing power.
" Even though each of these cashflows may be repeated up to 99 times per storage register.

Page 3-5



I Chapter 3: Annuities and Rates

This formula is:

PV = M‘/* |:1_|:(1_+glj|n:|

(i-g) 1+1)

v - $100,000(1+.08) [l_[(1+.o4)]zo]

(.08 - .04) (1+.08)
PV = w *(1-.470102) = $1,430,725.83

Note that dividing the formula for an Annuity Due by the formula for its Ordinary Annuity
counterpart results in (1+1). This is a handy relationship to remember:

PV of Ordinary Annuity * (1+i) = PV of Annuity Due

When the PMTs are to be made on a monthly basis both i and g must be expressed monthly.

Therefore (1+.08) becomes (1+ %) = 1208 e expression (.08 — .04) becomes 04 .

12 12
(1.08)
12

Note that this is mathematically quite different from

, a value often incorrectly applied to

1s a value less than one.

(1.08)
12

this formula; (1+ %) is a value greater than 1, while
Handling Constant Growth Cashflows Which Exceed

Calculator Memory

There are many instances when you will be called upon to determine the Present Value of a sum
which grows at a constant rate over very long periods of time. For example:

Determine the present value of an Annuity of $1,000
which grows at a constant rate of 4.5% per annum over
25 years. Payments are received at the EOP, and the
applicable discount rate is 8% p.a..

This situation presents two problems: first, to determine each of the 24 succeeding Annual
cashflows, increased at the rate of 4.5% p.a.; then to enter these 24 different cashflows into a
calculator which can accept only 20 different entries. The problem may also be solved on a
spreadsheet, but requires set-up time.

The solution is much more easily handled by applying the formula for the PV of a finite,
Ordinary Annuity, growing at a constant rate g, for n periods, PMTs at EOP:
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pv=_C 1~P(1+g)n
i | (1+1)

25
=w * (1= w see footnote®
(.08 -.045) (1+.08)

PV =$28,571.43 * 0.56115 = $16,032.94...

Adjusting Interest Rates To Compensate for Inflation

There is a second convenient method to adjust cashflows for inflation, and it holds true in most
cases. Consider the following rationale: If $1 is invested to yield an 8% return in one year, the FV
of the investment will be:

FV = PV (1+.08) = $1* (1.08) = $1.08

If, however, inflation has advanced during this period at a 4% annual rate, then in order to

achieve a true (constant dollar) 8% yield, the investor must receive a return which includes an
allowance for inflation:

FV = PV *(1+.08) * (1+.04) = 1.12320. Rate =1.12320 -1 * 100 = 12.32%

If no allowance is made for inflation, the apparent (nominal) rate of return must be discounted by
the inflation rate’® in order to express the result in constant dollars.

(14 nominal rate) ~ 1.08
(1+ inflation rate) ~— 1.04

FV =PV * =PV * 1.03846

The inflation-adjusted rate will be: 1.03846 — 1 = .03846 * 100 = 3.846%."°

This Inflation-Adjusted Rate (IAR) is handy whenever we want to express financial answers in
terms of constant dollars, i.e. dollars adjusted for the effect of inflation.
For example:

What sum most be invested today to provide for constant dollar
annuities of $100,000 for 20 years if cash in the investment earns
8% p.a. and inflation averages 4% p.a.? Payments are BOP.

Divide 1.045 by 1.08, press Enter, key in 25 and press key (2,1) to raise the result to the 25th power.

®  Subtracting the inflation rate from the nominal rate is imprecise.

' Remember that the HP-12C accepts only percentages in the El key.
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This problem proposes that an annuity of $100,000, payable at the beginning of the first year, be
increased by 4% each subsequent year. It asks for the PV of this inflation-adjusted cashflow
series when discounted at the rate of 8% per year. We could also restate this problem to ask :

What lump sum must be invested today at 8% p.a. to furnish an
annuity of $100,000 for 20 years, which annuity increases each
subsequent year to keep pace with inflation of 4%?

Payments are BOP.

This problem can be conveniently handled by use of the inflation-adjusted rate of 3.846% which
was calculated above:

BOP
n i PV PMT FV
20 3.8461... ? 100,000 0

Solving... | -1,430,725.84

Note that the PV of this cashflow series would be much lower if each subsequent PMT were not
adjusted for inflation:

BOP
n i PV PMT FV
20 8 ? 100,000 0

Solving... | -1,060,359.92

The IAR may also be used to solve this type problem:

What annual annuity of constant purchasing power, to be paid at the
beginning of the year, could be furnished for 20 years by an
endowment of $1,430,725.84, if funds earned 8% per year and
inflation averaged 4% per year.?

BOP
n i PV PMT FV
20 3.846... | —-1,430,725.84 ? 0
Solving... 100,000
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Errors When Ordinary Annuities Are Involved

When the financial situation involves Ordinary Annuities (PMTs EOP), the use of the IAR will
introduce a small but potentially significant error when solving for either the PV or the PMT.

This error is caused by the fact that the IAR inflates every PMT by (1+g). This is not a problem
in the case of an Annuity Due (PMTs BOP) since the first PMT is always set aside by both the
calculator and the computer and is neither increased nor discounted by the inflation rate. But
when dealing with an Ordinary Annuity, the first PMT is stipulated and occurs at the end of the
first period. The use of the IAR inflates this stipulated PMT by (1+g) before discounting it, and
thereby introduces an error into the answer equal to (1+g)

Therefore the use of the IAR in determining the PV of a | For additional information
series composed of Ordinary Annuity PMTs (EOP) results in | and examples in the use of
a value which is (1+g) too high. To correct for this error, | the Inflation-Adjusted Rate,
solve as for EOP, then divide the answer by (l+g). | please consult the Appendix.
(Remember to express g as the g/period.)

When attempting to determine the regular amount (PMT) which can be supported by an Ordinary
Annuity of a given value, the use of the IAR will result in an annuity (PMT) which is too low. To
correct for this error, solve for the PMT as for an EOP, then multiply the answer by (1+g).

Nominal vs. Effective Interest Rates

The difference between nominal rates of interest and effective rates of interest is created by the
effect of compounding. For example, if $1 is invested for 1 year at a 10% nominal rate of interest
applied annually, the calculation of the FV is straightforward:

FV =PV (1+i)"
FV =$1%(1+.10)' =$1.10
The effective interestratei = FV -1,= $1.10-$1, =0.10 = 10%

But when the stated (nominal) interest rate is compounded over a number of periods, the result is
different. Suppose the annual interest rate of 10% is broken up into a monthly rate and
compounded 12 times during the year. Then,

.10

FV =PV *(1+ 5 )'? =1.1047 -1 = 10.47% , which is the effective rate

As the compounding period becomes more frequent, the effective rate of interest increases. If the
annual 10% rate is divided into daily rates'' and compounded daily then,

_ =10 360 _
FV =PV * (1+ 3¢5 )’ = 1.10516

' Using a banker’s year = 360 days.
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The effective rate has risen to 10.516%. This trend toward higher and higher effective rates
continues as n approaches infinity.

To determine an effective rate, simply determine the Future Value of 1 (one), compounded over
n periods at nominal rate i per period. For example,

What is the effective rate when a 9% interest annual rate is
compounded quarterly?

n i PV PMT FV
4 9/4 -1 - ?
Solving... | 1.09308...

If the effective rate is given and the nominal rate is sought, reverse the process and put
(1 + effective rate) into FV; put (-1) into PV, and then solve for i.

n

PV

PMT

FV

4

?

-1

- 1.093083319...

Solving... 2.25

The result, 2.25%, is the rate per quarter. Multiplying by 4 delivers the annual rate, 9.0%.

Continuously Compounded Rates

If we begin with an interest rate equal to 100% payable over n periods, the interest rate, i , per

100%
n

period n will be and the Future Value of 1 compounded for n periods becomes:

FV=1%(1+ (—100%)")
n

As n grows, the value of this expression converges to a limit:

1w _
FV=1*(1+ 100 ) =2.7048
_ _1 000 _
FV=1*(1+ 1000 ) =2.71692
— - 1000000000 _
Fv=1=*(1+ 1000000000 ) =2.71828

This “magical” number, 2.71828, is known as epsilon, represented by the symbol e. Epsilon'?
represents the absolute limit to which 1 can grow when the rate of growth (100%) is divided into
infinitely small parts and compounded over an equally infinite number of periods."

"2 Epsilon, like pi (), is an irrational number which cannot otherwise be expressed exactly as the division
of two integers and whose digits do not form a repeating pattern. Epsilon forms the base for Napier’s
natural logarithms, a system which is available on the HP-12C. See keys(2,2 and 2,3)
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The result is:
FV =PV*(e)

When the rate i is other than 1, and n is other 1, the formula becomes:
FV =PV*(e)t"™
Where i is the rate per period and n is the corresponding number of periods over which i applies.

For example, $1 continuously compounded over 2 years at an annual interest rate i of 10% would
have a maximum future value of:

FV =$1%@) "™
FV = $1%(e) '
FV =$1.22140276...
Banks often advertise daily compounding.' The results obtained by compounding for 365 days

per year over a two-year period are, for all practical purposes, virtually equal to that which would
be produced by using continuous compounding:

n i PV PMT FV
365*2 10/365 -1 0 ?
Solving... | 1.221369..

Making Practical Use of Continuous Compounding

We have seen that the present value of a cashflow can be calculated when the cash is available
either at the beginning or at the end of a period. But this fact doesn’t help the CFO'> who must
provide capital for equipment to be purchased over the course of the coming fiscal year.

If he sets aside all the cash needed at the beginning of the year, he may overestimate the amount
required, since cash not used for early purchases can earn interest until needed. If he assumes that
all the required cash will be needed at the end of the year, he may fall short, since any
withdrawals made during the year will deprive him of interest to be earned on his invested
capital.

This problem can be mitigated, though not entirely overcome, by budgeting the cash required as
though it were to be supplied continuously. This is where epsilon proves useful.

3 This rate of growth is sometimes referred to as the "organic rate of growth:" one cell gives rise to two,
two give rise to four, four become eight etc.. A 100% growth factor.

4 Banks are prohibited from using continuous compounding.

' Chief Financial Officer
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The value (e) ®*™ can be inserted in place of (1+i)” or (1+g)" in any of the formulas we have
discussed, and is particularly useful when we wish to express the Present Value of PMTs
distributed evenly (continuously) over time. While the PMTs cannot actually be made
continuously, the use of epsilon is very handy in compiling capital budgets where PV estimates
based on PMTs required at the beginning of the year or at the end of the year do not reflect the
actual timing of the required outflows.

For example:
The alumnus who decided to endow his alma mater with an Annual
Annuity of $100,000 now decides that the cash should be made
continuously available over a 20-year period.
With what amount must he now capitalize a trust which can earn 8%
per year.?

Recall the basic formula for an annuity for a finite time:

C 1
PV= T*(l' (1+i)“)

We can insert ()" into the formula in place of (1+i)"

pv= *(1 R J
i (en™n

py _ $100000 (- 0018*20 _ $100,000 ( 1
0.08 (e)0 0.08 (06

PV = $1,250,000 *0.798103 = $997,629.35

This result, $997,629, is slightly more than would be expected if all PMTs were assumed to be
made at the end of the period ($981,815), and slightly less than the amount which would be
required if all PMTs were to made at the beginning of the period ($1,060,360). It is also different
from the average of the two ($1,021,087).

Continuous compounding or discounting of cashflows to be paid or to be received over a definite
time period is a very useful tool in capital budgeting when the timing of the outflows is uncertain.

Inflation Rates and Jellybeans

Almost all financial professionals and jellybean fanciers have a keen interest in the rate of
inflation since inflation reduces the purchasing power of the dollar. One dollar at the beginning of
the 21 century buys as many jellybeans as did only 3 cents at the beginning of the 20® century.

On another level, the cost of replacing machinery purchased 10 years ago will be much higher

than its previous acquisition price. The amount of money required for a college education or for a
reasonably comfortable retirement will also be much greater for you than for your parents.
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In our discussion of Present Values we have provided two formulas'® which express the Present
Value of a fixed payment, C, which increases at a constant rate:

C

For Perpetual Ordinary Annuities: PV = -
1-g

and,

For Finite Ordinary Annuities: PV = €« [l —( l? ) ]
i-g i+i
The g in both these formulas pertains to a constant rate of growth in the PMT, C, and indicates
that C will grow at rate g per period, for the number of periods represented by n.

When we need to express the Future Value of either a Present Value or a series of fixed PMTs, or
a combination of the two, in terms of today's dollars, we can also employ the Inflation-Adjusted
Rate. For example, consider Ann Brown's situation:

Ann is planning on retiring 20 years from today.

She estimates that she could live comfortably for 25 years on a
monthly income of $4,000 as measured in today's dollars, provided
this amount is increased each month to offset inflation. Upon
retirement, she is willing to invade the principal of her account to make
the plan work. She can invest her savings today and during retirement
to realize a 9% annual return in an inflationary environment anticipated
to average 3.0% per year.

Ann has $150,000 with which to open her retirement account.

How much more must she invest at the beginning of each month,
starting today, in order to achieve her goal?

First, we need to determine the equivalent monthly amount, adjusted for inflation, which Ann
must have at the time of her retirement. We can do this by inflating today’s $4,000 amount by the
anticipated inflation rate of 3% per year (compounded monthly) for 240 months.

n i PV PMT FV
240 0.25 -4000 0 ?
Solving... 7,283.02

This amount, $7,283.02, will be her first monthly withdrawal at the time of retirement and will
be equivalent in purchasing power to a $4,000 sum today.

Next, we need to calculate the required capital value of her account at the time of her retirement.
This capital amount must reflect the yield of 9% (compounded monthly) on invested cash, and
must also allow for monthly increases in her future monthly retirement checks at the rate of
3%/12 to offset inflation. We need to use the IAR.

16 And two additional formulas for the BOP situations.
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BOP
n i PV PMT FV
300 | 0.49875.. ? 7,283.02 0
Solving | —1,137,626.90

In order to accumulate this amount by the time she retires, Ann can contribute any combination of
PV and PMTs which, when invested at 9% (compounded monthly), will accrue $1,137,626.90 in
20 years (240 months). Since she has $150,000 to start today, her additional beginning-of-the-
month contribution must be:

BOP
n i PV PMT FV
240 9/12 —-150,000 ? -1,137,626.90
Solving... -351.11

We have not used the IAR in this latter calculation because we have already compensated for
inflation in the determination of the FV, $1,137,626.90. We did this by adjusting the PMT to
reflect inflation. This value is the PV equivalent of the inflation-adjusted monthly payments she
will receive over her 300 months of retirement.

If it were possible, Ann could simply contribute $189,315.73 today, with no monthly
contributions, and still achieve her FV goal. (Keep this number in mind; we will need it shortly.)

How can we be sure that this plan will work? One way is to draw an amortization table in which
the monthly payment of $7,283.02 increases at the rate of 3%/12 per month to offset inflation,
while the balance of the account earns the nominal 9%/12 rate per period. Withdrawals are made
at the beginning of each month.

Payment | Starting Bal. Withdraw Balance Interest | Ending Bal.

1 1,137,626.87 7,283.02 1,130,343.85 8,477.58 | 1,138,821.43
2 1,138,821.43 7,301.23 1,131,520.20 8,486.40 | 1,140,006.60
3 1,140,006.60 7,319.48 1,132,687.12 8,495.15 | 1,141,182.28
4 1,141,182.28 7,337.78 1,133,844.50 8,503.83 | 1,142,348.33
5 1,142,348.33 7,356.12 1,134,992.21 8,512.44 | 1,143,504.65

\ 4

298 45,639.08 15,288.78 30,350.31 227.63 30,577.93

299 30,577.93 15,327.00 15,250.93 114.38 15,365.32

300 15,365.32 15,365.32 (0.00) (0.00) 0.00"

7" The value $1,137,626.87 was generated by Excel and is slightly more accurate than the HP-12C

Page 3-14



Chapter 3: Annuities and Rates I

A second proof is available: we can discount the required FV of $1,137,626.90 by the
compounded inflation rate (1+.03/12)** to produce the equivalent PV today. This PV is
$624,810.53. If we had this sum available today, what monthly retirement amount would it
support, adjusted for inflation, given a 9% yield and a 3% inflation factor?

BOP

n i PV PMT FV
300 0.49875 —-624,810.53 ? 0
Solving... 4,000
Balance of Ann's  The progress of Ann's account dffer retirement is
Account - depicted in the graph at the left.

1400,000.00 1 Her balance initially increases, but as the monthly

withdrawals increase, adjusted for inflation, the balance
of her account reverses and begins to decline. This will
occur in the 80™ month of the schedule.

1,200,000.00 J

1,000,000.00 -

800,000.00

600,000.00 This type account cannot be amortized on the HP—12C

which can amortize only Ordinary Annuities. The BEG
function has no effect. Therefore the amortization of an
0.00 — Annuity Due must be done on a spreadsheet in a manner

136 71 106 ;ﬂ 1;6 211 246 281 similar to what is shown in the table above.
ontns |

400,000.00

200,000.00

The Graduated Payment Annuity

One shortcoming of many annuity plans is that they call for level payments in each of the
payment periods. For example, Ann may feel it difficult just now to contribute $351.11 each
month to her retirement plan.

"Isn't there a way I can start with a smaller amount this year and gradually
increase it in later years?" she asks.

Fortunately, there is a way.
In your discussion with Ann, she commits to a 5% increase in her contributions each year over
the first 10 years of the plan provided she can start with a lower initial monthly PMT. Beginning

with the 11th year, she would prefer no increases since she foresees that she will be at the peak of
her earning curve.
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You will recall that we calculated that Ann could achieve her required FV of $1,137,626.90 by
any combination of a current (PV) amount plus monthly contributions. We calculated that if she
were to make no monthly contributions, she would need to contribute $189,315.73 today. Since
she is still willing to advance $150,000 today, she would be short the PV difference, $39,315.73.

It is this PV amount which we need to supplement by means of regular payments which increase
5% per year over the first ten years of her plan, and then level PMTs thereafter. Let's assume that
we start with $1.00 in PMTs.

These PMTs increase each year by 5% and total

Year Amount Per | No. of only 239 in number because we have removed
Month PMTs the first PMT, which is not to be discounted in a
é 1.1)5 g BOP series. We have also broken up the 11-20
3 1.1025 D year interval sinf:t? the HP—1'2C registers are
2 1.15763 12 limited to 99 repetitions per register.
5 1.21551 12
6 1.27628 12 With these values entered in the uneven
7 1.3401 12 registers, and with the first PMT of $1.00 in
8 1.4071 12 register CFo, find the PV of the series when
9 1.47746 12 discounted at 9%/12 per period. The result is
10 1.55133 12 $146.84564, the PV of the series.
11-20 1.55133 99
1.55133 21 Therefore we see that this series of PMTs,
Total 239 starting with $1.00 and incremented as shown,

will support a PV of $146.84564.

Fortunately there is a proportion between the PV of the schedule we have created, beginning with
$1.00, and the total we need to support $39,315.73. This proportion is the ratio of the first PMT to
the total PV in each of the two sets:
PMT __ $100 _ X
PV 146.84564 39,315.73

Solving for the first PMT, X = $267.74 (rounded) The entire schedule follows:

Year PMT No of If we discount the PMT schedule in the table at the left by
Per Month | Times 9%/12, its Present Value is found to be $39,315.68 (The
1 267.735... 12 table shows rounded up values for the PMT but we have
2 281.12 12 not rounded them up on the calculator.)
3 295.18 12 Notice, also, that the PMTs required under the graduated
4 309.94 12 payment plan beginning in the 7" year exceed that which
5 325.43 12 would have been required using a level PMT ($351.11).
6 341.71 12 This is true of many graduated annuities (mortgages
7 358.79 12 included) in order to preserve the same Present Value. But
g ;;g;; 3 these increased PMTs. occur well along in Ann’s earning
10 415: v 12 curve, hopefully at a time when she can more comfortably
11-20 415.34 120 meet the larger PMTs.
Total Pmts. 240
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Meanwhile, the reduction in the required initial PMT, in this case from $351.11 to $ 267.74
(=24%), may make the financial plan not only feasible for Ann but even financially comfortable.

This plan for a Graduated Payment Annuity can be configured in any format desired: monthly or
annual increases in PMTs can be raised, lowered (or even temporarily suspended) for any number
of periods. This method provides for unlimited flexibility in achieving a future investment goal.

Be aware, however, that although a higher incremental rate will lower the initial payments, a
higher incremental rate will also require higher payments later in the schedule to preserve the PV
of the annuity. If the rate is too high, it could jeopardize the plan by presenting payments in the
later years which could be difficult to meet.

The rate used in the Graduate Payment Annuity may either be the nominal rate or the Inflation-
Adjusted Rate.

Remember to begin the PMT series with $1.00. Inflate the periodic payments by the selected
incremental (growth) rate. Then discount the entire series by the projected investment rate. The
resulting PV should then be made proportional to the PV to be raised. Always deal with PVs,
never with PMTs or FVs.

Future Inflation Rates ?

In constructing financial or investment plans, some feeling for future inflation rates is required.
There was a time in our recent economic history when the rate of inflation changed very little. In
the period following WW 1II until the early 1960s,'® inflation remained below 1% per year. Since
then, however, the annual rate of inflation has varied greatly, reaching a peak of 13.5% in 1981.

There are economic periods during which inflation is caused by the push—pull of a demand for
goods and services exceeding supply. At other times inflation is caused by cost-push factors such
as when OPEC" raises the price of oil.

If past equals prologue the investor/planner may obtain some help and perspective from historical
data which are available on a monthly schedule from the U.S. Department of Labor's web site:
"http://www.bls.gov/data/".

The Department publishes two indices which are intended to measure the change in the cost of
goods and services. The first index is the Consumer-Price Index —All Urban Consumers (CPI-U);
the second is Urban Wage Earners and Clerical Workers (CP1-W).

The CPI-U samples about 87% of the population of the United States and is based on the
expenditures of all families living in urban areas. The CPI-W is a sub-set of the CPI-U and is
based on the expenditures of all families in urban areas who meet the additional requirement that

'8 The beginning of President Lyndon Johnson's "Great Society" which called for guns and butter.
® Organization of Petroleum Exporting Countries, a cartel of oil-producers.
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more than one-half of the family's income must be earned from clerical or hourly-wage
occupations. The CPI-W represents about 32% of the total U.S. population.

The CPI-W is widely used in the adjustment of labor contracts, over 60% of which carry COLA
clauses,” and in annual changes in Social Security benefits. The CPI-U is more commonly used
to adjust escalation clauses in business contracts, such as commercial leases.

The Core Rate of Inflation is similar to the CPI but excludes the costs of energy and food, which
tend to be volatile. But since these are important factors in many budgets, critics contend that
their elimination does not truly represent "the cost of living." CPI indices are available on a
regional as well as on a national basis.

How to Compute Rate Changes in the CPI

To compute the percent change in the CPI simply divide the new index number by the older index
number and subtract 1. For example the national CPI-U ending December 1995 was 153.5.*' The
ending average for December 1999 (a 4-year interval) was 168.3. Therefore the change in the rate
is ig% =1.0964 -1 = 0.0964 x 100 = 9.64%. This is the amount by which the CPI increased
over 4 years.

The average rate of increase per year, however, was:

n i PV PMT FV
4 ? -153.5 0 168.3
Solving... 2.33%

Many economists consider the following values as indicating the degree of inflation:

Range of Price Changes | Condition Described as
0.0-2.0% Price Stability
2.1-3.0% Low Inflation
3.1-5.0% Moderate Inflation

5.1-10.0 % High Inflation
10.1-20.0% Price Instability

During Allan Greenspan's reign as Chairman of the Federal Reserve Board, the targeted core rate
of inflation was between 2.00-2.5%

2 Cost Of Living Adjustments
! Based on the 3-year average for the period 1982-1984 = 100. Revisions are made about every 10 years.
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Chapter Summary

N —

An annuity is a sum of cash paid or received over a regular schedule.

An annuity may deliver payments forever or for a limited (finite) period of time. Those
annuities whose payments are made at the beginning of the period are called Annuities
Due; those whose payments are made at the end of the payment period are Ordinary
Annuities.

A finite annuity is the difference between two perpetual annuities: one whose PMTs
begin now, and one whose PMTs begin in the future at the end of period n.

Th amount of the payment under both perpetual and finite annuities can be easily
adjusted to reflect a constant rate of growth. When the adjustment is made using the so-
called Inflation-Adjusted Rate (IAR), the Present Value of an Ordinary Annuity will be
overstated by (14g), where g is the rate of growth in the PMT per period. When the IAR
is used to determine the PMT of an Ordinary Annuity, the result will be understated by
(14g). This problem does not occur with an Annuity Due. Use of the "long formulas"
avoids these errors entirely.

The "long formulas" which have been presented for both Ordinary and Annuities Due are
also useful in dealing with growth annuities whose number of different payments extends
beyond the maximum capacity of the calculator (20 different PMTs).

Effective interest rates are created as the result of compounding in which interest is
earned on interest which has accrued. More frequent compounding results in higher FVs.
As the compounding periods increase per year, the effective rate converges to a limit.
When a sum doubles in value each period, an infinite number of compounding periods
results in the constant epsilon, 2.71828. Continuous compounding using epsilon
simulates the payout (or receipt) of a stream of PMTs over an infinite number of
compounding periods and is useful in capital budgeting.

Inflation results from both the push-pull of a demand for goods and services in excess of
supply, and from the cost-push effect of a rise in commodity prices. All financial plans
must be designed to compensate for the loss of purchasing power as the result of
inflation.

Graduated Payment Annuities can be designed to create investment programs featuring
gradually increasing planned contributions. These plans may make certain financial plans
feasible by reducing the contributions required to begin and maintain the plan.

The U.S. Department of Labor provides monthly data on the cost of living for groups of
families. These data often serve as guideposts for the increase in labor and business
contracts and can be accessed via the world-wide-web.
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he IRR is undoubtedly the most arcane of all the C hapte}" 4

indices of financial performance. Few investors

outside the institutional investment community use the IRR. Th e In terna l

The average investor has only a muddy understanding of it,

if at all, and is typically not motivated to study its
usefulness. Yet, properly understood and used, it is a Rate Of
valuable yardstick of overall investment performance
because it measures the rate of return on the investment R e tu rn

over the entire holding period.

We have already defined the IRR in Chapter 2 in the section dealing with uneven cashflows. The
IRR is a discount rate, but a very special and unique discount rate. The IRR is:

...that certain, single discount rate, which - when applied to each future
cashflow - results in Present Values the total of which is exactly equal to the
initial investment.!

IRR Under Different Aliases

Bankers have a special name for their IRR: they call it “yield.” The true interest rate charged to
borrowers (which, under federal Regulation Z, a lender must disclose to a
borrower) is more commonly known as the APR, the “Annual Percentage Rate.”

When next you enter a bank lobby and see a stanchion sign advertising a Certificate of Deposit
rate as “4% (4.38% APR),” you will recognize that the stated, or nominal, rate of interest paid
by that depository is 4%, but that as a result of compounding, the yield, or the effective rate of
interest, to the depositor is 4.38%. IRR, Yield and APR are all one and the same measuring stick
under different aliases. A banker’s “yield” = automobile dealer’s “APR” on auto leases =
investor’s “IRR” on an apartment house investment = bond dealer’s Yield to Maturity (YTM).

1 If PV = CFo, and CFo is made negative, then PV + (—CFo) = 0.
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IRR - a Calculator or Computer Supplied Discount Rate

By this time you should be comfortable in your ability to discount a series of cashflows by a
given discount rate. Oftentimes an investment problem does not supply an initial cash investment
(CFo); it’s up the analyst to determine an appropriate discount rate and apply it to future
cashflows to determine the Present Value of the cashflow.

At other times, however, the cash initially required for the investment is specified, and the
subsequent cashflows are estimated based on economic and financial assumptions and projections
of future performance by means of a pro-forma. The problem then becomes to determine the IRR
on the investment given these particular cashflows. Given these data, the calculator — not the
investor — supplies the discount rate, or yield.

Let’s take a very simple situation to demonstrate the IRR.

In Chapter 2, you worked through an example of valuing a small business opportunity (the
automatic laundry) using different discount rates for different periods in the cashflow2.

Let’s examine this kind of structure again (but using

| (125 smaller and simpler numbers for convenience).
End of Period 1 50
2 60 Let’s assume that the receipt of 50 at the end of period 1
3 70 may be quite secure and we would be justified in using a

10% discount rate against the first PMT. But because the

receipt of the second PMT, 60, is less likely, a discount
rate of 15% is more appropriate. Lastly, assume that the receipt of the third PMT, 70, is even less
likely, and a discount rate of 20% is used.

The calculator cannot discount all three PMTs in one operation, using different discount rates. But
we can determine the Present Value for each separate PMT, using its appropriate discount rate,
and then add the sum of the PVs together to determine Y, PV. Let’s do that.

1) PV, = 5—01 _ 4545
(1+.10)

@ PV, = Lz - 4537
(1+.15)

3) PV, = L3 = 4051
(1+.20)

2PV = 13133

2 In fact, this is the method commonly used to evaluate the worth of small businesses. Their future net
operating income is estimated and then discounted, typically at increasing annual rates, over a period of
future years. The PV of the future annual NOIs becomes the asking price of the business.
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But if it is given that the CFo of this investment is 125, the task becomes to determine that single
discount rate which will cause the PV of PV,, PV, and PV, to total 125, not 131.33. We begin
by entering the cashflows as we have previously:

Key In Display Shows Comments
f CLX 0.00 Clears registers
125 CHS g CFo -125.00 Stores CFo in Ry; sets n =0
50 g CFj 50.00 Stores value in R,
60 g CFj 60.00 Stores value in R,
70 g CFj 70.00 Stores value in Rj3
solving,
f IRR (1,5) 19.441 The IRR of this cashflow

Iteration

You probably noticed that the calculator flashed “..running..” and that it took some time to find
the answer. The reason for this is that there is no algorithm built into a calculator (or computer)
chip which will lead directly to the IRR. Instead, the calculator proposes a discount rate to itself
and “tests and fits”3 to see whether this discount rate will result in an > PV which, when added to
the —CFo,4 will exactly total zero. If the result is less than zero (negative), the calculator chose
too high a discount rate. If the addition of PV and —CFo results in a value greater than zero
(positive), the discount rate chosen was too low.

In either case, the calculator continues to “test and fit” a discount rate until it arrives at that single
rate which will produce a PV which, when added to the negative value of CFo will net precisely
to zero. That rate is the Internal Rate of Return for this cashflow series. You can readily see why
the IRR is alternately defined as that single discount rate which will cause the Net Present Value
of a cashflow to equal zero.

Your calculator now contains the IRR which is stored in register i. Leave it there for the following
computations. Now, using the IRR stored in i as the discount rate,5 determine the PV for each of
the cashflows and total them.

50

(1) PV, = — = 41.86
(1+.19441)
@ PV= —2 - 42.06
(14.19441)
3) PV; = —————————70 3 = 41.08
(1+.19441)
Y PV = 125.00 (the CFo)

3 This repetitive process is called Iteration.
4 The addition results in zero because the CFo is entered as a negative number.
5 Retrieve the IRR from i, add one to it, store it in register 9 and use it as the denominator of the fraction.
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This proves that the single discount rate which we computed, 19.441%, when applied to each
future cash flow, will produce three PVs, the sum of which is exactly equal to our original
investment of $125.00. That single discount rate is the IRR.

The IRR by Construction

Another way we might determine the IRR is by simple construction. You may have once solved
problems in geometry by constructing physical models of the problem and then measuring to find
the answer.

Examine the following cashflow, then plot 7 Net Present Values using as discounts 12%, 14%,
16%, 18%, 20% , 22% and 24%.6 (Plot the NPV against the discount rate.)

o ——L00 You should have obtained the Net Present Values
End of Period 1 | 200 . :
) g 300 shown in the table below for each discount rate.
3 400 If you plot these NPVs against the Discount Rate,
1 you can approximate where the resulting curve will
4 500 . . . .
5 600 cross the x (horizontal) axis. This point (where

NPV=0) represents the IRR.

Discount Net Present
Rate % Value $
12 361
s 14 284
p 16 213
E 18 149
20 89
" 22 33
24 -18
0 + ;
iz 14 16 18 20 22 24

Discount Rate

As you can see, the curve crosses the horizontal axis, representing NPV =0, about half way
between 22% and 24%. The actual IRR is 23.3%

Therefore if you can construct a few points which represent a number of NPVs which decline and
eventually turn from positive to negative (cross the x axis), you should be able to sketch in a
curve and make a very useable estimate of the IRR.

6 Enter the cashflows only once; then change the discount rate in i to obtain the NPV.
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Purists may object to this approximation of the IRR as being too imprecise. But simply because
the computer or calculator can determine an IRR to the nth decimal point doesn't mean that the
IRR value is indeed that precise. After all, it is based on estimates of future cashflows which are
also subject to error.

Nevertheless, there are those who are wont to quote the IRR to the nth decimal place. But unless
the calculation has been made on historical data, this kind of financial preciosity is, at best,
ludicrous and at its worst, potentially misleading. A CEO who requires a 25% yield on a project
would most probably not reject a project whose IRR is 24.5%. He or she is more likely to accept
the project and work to find a way to improve the return.

The IRR By Interpolation

NPV Discount Rate There is still another way to arrive at this
special number. Notice in the diagram to the
+33 22% left, that the Net Present Values (left side)

cross the zero NPV line from positive to
negative between the NPVs points of +33
and —18. These NPVs correspond to discount
rates (right side) of 22% and 24%
respectively.

The absolute distance between 33 and —18 is
0 23.3% 51. A Net Present Value of zero, therefore,
would lie 33/51 along a line proceeding from
22 to 24, an absolute distance of 2. But 33/51
of 2 = 1.30. Therefore the IRR lies at a point
which is 1.30 along the line from 22% to
-18 24% 24%, or 22.0% + 1.30% = 23.3%.

What Does The IRR Tell Us ?

These graphic examples of the IRR are meant to emphasize that the IRR is a particular, unigue
discount rate: It is that single discount rate which will render the NPV of a cashflow equal to 0.
Since the discount rate is also a yield, the IRR is the yield which can be expected if the
investment is held for the entire length of time indicated by n and if each period of the investment
delivers the forecasted cashflow. If one period is added or lost, or if any single cashflow is
changed, you can see that the IRR must also change.

What the IRR really tells us is the periodic rate at which we are accumulating wealth on the cash
remaining in the investment, measured over the entire life of the investment. In most cases, the
cash which we have remaining in an investment, at any one moment, is our net equity in the
investment. Therefore one use of the IRR may be to help us choose, from investment
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opportunities of similar risk, that investment most likely to render us the greatest yield or return
on invested equity (ROE).

In addition to helping make an initial investment decision, the IRR can also help answer
questions which arise as the result of changes made in our investment strategy. For example:

1. What effect on future yield can I anticipate as the result of refinancing?
When should I sell the investment?

3. Is the indicated IRR return commensurate with the discernible risk in a
particular investment which is being offered to me?

Limitations to the IRR
The IRR is a valuable tool, but there are some limitations.

The investment which produces the highest IRR may not always be the best investment, either
from the point of risk,” or from a financial point of view.

Consider this cashflow:

-1,000
End of Period 1 | O
2 0
i=? 3 | 2500
Key In Display Shows Comments
fCLX 0.00 Clears all memory
1000 CHS g CFo -1,000.00 Stores value in Rq
0 g CFj 0.00 Stores 0 in R,
2 gNj 2.00 0 PMT in R, occurs twice
2500 g CFj 2,500.00 Last PMT into R,
solve,
fIRR 35.72 IRR for this series

This percentage return would be considered excellent by most investors. But the fact that the
entire cash return occurs at the end of the investment period suggests there may be significant risk
associated with this investment.8 The old adage “..a bird in hand is worth two in the bush...” was
probably coined following someone’s sobering experience in which a rich investment pay-off,
promised far in the future, never materialized.

7 The IRR is a number derived from other numbers at hand. It is not a discount rate selected as the result
of careful risk assessment. Therefore the IRR neither measures nor accurately reflects risk.

8 The investor must wait three periods to finds out if the investment will pay off.
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The second caution to be exercised in selecting an investment based on the IRR alone is that the
discount rate, or percentage yield, ought not be the sole objective of investing. The objective is
maximum dollars gained over the distance run, not percentage rates achieved.9

To illustrate, let’s propose two investment opportunities available to an investor with $50,000.
The first requires an initial investment of $45,000 and returns the following cashflow:

—45,000

End of Period 1 10,000
2 20,000

3 30,000

The IRR of this investment is 13.3% and will return a raw total of $60,000 over 3 periods. But the
investor will have $5,000 extra which he has not yet invested.

The second investment consumes the investor’s entire $50,000 and generates the following
cashflow:

-50,000

End of Period 1 8,000
2 15,000

3 45,000

The IRR for this investment is less, 13.0%. But it will return a raw total of $68,000, $8,000 more
than the first investment.

Unless the investor, after making the first investment of $45,000, can invest the remaining $5,000
in an investment which can earn 16.96%,10 he may favor the second investment even though it
may be somewhat more risky and carries a lower IRR. The second investment simply returns
more (quantity) dollars over the same holding period. “Percentages” are not the sole selection
standard of a “good” investment. Nor do they pay the rent.

Multiple IRRs for the Same Cashflow

A popular pastime for financial academes is to point out that more than one IRR may exist for the
same cashflow.11

The following example is illustrative only. There are very few instances in the real world when
multiple IRR solutions become a business problem.12

9 This is precisely why many wealthy investors tend to avoid high-risk/high yield investments. Smaller
percentage returns on large capital investments return very satisfactory dollar results.

10 $5,000 invested for three years requires a 16.96% annual return rate to yield $8,000.

11 Following Descartes “rule of signs,” there are as many solutions to a polynomial as there are changes
in sign. Do not count the initial investment (PV).

12 One great financial skill worth cultivating is the ability to step back from a situation and ask “Does this
result make sense?”
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Consider this cashflow:

End of Period

CFo

10,000

—10,000

1 60,000
2 (110,000)
3 60,000

PMT, PMT, PMT,

(1+i)" +(1+i)2 " a+i?

60000 (110000) 60000
+ +

a+d!  a+? g+

There are three possible solutions for i : 0%, 100% and 200 %.

1) At 0% 10,000

2) At100% 10,000

3) At200% 10,000
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60,000 (110,000) 60,000
a+0!  a+0? a+o)3

60,000 — 110,000 + 60,000
10,000

60,000  (110,000) 60,000

a+1! a+n?  a+13

60,000 ~ (110,000) 60,000
2 4 8

30,000 - 27,500 + 7,500
10,000

60,000 (110,000) 60,000
+ +

1+2)! (1+2)2 1+2)3

60,000 + (110,000) + 60,000
3 9 27

20,000 - 12,222 + 2,222

10,000
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Reinvestment Rate of Payments — Does It Matter?

Another frequently asserted limitation of the IRR is that the attainment of the Internal Rate of
Return depends upon the rate at which the PMTs flowing from the investment are reinvested.
Some contend that unless the PMTs derived from the investment can be reinvested at a rate equal
to or higher than the IRR, the IRR is illusory.

Consider this T-Bar and tabulation of a cashflow showing the progress of an initial investment of
$479.59. The PMTs (100, 125 ...etc.) are cashflows produced by, and removed from, the
investment as they occur. The IRR of this cashflow is 15%.

—479.59)
1 100
2 125
IRR =15% 3 150
4 175
5 200
You will recall that a discount rate and an interest rate are opposite sides of the same coin. The
IRR is a discount rate. Therefore the IRR can also be used as a yield, or interest rate.

End of Period

The table below depicts the progress of the investment as the cash, remaining in the investment
after withdrawal of the PMTs, earns interest at the IRR rate:

Beginning Interest Principal Withdrawal Remaining

Balance Rate Plus Interest (PMT) Balance
479.59 0.15 551.53 -100 451.53
451.53 0.15 519.26 -125 394.26
394.26 0.15 453.40 -150 303.40
303.40 0.15 34891 -175 173.91
173.91 0.15 200.00 -200 0.00

The table shows that the net balance of the investment will be zero at the end of the holding
period after having returned the investor a steady 15% on cash remaining in the investment..
During the period of the investment, the remaining balances always earn a return at the IRR rate.
The rate at which the PMTs could be reinvested does not affect the IRR of this cashflow.
Therefore the assertion that the IRR depends upon the reinvestment rate of the PMTs is entirely
false.

Aside from these limitations, most professionals consider that the Net Present Value of an
investment to be a better measuring stick because: 1) it deals with cash returns and not
percentages; 2) it forces the investor to address the issue of risk by requiring the active selection
of a discount rate rather than forcing one mathematically; 3) it offers the opportunity to assign
different discount rates for different periods of the investment.
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Geometric Mean vs. IRR Rate of Return

The question often arises as to the proper method of measuring the return from an investment.
Should the annual returns over a number of years be added together and averaged, or should they
be multiplied together, or should some other method be used? The difference in these rates is best
explained by an example.

An investor realized the following gains from five separate investments: 10%, 12%, 4%, -7%
and 9%. We can say that the average gain from all his investments was (10% + 12% + 14% +
(-7%) + 9%)/5 = 7.60% per year. We can substitute 7.60% for each of the separate gains and the
total would be the same (38%), as would the average, 7.60%13

If, however, one investor realized these same successive rates of return from a single investment
over a 5-year period, the average return would be [(1.10)(1.12)(1.14)(1-.07)(1.09)]""
1.42372°%° = 1.07321 =1 * 100 = 7.321% gain per year. In this case, we can substitute 1.07321
for each of the annual rates of return, and have the same result 1.42372.14

The first example illustrates the arithmetic mean, 7.60%, while the second example illustrates the
geometric mean, 7.32%. The arithmetic mean involves the addition of factors, while the
geometric mean involves the multiplication of factors.

If the cashflows from an investment, x.....x, , are equal, then the arithmetic mean and the
geometric mean are also equal. In all other cases, the relationship between the arithmetic mean
and the geometric mean becomes:

Log (GMean) = [Zlog X, } /n

i=1

If the same annual cash returns were produced by, and withdrawn from, the investment, the
Internal Rate of Return would be 7.92%. This rate of return is different from both the arithmetic
mean and from the geometric mean rates of return.

The geometric mean assumes that the proceeds from the previous period remain in the investment
and are compounded forward, while the IRR assumes that the periodic proceeds are withdrawn
from the investment. The IRR, therefore, measures the periodic rate of return on cash remaining
in the investment as measured over the entire holding period. The geometric mean measures the
yield from the re-investment of the dividends (proceeds), as one might do with a mutual fund held
in a tax-deferred account.

13 This a fairly meaningless number since we don’t know the dollars involved in each separate
investment. We would be better informed with the weighted return ($ * %) for each investment.

14 We used the expression (1-.07), which equates to 0.93, because the calculation of the Geometric Mean
does not allow for negative numbers
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The IRR and the Problem of Negative Cashflows

The IRR calculation handles negative cashflows which may occur in the investment series in
exactly the same way it does positive payments: it discounts them and produces a negative PV.
These negative PVs are added to the positive PVs to produce Y, PV.

Consider the following cashflow:

The IRR of this investment is 23.45% The investor in this

-50,000 situation is being called upon to supply an additional $5,000 at

End of Year 1 10,000 the end of year 2. The assumption implicit in this financial
—-5,000 structure is that the investor can invest a certain sum at the
3 85,000 beginning of the investment (an additional CFo) at the same
internal return rate of 23.45% for 2 years in order to
accumulate %5,000 in cash to cover this future negative PMT.

It's easier this to see this in the following format:

—-5000
10000 _ o+ 83000 _ g100.47 -3,280.88 + 45,180.41= 50,000
(1+.2345)° (1+.2345) (1+.2345)

How many investments abound in which you can invest so small a sum, $3,280.88, for 2 years
and realize a return of 23.45% each year?

The Modified Internal Rate of Return: MIRR/FMRR

This distortion in the IRR when significant negative cashflows occur is the reason for Modifying
the IRR to produce the MIRR: the Modified Internal Rate of Return — or, as some would have it,
the FMRR (Financial Management Rate of Return).

For those who wish to use the IRR method for cashflows containing significant negative PMTs,
the MIRR method compensates for the fact that the IRR discounts negative sums at the same rate
as for positive sums. The financial reality is that it is extremely difficult to invest small initial
sums (PVs) at a large interest rate. Let’s reconsider the previous example:

The IRR of this investment is 23.45%. This investment requires two negative cashflows from the

investor: one at the very beginning in the amount of —

| 50,000
End of Year m $50,000 (the CFo), and a second, —$5,000, at the end of the
2 | - 5’000 second period. The Present Value of the second negative
3 | 85.000 PMT, discounted at the IRR of 23.45% for two periods is —

$3,280.88.

Since the probability of being able to invest so small an amount, $3,280.86, at so large a rate of
return, 23.45%, for so short a period is usually quite low, we need to adjust this cashflow to
reflect a more realistic estimate of return.
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One method of covering this future cash requirement would be to set aside an additional initial
amount (together with the original $50,000 ) which, invested at a conservative or safe ratel5 of
interest, say 5%, would grow to $5,000 at the end of the second period. The availability of this
cash would offset the negative cashflow at the end of the second period.

This required amount would be:

n i PV PMT FV
2 5 ? 0 5,000
Solving... -4,535.15

The adjusted T-Bar would look like this:

150,000 — 4,535.15 = —54,535.15

End of Period 1 10,000
2 o 24
3 85,000

The MIRR of this cashflow is 22.39%, a reduction from the original IRR of 23.45%. (Solve for
the MIRR exactly as you would for the IRR.)

A second approach would be to reinvest the $10,000 which will be available at the end of
period 1 in the same conservative investment of low risk in order to have cash available to cover
the second negative cashflow. If we could invest $10,000 for one period @ 5% interest, the
revised T-Bar would show:

__ | =50,000
End of Period 1 10,000 -

2 -5,000 + 10,500 = 5,500

3 85,000

or,

| =50,000

End of Period 1 0

5,500

3 85,000

Now if we solve for the MIRR of this cashflow, we obtain 22.42%, a slightly higher yield than
the previous solution.

The third and most efficient method recognizes that it is unnecessary to use all the $10,000, since
only a portion of it, invested for one period @ 5%, would yield just enough to cover the negative
cashflow at the end of the second period. How much, then, of the $10,000 needs to be carried
forward for one period in an investment earning 5% to yield $5,000?

15 An interest rate derived from an investment of minimal risk; e.g. T-Bills.
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n i PV PMT FV
1 5 ? 0 5,000
Solving... -4,761.90..

The T-Bar now becomes,

(50,000) (50,000)
End of Period 1 10,000 — 4,762 — = 1 5,238
2 -5,000 +5000 = 2 0
3 85,000 = 3 85,000

The MIRR of this series is 22.94%, the best yield of all three methods.

From a financial standpoint, large negative PMTs occurring well down in the cashflow sequence
are best managed by planning to reinvest a sufficient portion of previous cashflows at a
conservative, or safe, rate to cover the future negative PMT. This would be cash-sparing, since it
would require no additional up-front investment. If the negative PMTs occur early in the
cashflow series, however, there may be no choice but to provide for them by an additional CFo
invested separately in a low-risk investment at a safe rate of interest. In any case, the MIRR will
always be less than the IRR.

Providing most efficiently for the future negative cashflows which may be encountered in an
otherwise attractive investment is a hallmark of good cashflow management and will improve
overall yield.

Note: The HP-12C handbook suggests 1) discounting, at the safe rate, all negative cashflows
back to Present Value and 2) compounding all positive cashflows forward at the “re-investment
rate” to produce a Future Value, then 3) to solve for the IRR using the PV and FV so determined.
This method is repeated in various spreadsheet programs, such as Excel, as a way to eliminate
negative cashflows in a series.

This method will always result in a lower investment yield than the third method described above
because amounts added to CFo have a pronounced negative effect on the IRR. The HP method is
also one source of the commonly heard “the IRR depends on the re-investment rate.” If one
chooses the re-investment rate, or uses an existing "hurdle rate, "then the “IRR” is forced., not
calculated. Then why not simply use the NPV method?
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Chapter Summary

1. The Internal Rate of Return is that single discount rate which will convert all future
payments to present values whose sum will be exactly equal to the cash originally
invested.

2. The IRR is not an average of periodic or “spot” rates of return, but rather a single
discount rate expressed on a per-period basis which may be realized if the investment
delivers the projected cashflows and is held for all the planned number of periods.

3. The calculations necessary to determine the IRR do not involve risk assessment,
although a high IRR may suggest risk. Therefore the investor or financial analyst may
wish also to compute the Net Present Value of the investment, a process which requires a
discount rate to be selected with due consideration given to risk.

4. There are certain technical limitations to the IRR, such as the possibility of multiple
solutions. Though real, the possibility is considered remote when dealing with real-
world investments. Nevertheless, the investor/analyst should be alert when dealing with
cashflows whose PMTs change sign (+ —) frequently. There will potentially be as many
separate IRR solutions as there are changes in sign.

5.  While the calculation of the IRR is mathematically precise, the estimates of future PMTs
upon which the IRR is based may be moderate, conservative or highly optimistic.
Therefore expressing an IRR to the second decimal point may be grossly misleading by
implying a degree of precision to the whole exercise which is inconsistent with the
precision of underlying assumptions.

6. The Modified Internal Rate of Return, MIRR (or Financial Management Rate of
Return - FMRR), overcomes some of the problems posed by negative PMTs which occur
in a cashflow series. In order to maintain the highest possible rate of return, sufficient
cash flowing from a previous period or periods should be reinvested at a conservative
rate to cover future negative cashflows.

7.  Only when there is no previous cashflow available to fund a future negative cashflow
should additional cash be added to the Present Value (initial investment). Doing so has a
disproportionately negative effect on the IRR.

8. The calculated IRR is not at all dependent upon the rate at which outflowing PMTs can
be reinvested in a subsequent investment. But prudent portfolio management will take
into consideration the options available for the reinvestment of funds in managing the
entire amount available for investment.

9. The IRR is distinct from the geometric mean rate of return from an investment. The
geometric mean is the multiple of all the previous rates of return multiplied together,
and assumes that the proceeds from the investment will remain in the investment. The
IRR is a measure of the rate of return remaining in an investment and assumes that the
periodic cashflows will be removed from the investment.
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part of a well-balanced investment portfolio, it
is essential to understand how these financial ﬂ f
instruments return cashflow to the investor and how CaSh OWS rom
a rate of return on this cashflow can be measured. S
tocks

An analysis of the cashflows produced by stocks and

bonds, however, is not the equivalent of an analysis

of the economic fundamentals which may produce these cashflows. That’s a task for the stock or
bond analyst. But given economic projections relevant to an issue, and the cashflows they imply,
it’s our task to measure and rate the returns which can be anticipated from ownership and to
estimate a market value.

Cashflows from Stocks

Many investors buy stocks on their past record. But the present value of any financial investment
is not measured by what has already happened, but rather by what is likely to happen in the
future. Most of these same investors would not buy a 20-year old racehorse because of the
number of races he has already won; they would probably be more interested to know how many
races he can win in the future.

Stocks, too, depend for their present market value on their future cashflows. These future
cashflows can be separated into two neat piles: first, the dividends which a stock may pay over
the contemplated holding period, and second, the amount of gain — or loss — it will produce when
sold at the end of the holding period.

The dividend which a stock pays can be regarded as a periodic PMT. For the most part,
companies which pay dividends increase and decrease their dividend amounts depending on
current earnings and the firm’s forecasted requirement for cash to fund future projects. Most
companies prefer to hold the dividend, or its annual increase, fairly stable, since a decline in
dividends tends to result in a prompt loss of stock value.
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The gain (or loss) involved in the valuation process includes the amount of appreciation (or loss)
in value which the investor will experience when he sells the stock. This final cashflow is exactly
equivalent to our concept of the reversionary or Future Value.

But in order to maintain touch with the practitioners, we will use DVDy, to represent the periodic
PMT,, , P, to represent the present value (PV), and Py, to represent the final price (FV) when the

stock is sold in yeary,.

The Market Capitalization Rate

If a stock which pays dividends! were to be held for one year, | Note that the price Py can be
the return rate, r, would be determined as : expressed as a function of
DVD + (Pn — Po) the rate r:
r= Po Po = DVD + Pn
(1+4r)

This rate, r, is the market capitalization rate2, the rate at
which the market expresses the present value of future income. A stock's price is a function of its
market capitalization rate:

Market sectors tend to carry market-sector capitalization rates, while individual stocks within that
sector carry capitalization rates generally within the range for the sector. The capitalization rate
reflects a safe rate of return on cash invested plus a premium commensurate with perceived risk
for the particular investment.

Methods of Measuring Value

Stocks can be valued by one of three basic methods, each related to the dividend circumstances of
the individual stock in relation to growth. These circumstances include:

1. Stocks which pay high dividends but offer little or no growth potential
2. Stocks which blend dividends with some growth prospects
3. Stocks which pay no dividends but represent high growth potential.

Valuation by Capitalization of Dividend

The first and most historical approach to valuation is the capitalization of future dividends. This
method is based on the valuation of a perpetual ordinary annuity, described in some detail in
Chapter 3. Implicit in this method are two critical assumptions:

1. Dividends will continue in perpetuity (i.e., forever)
2. Dividends will neither increase nor decrease over the holding period

1 Dividends are paid quarterly, but for convenience we will consider the dividend to be an annual PMT.

2 Not to be confused with total market capitalization which equals stock value times the total number of
shares outstanding.
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Since the Present Value of a perpetual annuity, C, is determined by PV = S, a stock whose
i

dividend is $2.50 per year, capitalized at 15%, would indicate a market value of

V= $2'550 or $16.67.

The reciprocal3 of 0.15 is 6.67 Therefore we can also
express the value of the stock as a multiple of its dividend.

The expression is the

The underlying rationale of this method regards the amount 1

of earnings/share (EPS) as irrelevant to the investor who is | Same as $2.50 * 015’
most interested in the cash to be received over the span of or $2.50 * 6.67 = $'1 6.67
his holding period, which, in the case of a perpetuity, is ’ ’ '
forever. Since this holding period is infinite, the reversion
value of the stock becomes insignificant and can be disregarded.4

If the dividends and the price of the stock are estimated to increase 10% per year, then a stock
which is capitalized @ 15% will have a market value which follows the rules for a perpetual
Ordinary Annuity whose DVD (PMT) increases at rate g :

_ DVD or, PV $2.50

PV = —
r-g 0.15-0.10

= $50.00

While the valuation of a perpetuity subject to a constant growth rate may be proven
mathematically, it can also be shown to be true by examining a holding for 100 'Stock Years,'

which, for all practical purposes, can be equated to a perpetuity.5

The table on page 5-4 shows the respective contributions of the dividends and the final price to
total Present Value over a holding period of 100 years for a stock paying $2.50 per year in
dividends, increasing at the rate of 10% per year. The reversion value of the stock ($50) is also
increasing 10% per year.

Note that the sum of the two present values (PV of cumulative dividends + PV of reversion value)
always totals $50.00. The future sales price of $689,030.62 (a single cashflow event occurring in
Year 100) contributes only 59¢ to today's value when discounted at 15% per year.

3 The reciprocal of a number = 1/number
4 The PV of a $100 to be received in 100 years, discounted @ 8% per year is only 4.5 cents.

5 Core States Financial, founded in 1781 as Philadelphia National, has paid dividends continuously since
1844. It is one of a group of 200 U.S. firms that are at least 100 years old.
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Future Values Growing .
@ 10%/yr. Present Values Discounted @ 15%/...
. . PV of
Y Dividend Reversion PV of Cumulative PV of Reversion Total
car viden Value Dividend Dividend PV
Value
0 $50.00 $0.00 $0.00 $50.00 $50.00
1 $2.50 $55.00 $2.17 $2.17 $47.83 $50.00
2 $2.75 $60.50 $2.08 $4.25 $45.75 $50.00
3 $3.03 $66.55 $1.99 $6.24 $43.76 $50.00
4 $3.33 $73.21 $1.90 $8.14 $41.86 $50.00
10 $6.48 $129.69 $1.60 $17.94 $32.06 $50.00
50 $293.48 $5,869.54 $0.27 $44.58 $5.42 $50.00
100 $34,451.53 $689,030.62 $0.03 $49.41 $0.59 $50.00

Therefore, the value of a stock can be expressed as the Present Value of an infinite stream of
dividends, discounted at an acceptable rate of return.

When a stock is held for a number of periods and then sold, this infinite income stream is shared
by two investors, the first of whom enjoys the PV of an infinite annuity less the PV of the second
infinite annuity in the hands of the next owner. A review of Chapter 3, p. 3, may be helpful in
capturing this concept which equates the PV of a stock paying dividends to the PV of a finite
annuity.

It is not reasonable to assume that a stock's earnings will continue to grow at a high rate forever.
But we will address this matter later. The rate of growth used in this example is for example
purposes only.

Limitation of Capitalization of Dividends Valuation
Method

The U.S. stock market of the 1990's behaved like a company which could do without paying
dividends. While financial pundits point to an historical average annual growth rate of
approximately 10% in the Dow Jones Industrial Average (DJIA), this rate assumes the
reinvestment of pre-tax dividends. If this rate of growth were a valid number, the DJIA which
stood at 157 in 1925 would stand at over 219,656 in 2002. Instead, the DJIA in 2001 reached
11,000.

Therefore the average growth rate of the market in 76 years has been closer to 5.8% per year.

Over this time, the dividend yield rate of the S&P 500 Index has averaged 4.5%, which accounts
for the claimed 10% annual return over that period. Rather than increase its dividend, the U.S.
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stock market in the 90's decreased the dividend payout in order to fund new investment. By 2002,
the dividend yield on the S&P 500 Index had fallen below 2% - a level not seen since 1926.

This trend away from the payment of a dividend to other corporate maneuvers which increase
stock price is reinforced by current tax law. Dividends are taxed as ordinary income while gains
from price appreciation pay the much lower long-term capital gains rate. As a result, many firms
actively pursue policies which enhance price appreciation at the expense of dividend distribution.

Retained earning not used to fund future growth may also be used to buy back the company's
stock, thereby decreasing the number of shares outstanding and increasing the apparent earnings-
per-share value. 6 Therefore the investor still receives the total of (DVD, + Pn-Po), but with
greater emphasis on (Pn—Po). Unfortunately, he must sell his holding to receive (Pn—Po).

Components of the Market Capitalization Rate

We have shown that the Present Value of a perpetual annuity subject to a growth factor is :

_ DVD
° (@-g

Then it is also true that,
DVD

P

T8 or, to express it differently —
(0]

Market Capitalization Rate, r = Dividend Yield Rate’ + Growth Rate. ]

The growth component, g, of the total return, r, is a product of a company’s Re-investment
Ratio times its anticipated rate of Return on Equity (ROE) or,

g (growth rate8) = Re-investment Ratio * ROE

Let's take a closer look at these two important elements of the earnings growth rate, the
Re-investment Ratio and the Return-on-Equity.

6 Many corporate executives are rewarded with stock options which provides an additional incentive.
7 The dividend yield ratio is equal to the dividend divided by the price. The dividend ratio is DIV/EPS.
8 In this case, g pertains to the growth of earnings.
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The Re-investment Ratio

The portion of current net earnings which a company earmarks for distribution as dividends

DVD
represents its Payout Ratio, or Dividend Ratio, which is = EPS - Don't confuse a stock's
Dividend Ratio with its Dividend Yield. The Dividend Yield = ‘;ﬂ .
rice

That portion of retained earnings devoted to funding projects for future growth? is its Re-
DVD . . .

investment Ratio = 1 - EPS ° The amount of new earnings which will flow from the

re-investment of current earnings will depend upon the rate, or yield, at which these re-invested

earnings earn new cash. This rate may be equal to, or above, but hopefully not below, the

company’s current rate of Return on Equity.

The Return on Equity (ROE)

Warren Buffet’s dictum to investors is “Focus on return on equity, not earnings per share.”
The rate of Return on Equity is simply the rate at which net earnings are produced in relation to
the total net value of assets at the disposal of management. For this reason, ROE is considered by
many as the optimum yardstick of management's effectiveness in producing a profit using assets
under its control.

There is no guaranty that reinvested retained earnings will yield a targeted rate of return.
Undoubtedly management will carefully weigh each new potential investment opportunity to
develop an estimate of yield (IRR) on the new cash to be invested.

Some companies evaluate these new opportunities by posting a required minimum Rate of Return
on Equity invested, or “hurdle rate,” and then calculate the Net Present Value of the prospective
project using the hurdle rate as a discount rate. The firm's cost of funds is also commonly used as
the "hurdle rate" on the theory that the company should be able to show a profit when the net
yield from the project exceeds the cost of borrowed funds. Those projects with a negative NPV
are typically rejected.

The average investor, however, is usually not privy to intramural details about new growth
opportunities and anticipated future yields and thus is often forced to assume that the racehorse
will run in the future as it has in the recent past.10 He will attempt to measure the ROE which
management has produced recently. To do that he must collect relevant information about costs,

9 On the assumption that all retained earnings are re-invested. But this is frequently not the case.
10 In contrast to the professional investor who actively investigates prospects for future earnings.
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profits, earnings and the number of shares currently outstanding.!l He will use these data to
estimate a current ROE!2 and hope that this rate will apply in the future.

One estimate of ROE might be:

ROE = Earnings per share

Book Equity per share

Shareholder investment + retained earnings
Total number of shares outstanding

where, Book Equity per share =

Book Equity, however, may be very misleading for companies that have been long-established or
for companies which have acquired other firms where "goodwill"13 figured significantly in the
acquisition price. As a result, the book value of the company may be significantly overstated.

The phrase "Shareholders Investment + Retained Earnings" may also include the acquisition of
many hard assets which have long ago been fully depreciated. They are carried on the "books" at
a value perhaps much lower than their current market value. Real estate owned (REO) is a prime
example of such an asset. In these cases book value may be significantly understated.

After a number of years and a number of transactions, the term "book value," or "book equity"
may have only historical significance unless a reassessment of the value of total assets and total
liabilities is undertaken. In that case Book Equity may be Net Assets/Total Shares Outstanding.14

Value as a Combination of Dividends plus Growth

This second method of valuation begins by postulating that if a company had no growth
opportunities, it would undoubtedly distribute all its current net earnings as dividends. This
method first capitalizes total earnings as though they were wholly distributed dividends, then adds
to this value the capitalized Net Present Value of new earnings.

Let's construct an example to illustrate this method:

An industry analyst forecasts that the stock of ABC, currently
selling for $50 per share, will earn $6.25 per share in the coming
year, and that the price will advance to $55. The dividend is also
expected to be increased to $2.50, in line with the company’s
current policy of distributing 40% of earnings to shareholders.

11 Historic rates of return on equity are available from many financial service companies.

12 In his approach to Value Investing, Warren Buffet starts with “owners’ equity” which he defines as “net
owner earnings,” i.e. reported earnings plus depreciation and amortization minus new capital
investment. This amount is known as “free cashflow.” His business valuations are based on this number.

13 The value by which the acquisition price exceeds the market value of the assets acquired.
14 On a fully diluted basis, meaning that issued option shares should be included in the total.

Page 5-7



Chapter 5: Cashflows from Stocks

From this information we can determine ABC's prospective market capitalization rate:

DVD, +(®P -P ) -
e 1" n o0 o 230%05730) _g 45 or 159
P, 50

Since ABC is earning $6.25 its market value in a no-growth situation in which it would distribute

6.25
all earnings as dividends would be $0 5= $41.67.

But ABC's current price is $50. Therefore the market must attribute a present value of $8.33
($50.00 — $41.67) to future growth opportunities. How does it arrive at this extra value?

Since ABC will retain 60% of earnings for use in new projects and re-invest them at the current
ROE, its return on these projects is expected to equal:

New Earnings = EPS * Re-investment Ratio * ROE
= $6.25 * 60% * ROE

The historical ROE for this firm is 16.67%. Therefore ,
New Earnings = $6.25 * 60% * 16.67%

= $0.625
$0.625

The market will capitalize these new earnings @ 15%: = $4.16667.

But it would be inappropriate to accept the Present Value of new earnings without taking into
account the amount of the initial investment made to produce them. The Net Present Value of
these earnings, therefore, will be the present value of the new earnings less the initial investment,
or $4.16667 — $3.75 = $0.41667.

Since this Net Present Value will have a 10% growth expectancy, the market will assign a
capitalized value to these earnings according to the formula for a perpetuity growing at rate g:

$0.41667
PV =1015-0.10) = %833
$6.25
Po= T o +$8.33 = $50.00

Therefore, a company now paying some dividends, but with growth opportunities, may have its
stock valued as —the capitalized value of fully distributed earnings, plus
the capitalized value of net new earnings from new investments.
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This valuation is represented by the following formula:

[EPS*RR *ROE |

EPS — Initial Investment
P,= + [ S ]
r (r-g)
where, P, = current stock value
EPS = earnings per share
RR = Reinvestment Rate
r = market capitalization rate
g = anticipate growth rate of earnings

This is fairly easy to understand when the company under consideration has but one product line
or one service. When there are many product lines or many divisions, the ROE will be the
weighted return on cash invested in each product line or division.

Importance of the IRR for New Projects

Companies whose stock value depends heavily on growth are especially sensitive to the yield
(IRR) to be delivered by new projects and ventures. Consider the effect on ABC's stock price
when a major new project is accepted which carries an IRR of 15%, which is only equal to the
current market capitalization rate of 15%, and below current ROE of 16.67%:

Growth Rate = Reinvestment Rate * IRR
g= 60% * 15%
g2=9.0%
In terms of dollars,
New Earnings = EPS * Re-investment Rate * IRR
=$6.25 *60% * 15%
= $0.5625

$0.5625 — $3.75

The market will capitalize these new earnings @ 15%:

The NPV of this additional earnings of $3.75 is zero (- $3.75 + 3.75 = 0). The value of the stock

will become:
$6.25
0.15

Py = + $0.00 = $41.67

This example helps illustrate the sensitivity of a growth stock's price to changes in overall ROE.
For this reason, company leadership is always alert to new projects and ventures which have
prospective yields (IRRs) at least equal to the current market capitalization rate and, hopefully,
higher. In the case of ABC, a new growth venture with an IRR of 20% would have a substantial,
positive impact on stock value:
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Growth rate = Re-investment Rate * IRR
g= 60% * 20%
g=12%

New Earnings = EPS * Re-investment Rate * ROE
=$6.25 * 60% * 20%
= $0..75

The market will capitalize these new earnings @ 15%: % = $5.00, resulting in a Net Present

Value of $1.25 ($5.00-3.75). Assuming continuing earnings from this venture and a growth rate

8075y _g15.00

of 10.0%, the new earnings will contribute $15.00 to stock price: (m |

$6.25
0.15

Py = +$15.00 = $56.67

When a growth company which retains all earnings, and whose ROE is above its market
capitalization rate, accepts new projects whose IRR is less than current ROE, it sacrifices the
value premium which its stock currently enjoys.

When a growth company which retains all earnings accepts a new project whose IRR is less than
its current market capitalization rate, it depresses the value of the stock below that which could be
achieved by a distribution of all its earnings as dividends.

When a growth company which retains all earnings successfully pursues new projects whose IRR
is in excess of its current market capitalization rate and current ROE, it adds substantially to stock
value.

Growth Without Dividends

Companies with excellent future growth potential and opportunity generally retain a large share
of earnings, and very often all earnings, since reinvestment of these earnings delivers new
earnings at high yield rates. Investors remain happy with this arrangement as long as the rate of
price appreciation in their shares is greater than what they could obtain by re-investing dividends
elsewhere.

In those cases in which no dividends are paid, the value of the stock is delivered as a function of
Earnings Per Share alone. — using the assumption that if there were no remaining opportunities
for reinvestment the firm would eventually distribute all current net earnings as dividends.

EPS

T G-p)
Using this method, which also assumes that earnings (EPS) will continue forever, the value of g,
the growth rate, is also assumed to continue forever.

0

Of course it will not. Either the market will become saturated, or competition will erode high
margins, or technology will change. Even without these adverse factors, as the company grows its
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total assets grow, and the increase in net income necessary to maintain the same percentage of
ROE becomes more difficult to achieve. So the natural life cycle of most companies is much like
our own: a vigorous youth, a stable maturity, a gradual decline.

Consequently, it is common to project high growth rates for only a limited number of years, then
to decrease substantially the rate of growth for later years. An alternate approach, as suggested by
Franco Modigliani, is to take initially only a portion of the expected growth rate in order to
"average out" the overall rate over time.

As the growth rate, g, declines, the denominator of this fraction increases, and the stock's value
decreases. Since the price of the stock is not defended by distributed earnings in the form of
dividends, the effect of a small decrease in growth has an direct and very pronounced effect on
stock price. Consider a decline in growth from 10% to 8%.

EPS EPS

Po=——>  =EPS*20 P, =— > =EPS *14.28
(0.15-0.10) (0.15 - 0.08)

A 20% reduction in a growth rate of 10% (from 10% to 8%), in a market which capitalizes
earnings at 15%, will result in a 28.6% decline (from a multiple of 20 to 14.28) in stock value.

One can see why high growth companies which distribute no dividends are also regarded by the
market as higher risk investment situations commanding higher capitalization rates, and why their
stock price is so sensitive to changes in prospects for EPS..

The Price-Earnings Ratio and Growth Rate

It is often more convenient to express a stock's price as a function of its earnings (EPS).

o EPS
We already know that the market capitalization rate of a pure growth stock: (r-g)= ——— .
Price(P,)

This ratio always results in a fraction. For example, if EPS is $5.00 and Price is $100.00,
(r-g) = 0.05. We can obtain the same result using the reciprocal of 0.05 which is 20 (1/.05). The
reciprocal is the stock's price/earnings multiple, or P/E ratio:

EPS * Multiple = Price
$5.00 * 20 = $100

Therefore the Price-Earnings multiple is the reciprocal of the denominator of our value of (r-g).
Oftentimes a growth stock's multiple is mistaken for the reciprocal of its capitalization rate alone,

when it is actually the reciprocal of (r-g).

For example, in 1998 Microsoft, a high growth rate company which retains all earnings, enjoyed
a market price of approximately $150 on earnings of approximately $2.96, resulting in a
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Price/Earnings multiple of 51. Since Microsoft paid no dividends, its high capitalization rate
$2.96

(r-g)
The 5-year rate of growth (1993-1998) in earnings (g) for this firm was 27% per year. Therefore,

reflected its dependency on future growth: $150 =

$2.96 and r-o = $2.96

(r-g) $150

r= 0.01973+g andr= 0.01973 +0.27
r = 0.28973 =29%

$150 =

Therefore the market capitalization rate for Microsoft in 1998 was 29%. Its Price/Earnings
multiple, 51, in the absence of any dividend, was buoyed up by its astonishing growth rate.15

It is worth noting that real estate investments use the reciprocal of the Price/Earnings ratio, the
Earnings/Price ratio, or, in real estate terms, the Net Operating Income/Fair Market Value. This
fraction is known as the overall capitalization rate.16 While it is tempting to compare the P/E
ratio of stocks to the E/P ratio (the "cap rate") of real estate, the "earnings" used in the real estate
formula is really a pre-tax cashflow number (EBITDA17). Therefore the two 'capitalization' rates
are not directly comparable.

PEG Ratios

Investors are generally quite interested in a firm's g, its growth rate. This is especially true in the
case of younger and smaller firms which often pay no dividends, since appreciation in stock value
is the investor's only reward. One measure applied to this situation is the PEG Ratio, which is
defined as the Price-Earning Ratio divided by the anticipated annual growth rate.

The basis of this measurement is that if £/E =1 then P/E = 1*g, and P = Ex1*g, where g is the
g

future annual growth rate expressed as a number and not a percentage..

If earnings increase, then the Price ought to increase as well in order to maintain the same
relationship. If, however, the Price does not increase proportionate to Earnings, then the PEG
ratio will fall below 1, perhaps indicating a market undervaluation. If the PEG ratio increases to a
value greater than 1, then the Price is increasing at a rate proportionately greater than Earnings,
suggesting the stock may be overvalued.

The PEG Ratio is applied most often to smaller companies which pay no dividends. As a
company increases in size, a lower growth rate measured against a relatively fixed number of
shares outstanding may still produce significant improvement in net income. In that case, the PEG
ratio may be quite misleading.

15 In 2002 the SEC sanctioned Microsoft for the company’s practice of deferring the recognition of profit.
Over the years, Microsoft has always exceeded its profit forecast by exactly $0.01 per share.

16 "Overall" because it includes capital sourced from debt.
17 Earnings Before Interest, Taxes, Depreciation and Amortization deductions
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Though a convenient and easy to use ratio, the PEG Ratio depends on a forward assessment of
future earnings, and is therefore prone to forecasting errors. It is probably best used as an initial
screen.

The Capitalization Rate, r, and the Safe Rate

Capitalization rates do not contain an allowance for inflation, but — in the case of stocks — are
composed of a safe interest rate and an allowance, or premium, for risk. Therefore the value of r
is the sum of the safe interest rate and a rate which reflects risk.

The safe rate of return on cash in the United States has remained remarkably constant over the
last 20 years, averaging 3.50% — 4.00%. This rate is reasonably independent of the inflation rate.
When inflation rates are high, nominal interest rates are also high but the difference between the
nominal rate and the inflation rate generally falls within the historical range of the safe rate.

For example, a nominal interest rate on the 10-year Treasury bond in 2000 was 6.5% when the
inflation rate for the year current was 2.5%, yielding a safe rate of 6.5 —2.5% = 4.0%.

A valuable source for the determination of the safe rate is the U.S. Treasury's Inflation-Indexed
Bonds (TIPS)!18 These instruments have upward adjustments made to the periodic payments and
principal at maturity in order to remove the effect of inflation on bond yield. As such, they are
excellent indicators of the current safe rate. At the same time the 10-year bond was at 6.5%, the
10-year Inflation-Adjusted (Indexed) Treasury Bond was 4.0%, indicating an inflation rate of
approximately 2.5%. (See Chapter 6 for additional information.)

The safe rate is applicable to all investments, but an additional premium reflecting the stock's
particular risk must be added in order to arrive at the appropriate capitalization rate, r.

Stock Value When Growth is Limited or Nearly Absent

Those companies whose growth prospects are very limited are confined to distributing sufficient
earnings in the form of dividends to support the stock’s current price.

Utility companies which usually have high payout ratios, for example, are in a near-constant
process of applying for rate increases to maintain constant-dollar dividends and maintain
shareholder value. Because of the time delay in obtaining such increases, utilities tend to lose
market favor during times of significant inflation because they carry lagging market yields.
During times of deflation, they tend to regain investors’ favor because their yields are high in
relation to declining interest rates.

18 Find them on the bond page at the bottom of the column listing price quotes for U.S. Treasury
securities. TIPS = Treasury Inflation-Protected Securities.
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Cashflows from REITSs

REITs (real estate investment trusts) represent a rather unusual situation since they must, by law,
distribute 90% of their earnings to investors each year. This leaves little in retained earnings for
reinvestment in new projects. Growth must be provided for by borrowed funds, by selling a
property asset, or by issuing more stock.

While additional stock offerings raise new capital, they also dilute the per share earnings of the
outstanding stock. Unless management can invest the proceeds to restore EPS on the increased
number of shares, the REIT will experience a diminished ROE. Enough properties in the REIT
mix operating at a diminished IRR will depress overall ROE, leading to lower stock prices.

Since the cashflows that are used to value the REIT stock are assumed to be continuing
cashflows, proceeds from the sale of an asset need to be eliminated from inclusion in Net
Operating Income. The remaining cashflows, Funds From Operations (FFO), should be used.
Some REIT analysts add back non-cash items such as accounting depreciation and amortization
to FFO funds, but then deduct actual cash estimates necessary to maintain current properties.
These analysts measure AFFO, Adjusted Funds From Operations.

In the absence of sufficient new investment opportunities which will equal or better a REIT's
current ROE, many REITs resort to increasing leverage when buying new properties and re-
financing existing properties, especially when interest rates are lower than cap rates. Many REITs
which were once leveraged 35% are now leveraged 50-60%.

Free Cashflow Per Share

The term “Free Cash Flow” signifies the amount of net after-tax earnings, after adding back
depreciation and amortization deductions (non-cash items), which are not retained, reinvested or
otherwise consumed in the business. Therefore Free Cash Flow refers to potentially distributable
earnings per share.19 The value of a stock can also be expressed as a function of its Free Cash
Flow, which - to some extent- expresses value devoid of the aberration in earnings caused by
deducting non-cash expenses. This index is often used in merger and acquisition (M&A)
situations.

19 This is a useful distinction since not all retained earnings may be used to fund growth opportunities.
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Chapter Summary

While it may be somewhat satisfying to understand the basic financial theory underlying
cashflow valuation of stocks, the devil is in the details. Here are some things to ponder.

1.

2.

10.

11.

12.

13.

14.

Stocks, like all other investments, derive their Present Value, or worth, from the value of
all future earnings, discounted at a yield (rate) acceptable to the holder of the stock.

The Market Capitalization Rate of a stock is a combination of its dividend yield and
growth rate.

The growth rate is the product of that share of earnings applied to new business
opportunities, the Re-investment Rate, multiplied by the IRR, or Return on Equity, for
the proposed new venture(s).

Stocks which pay dividends are often valued by treating the dividend as a perpetual
annuity, capitalizing the total annual dividend by a rate acceptable to the investor. This
method is most appropriate when nearly all earnings are distributed.

Stocks may also be valued by capitalizing current earnings and adding the capitalized Net
Present Value of new earnings. This method is more suitable to companies with
significant growth prospects funded by retained earnings..

Stocks which pay little or no dividends rely entirely on gain from price appreciation for
total return.

As companies grow in size and accumulated earnings, the difficulty of investing
accumulated cash at a high rate of return begins to slow the rate of Return on Equity.

To bolster stock prices, these companies often buy back their own stock, and later initiate
or increase dividend payout.

Stocks may also be valued by capitalizing Free Cashflow: after-tax net earnings, plus
depreciation and amortization, less earnings retained for new investment.

Dividends contribute significantly to overall return rates and tend to moderate variations
in a stock's growth rate.

Current earnings which are capitalized at the market capitalization rate are not guaranteed
to infinity. Core businesses are also subject to risk, to change and to competition.
Increased industry competition increases risk perception and tends to raise market
capitalization rates and lower stock prices.

The market changes its perception of risk associated with a company’s prospects for
growth. High yields, especially in industries with low thresholds of entry, invariably
invite competition which reduces market share, lowers prices, lowers profits, lowers
earnings and eventually attenuates shareholder value.

A company may set aside a significant portion of its earnings for a “rainy day.” This is
especially true in cyclic industries such as autos and housing which frequently adopt a
defensive posture as a means of self-preservation. These retained earnings, which are not
invested at the company’s market capitalization rate, increase net worth but tend to
reduce the rate of return on equity.

High growth rates in new industries are difficult to sustain, not only because of the
increased competition which they attract, but also because of rapidly changing
technology. The growth factor, g, becomes harder and harder to accomplish.
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onds are essentially different from equities Chap t er 6

(stocks) in that they represent no ownership

interest in the company; they are, in fact, 1.O.U.s C as hﬂOWS from

made by the issuing entity and secured by assets

1
of one sort or another. B 0 ndS

Bonds take on a nomenclature related to the issuing entity: those issued by a city, county or state
are known as “municipal” bonds; those issued by corporations are “corporate” bonds, while those
issued either by the federal government, or an agency of the federal government, are “Treasury”
or “Agency” bonds.

There are many other sub-classifications of bonds which have very significant import for
investors and financial planners. Those interested in this anything-but-dry subject of bonds? are
encouraged to investigate and read further. For our part, we want to look carefully at how the
value of bonds is determined in anticipation of the cashflows they promise to the investor.

Bond Value Predicated on Anticipated Cashflows

The value of all financial investments depends on the Present Value of cashflows which the
owner can reasonably anticipate during his period of ownership.3 Bonds are no exception. Bonds
are somewhat unique, however, in that they almost always combine a series of payments, PMTs,
with a reversionary value, FV. Bonds are often (and accurately) described as mortgages, but

unlike mortgages which typically amortize to zero value,4 bonds do not amortize to zero value:

1 “Bonds” are debt instruments secured by a pledge of assets; “Debentures” are unsecured debt
instruments.

2 During the go-go years of the late 90s, the idea of investing in bonds became somewhat déclassé and are
often now referred to as 'fixed income securities.'

3 A recurrent theme.
4 Or at least are scheduled to do so.
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they customarily have a reversionary value at maturity of $1,000 and therefore behave financially
like interest-only $1,000 promissory notes.

In the case of bonds, the PMTs are the interest payments to be received during the holding period,
while the Future Value (FV) is the amount of cash which the holder of the bond will receive when
the bond is redeemed.

Timing and Reversionary Value of Bonds

Most bonds issued in the United States are designed to pay interest semi-annually, in arrears, and
are therefore forms of an ordinary finite annuity. The last PMT which the bond holder receives at
maturity is a combination of the redemption value of the bond plus the last interest payment.

In Chapter 2, we stressed the need for caution in characterizing the timing of the cashflows. You
will recall that many reversionary sums (FVs) are due at the end of the holding period along with
the last cashflow from operations, or — in the case of mortgages — with the last payment due in
the schedule. Bonds fit this note of caution since the redemption value (FV) will always be made
concurrently with the last interest payment. Do not schedule the last interest payment (PMT) and
then schedule the redemption value (FV) one period later. Doing so will distort the timing of your
calculations and will alter the true yield-to-maturity.

When Bonds Are ““Called”

We are hedging the point a bit when we refer to the last payment as the reversionary value rather
than simply referring to the usual maturity value of $1,000. This is because many issuers reserve
the right to “call,” or redeem the bond before its scheduled maturity date. Issuers insert call dates
in bonds as an option to be exercised if interest rates decline. Should interest rates decline
sufficiently, the issuer can redeem the outstanding higher-interest-rate bonds and replace them
with securities paying a lower rate. In order to maintain the initial marketability of these bonds
for investors seeking higher rates, the issuer pays a premium, or "call" price. In these cases, the
“call” price is always greater than the par value of the bond.

Bond ‘“Coupon’ Rate and Maturity Date

The coupon 5 rate of the bond is the rate of interest stated in the bond document at the time of
issuance. This is the annual interest rate which will be paid over the life of the bond. Therefore a
bond issued with a 7% “coupon” will pay:

Coupon Rate x Face Value = Annual Interest Payment
0.07 x $1,000 = $70.00

5 Bond documents once had detachable coupons which were intended to be "clipped" and remitted to the
bond manager for periodic payment. No longer used.
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The PMT, $70 in this case, will usually not change.6 Almost all bonds issued in the United States
are designed to pay interest semi-annually, in arrears. Therefore the actual amount received by
the bond holder in the example above will be $35.00 every 6 months. Therefore all compounding
and discounting with regard to bonds is done on a twice-a-year basis.

The maturity date stated in the bond document is the date on which the issuer will fund the

redemption value (FV) of the bond. U.S. Treasury and federal agency bonds tend to have the

longest maturity dates (30-40 years) although some private (corporate) bonds have been issued

with maturity dates as long as 100 years.” These super-long-term bonds, as the reader can readily
PMT

appreciate by now, behave like perpetual finite annuities ( PV = ; ).

Bond Terminology

In order to work through a consistent example, let’s choose two United States Treasury
obligations listed as follows:

Rate Mo/Yr. Bid Ask Ask/Yld

#1) 3172 Nov 09 98:13 99:13 3.71
#2) 51712 Nov 09n 99:27 99:29 5.53

The Rate indicates the “coupon rate” (PMT) for the bond. Therefore bond #1 pays 3.5% of
$1,000 annually, or $17.50, every six months. Bond #2 pays $27.50 every six months.

The Mo/Yr. indicates that both instruments will mature in November 2009. The small n indicates
that the second “bond” is really a “Note.” The fact that both instruments mature at the same time
but carry different (original) interest rates indicates that they were issued at different times, bond
#1 when rates were slightly lower, and bond #2 when rates were somewhat higher.

The Bid is the price offered for these instruments near the end of the trading day.8 Treasury
bonds, use “ticks” to represent a fraction of 1%: one “tick” equals 1/32 of 1%, or 31.25 cents
Thirty-two ticks equal 1%.

In our pricing example of a Treasury bond, the colon between 98 and 13 indicates that the bond is
priced at 98 percent of $1000 plus 13 “ticks,” or 13/32nds of one percentage point. This price,

6 Some bonds are issued with "step ups" in their coupon rate, while others have interest rates which
"float, " i.e. are tied to an index, such as the U.S. Treasury bills.

7 In 1995, Columbia/HCA Healthcare issued $200 million of debt (bonds) due in 100 years. Other recent
issuers of century debt are: Disney (1993), Coca-Cola (1994) and ABN Amro (1994). Bonds with
very long maturity dates may be subject to re-classification as equities by the government, thus
eliminating the deductibility of interest payments made to bond holders.

8 Bond prices quoted in the newspaper are usually not the last price of the day, but rather the price quoted
at the time the news service gathered the quote.
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98:13, means 98+13/32 %, or 98.40625 % of $1,000, or $984.0625.9 Both Treasury notes and
bonds are quoted using “ticks,” but “bills” are quoted using hundredths of a point. Corporate
bonds are quoted in fractions: e.g. 98 1/2 = 98.5% of $1,000, or $985.00.

The Ask is the price last asked by a potential seller of the instrument on this trading day. Yield-
To-Maturity rates are calculated on Ask prices. All Treasury bonds are quoted as a percent of the
current Ask quote. The Ask/Yld is the yield (IRR) which the buyer of the instrument would
realize if he paid the Ask price and held the note to maturity (redemption) in November 2009.

Calculating Bond Yields

We can easily construct two T-Bars to represent the cashflows from these instruments from a
specified date to maturity. For the sake of convenience, let’s assume that both instruments
mature on the very same day, three years from Nov. 1, 2006.

Bond #1

(994.0625)10
117.50
2 17.50

r="? 31750

417.50
517.50
6 17.50 + 1,000

The Net Present Value of these cashflows can also be depicted as:

17.50 , 17.50 . 17.50 , 17.50  17.50 _ (17.50 + 1,000)
1 2 3 4 5 6
(1+r1) (1+r) (1+r) (1+r) (1+1) (1+r)

NPV =-994.0625 +

We are looking here for the value of r which will render the NPV = 0. We are looking for the
bond's IRR, which, in bond parlance, is its Yield-to-Maturity.

Yield (r) = 1.85548% per six months, or 3.71097 % per year. (To determine the necessary
keystrokes, consult Chapter 2 dealing with uneven cashflows.)

9 To convert the bond quote to price, simply multiply by ten: divide by 100 to convert a percentage to a
decimal and multiply by $1,000 to represent face value.

10 Price converted from 99 + 13 ticks, {13/32/100 * 1,000} Convert ticks to a decimal, then divide by 100
to convert to a percent. Multiply by 1000 to find cash value of the 13 ticks. (Or, simply 13/32*10)
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Bond #2
(999.0625)

127.50
2 27.50

r="? | 327.50
4 27.50
527.50
6 27.50 + 1,000

Yield (r) = 2.76717% per six months,
or 5.53435% per year.

Using the Calculator to Determine Yield-To-Maturity

The HP 12-C provides a convenient on-board program to determine Yield-to-Maturity (YTM),
or, given a desired YTM, the Price. This program is particularly useful when the settlement date
does not fall on an anniversary of the issue date.

Let’s first consider its facility in calculating YTM.

A bond bearing a coupon of 7.75% matures on Nov. 10,
2005. Its current Ask price is 96.5.

What is this bond’s current YTM if purchased on Dec. 1,
1999 at the Ask price?

You already know that bond prices are quoted as a percent of $1,000. But the HP has been
programmed to allow for this, so you need make no conversion from percent to dollars.11

Key In Display Shows Comments
96.5 96.50 Enters today’s asking price
7.75 7.75 Enters coupon rate
12.011999 12.01 The settlement (purchase) date!2
solving
11.102005 8.51 The Yield to Maturity (IRR)

12 Both HP-17B and 19B calculators allow the selection of a maturity amount other than $1,000. Excel's
bond functions also provide this flexibility.

12 Notice that the format for the date is M.DY (2,8). When this format is used, no date notation appears in
the calculator’s window. When the format D.MY is used (2,7), a notation of the format does appear in

the window. The entire date format may be viewed by setting the decimal place to 6.
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Observe the date format (M.DY) carefully . Note that although the first of the month was used in
the settlement date, the formatted date still reserved two places for the day, i.e. 12.011999. The
other date format, D.MY, key (2,7) could also have been used to format both dates with identical
results. These date formats must actually be entered as either m.ddyyyy or d.mmyyyy. For
practical reasons the formats are abbreviated to fit on the facade of the calculator key.

Determining Bond Price, Given YTM

When you are attempting to determine the current value of a bond the procedure is equally
simple:

A bond bearing a coupon of 7.75% matures on Nov. 10,

2005. The settlement date is Dec.1, 1999.

What is this bond’s current value to an investor who
requires an 8.51% return rate?

Key In Display Shows Comments

7.75 m 7.75 Enters coupon rate (as a % of $1,000)
8.51[i] 8.51 Enters desired YTM
12.011999 12.01 The settlement (purchase) date!3
11.102005 96.5037 The price as a % of $1,000
Now press k=] (34)  0.44712 The amount (as a % of $1,000) of

accrued interest due the prior
owner (seller) of the bond.

Calculating Accrued Interest

In those cases in which the settlement date does not fall on a dividend date, the purchaser will need
to reimburse the seller for the amount of interest which the seller has accrued up to the settlement
date.

In this case, the calculator assumes that the maturity date of the bond is on Nov. 10, 2005. It then
counts back in six month intervals to the purchase (settlement) date, Dec. 1, 1999, assuming that
each six month interval will mark a dividend date. Therefore it marks Nov. 10, 1999 as a dividend
date. The purchaser will receive the next full dividend of $77.50/2 on May 10, 2000 but will not
have owned the bond for 100% of the period covered by the dividend payment. The accrued interest

13 Notice that the format for the date is M.DY (2,8). When this format is used, no date notation appears in
the window. When the format D.MY is used (2,7), a notation of the format appears in the window. The

entire date may be viewed by setting the decimal place to 6.
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is the interest earned by the prior owner from Nov.10, 1999 to Dec. 1, 1999, the settlement date. The
interest for this period will be $4.47 due the previous owner. Therefore the accrued interest due the
previous owner is added to the indicated price::

Continuing with the keystrokes to add the accrued interest to the cost of the bond:
96.95089 Indicating a total cost of $969.51,

including accrued interest.

When Call Dates Are Involved

When a bond contains a call provision (the issuer’s right to redeem the bond before its maturity
date), the YTM of the bond is determined in one of two ways: if the coupon rate is above current
market rates, the YIM is calculated to the call date on the assumption that the bond will be
redeemed. When the coupon rate is below market rates, the YIM is calculated to the maturity
date on the assumption that it will not be called in.

Call prices are always above par ($1,000), but the HP-12C's built-in program assumes that the
FV of all bonds at maturity will always be $1,000. There is no way to override this maturity price
to enter a value greater than par, such as a call price.

For example:
A bond which carries a 7.75% coupon rate and a maturity
date of Dec.1, 2005 also specifies a call date on Dec. 1, 2002 at 105.
What will be the YTM for an investor who purchases the
bond on Dec. 1, 1999 @ 96.5, if the bond is called?

Determining the YIM of this bond to its call date is made difficult because there is no way to
inform the HP-12C calculator that the call price is 105.14 But we can use a device to approximate
the price.

We know that the investor is to receive 6 future semi-annual interest payments, including the last
payment. Each of these will be equal to $38.75 ($77.50/2). Instead of delivering the $50 call
premium at the end of the cashflow, we can adjust the remaining periodic interest payments to
include an amount which would be the future financial equivalent of $50 over the next 6
payments, using the coupon rate of 7.75% as the interest rate.

What would these PMTs need to be?

n i PV PMT FV
6 7.75+2... 0 ? 50
Solving... -7.561282

14 The HP-12C can be programmed to determine both the yield and price of bonds specifying a
redemption value other than $1,000. An example of this program is given in the HP-12C owner's
handbook. These solutions, however, are more easily accomplished in Excel®, which has a specific
function, YIELD, which allows for call prices. Excel's Analysis Tool Pack must be installed.
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Therefore the receipt of an extra $7.561282 every six months has a Future Value of $50, the
amount of the call premium. By including this payment with the regularly scheduled interest
payment, we can provide the financial equivalent of $50 on the call date.

In other words, the receipt of $46.31182 ($38.75 + 7.561282 = $46.31182) for the remaining six
payments has the same Future Value as the receipt of $38.75 for six payments together with a
final premium payment of $50.00.

We can now employ the HP-12C to determine the YTM by use of a “new” annual coupon rate,
which is double the six-month rate:15

Key In Display Shows Comments

96.5 96.50 Enters today’s asking price
9.26236 9.26 Enters ‘“new” annual coupon rate
12.011999 12.01 The settlement (purchase) date
solving
12.012002 10.66 The Yield to Call Date (IRR)

Determining the Value of a Bond Using Call Price

Now that we own this quiet subterfuge, we can turn it around to determine the Price (PV) of a
bond involving a call premium.
For example:

A bond which carries a 7.75% coupon rate and a maturity

date of Dec.1, 2005 also specifies a call date on Dec.1, 2002 at 105.

What is the maximum price an investor should pay in order to realize

a 10.65% yield if the settlement date will be Dec. 1, 1999?

KeyIn Display Shows Comments
9.26236 9.26 Enters adjusted coupon rate
10.66 EI 10.66 Enters desired yield (YTM)
12.011999 12.01 The settlement (purchase) datel6
solving 12.012002 96.50 Value if called

15 The calculator automatically halves the annual coupon rate.

16 Notice that the format for the date is M.DY (2,8). When this format is used, no date notation appears in
the window. When the format D.MY is used (2,7), a notation of the format appears in the window. The

entire date may be viewed by setting the decimal place to 7
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Unfortunately, this subterfuge works only when the settlement date falls on the 6-month or 12-
month anniversary of a dividend, in order to avoid the problem of accrued interest. If they do not
coincide in this way, the HP-12C will not deliver an accurate YTM or price.17 The bond
functions in Excel are very convenient and should be considered.

The HP-12C is not certified for bond calculations.

Using Excel’s Bond Functions

For those whose calculator does not have a bond program, or for HP-12C owners working with a
bond involving a call option, Microsoft’s Excel® Spreadsheet program offers some excellent bond
functions. In order to access these functions, the Analysis Tool Pack must be installed. To install,
open an Excel page and from the Tools Menu select ‘Add-Ins.’ In the menu which appears, make
sure that the box for the ‘Analysis ToolPak’ is checked. Click “O.K.” Then pull down the Insert
Menu and select the desired function. If the Analysis Tool Pack does not appear, it has not been
installed with the original installation.

The great advantage to these functions is that they permit bond calculations involving something
other than a $1,000 maturity value. Consider the function which delivers Price.

In the formula bar, type =Price( and then hit Control+Shift+A. Excel will fill in all the
names of the variables in the formula bar. All you need to do is to replace the variables
with the appropriate values.

=Price( settlement, maturity, rate, yld, redemption, frequency, basis)
(Use the variables in the bond problem on page 6-8.)

=Price(''12/1/99",''12/1/02",0.0775,0.1065,105,2,0) = 96.37866

The answer, 96.37866 is the price of the bond as a percent of $1,000. To convert to dollars,
simply multiply by 10, = $963.79. This answer is quite close to the estimated price using an
adjusted PMT. That answer was 96.50 or $965.00.

Note that the date in the formula is encapsulated in quotation marks and that the rate and yield are
expressed as a decimal. The frequency denotes the number of coupon payment per year — which
will almost always be 2. Basis refers to the method of counting the days. Using 0 for Basis
means that the computer will use 30 days per month and 360 days per year.

The formula for the yield of a bond can be mounted in exactly the same way.

17 Some models of financial calculators do provide for the specification of a maturity price other than
$1,000.
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Does Yield Determine Price or Vice-Versa?

It is commonly assumed that the current yield (IRR) determines the current price when, in fact, it
is the current price which determines the yield. It is valid to apply the current yield for one bond
to determine the value of another of similar risk only when their maturity dates are the same and
their coupon rates are the same.

If the current price must be fashioned before we can calculate the yield, then the question posed is
“What determines the current price?” The answer is the spot rate for money. Using discount rates
appropriate for each future period, a present value is calculated. Once the PV is known, the IRR
can be expressed.

The spot rate for money is the market interest rate to be paid or received for the use of money
for a definite period of time. The rate assumes no intervening PMTs.

Determining the Spot Rate for Money

The current market spot rate for money can be easily determined. For example, if it is desired to
determine the spot rate for a money instrument with a maturity of 20 years, "purchase" two bonds
of comparable risk which carry different coupon rates but which mature at the same time.

Coupon Rate Maturity Current Price
Bond A 4% 20 years $750
Bond B 8% 20 years $1200

Buy two Bonds A, so that the total coupon payment is $80 per year (annual calculations have
been used for simplicity), equal to the coupon payment for Bond B.

The cashflows from these bonds, A and B, can be depicted as :

2 A-Bonds PV($1,500) = $80 + $80 + $80 +... $2080 (see Note 18)
a+n!  a+n? a+n?3 (1+1)20
| -Bond PV($1,200) = >0, %80 %80 $108(2’0
a+n!  a+n? a+n3 (1+1)

Subtract the cashflow of Bond B from the cashflow of the two A-Bonds. The purpose of this is to
eliminate the payments from consideration. As a result, we get:

18 If necessary, buy fractional interests in the Bond A in order to make the PMT equal to Bond B.
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2,080-1,080

PV = (1500-1,200) = =
(1+r}

We will have invested $300 more today in order to receive $1,000 more in 20 years. Therefore:

n i PV PMT FV
20 ? -300 0 1,000
Solving... | 6.205%

The spot rate for 20-year money (for this type instrument) is 6.205%. The yield on Bond A is
6.20%; for Bond B the yield is 6.24%.

Term Structure of Interest Rates, Yield Curves

The difficulty in considering the yield—to-maturity rate (the IRR) as the value for r for each
future period to the maturity date of the bond is that it contradicts financial sense. We already
know that as the receipt of cash gets pushed farther and farther into the future the spot rate for
money usually rises, reflecting added risk. A single r value (JRR) does not show these
differences, nor is it supposed to.. It is much more accurate to depict the PV of the bonds in

question by the following amounts:
PV = PMT . PMT , PMT , PMT , PMT | PMT

A+1)!  A+r)?  d+m) A+t 415’ (+1g)°

U.S. Treasury Yield Curve where the values ry to rg are

the different spot rates for
money, generally increasing
to reflect the additional risk for
time to receipt. These values
are not set by computers, but
rather by the market. They
reflect investors’ collective
judgments regarding the risk

b of inflation, and the risk that
45+ the receipt of the full principal
4

% Yield To Maturity

value may never be realized.19

-~ The phrase “term structure of

rates” refers to the relationship

Time To Maturity between interest rates and the
time to maturity.

3 mo. 6 mo. 1Yr 2 Yrs. 5 Yrs. 10 Yrs. 30 Yrs.

19 In the case of “junk” bonds of low rating, the value r is quite high to reward the buyer for the inherent
risk of default. High r values depress current PV.
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It is important to recognize that there are many different yield curves, depending upon current
market conditions and the class of security represented by the curve. Most financial media
publish the yield curve for U.S. Treasury securities of various maturities, such as the example
above.

Convexity of Bond Curve

While not risk-free, standard U.S.
Treasuries represent the lowest risk, and $1.100.00
therefore act as a base from which other
rates, adjusted for risk, are frequently
calculated. $1,000.00

Bond Duration $900.00
We already know that the (Present) Value

@
2
S
of any investment is the sum total of all g $800.00
future financial benefits, each discounted at §
a rate commensurate with the perceived
$700.00

risk. We know, too, that as the receipt of a
cash benefit is pushed farther and farther
into the future, the present value of that $600.00
benefit diminishes. Bonds are no exception.

Therefore the risk of recovering the full $500.00 ‘ o ‘
reversionary value of the bond increases 6.0% 7.0% 8.0% 9.0% 10.0%
with the time to maturity. But in the Yield To Maturity

interim, a percent of the purchase price may

be recovered as a function of the coupon rate of the bond. A bond with a higher coupon rate — say
10%, or $100 per year - will return a higher percentage of the bond’s current market value over a
given number of years when compared to a bond of similar maturity but with a lower coupon rate,

say 7% per year.

The calculation of Bond Duration brings all these factors together in one number, allowing us to
have a measurement of a bond’s price sensitivity to changes in market interest rates.

Derivation of Macaulay's Duration Factor

We can represent the present value, or current market price, of the bond as:

L CF
Value = 2 —
o (1+1)
where CF = coupon payment per period t

i = current market yield rate per period of time (annual rate/2)
t =time (expressed in 6-month periods)
n = number of time periods to maturity

If we seek to measure the sensitivity of the Value (V) of the bond in response to changes in
market yield rates (i), we need only take the first differentiation of V with respecttoi :
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ﬂ _ Zn’ -t* CF‘t Note that Duration always carries a
di — (1+i)™" negative sign because of the sign of t.

t=l1

When the value of i is small, as it will be when changes in market yield rates are small, the

1
expression ~  substantially equates to 1. To simplify the matter then, let’s move .
(1+) (1+i)t

outside the summation portion of the formula, leaving:

dv 1 n —t*CF
di 4+ & (4t

Then, since it substantially equates to 1, we can ignore it altogether:

av ‘l*i t*CF o *CR
di “~ (14 &~ (1)t
CF;

1+i)t

But the expression represents the Present Value of the particular cashflow CF;.

dv =
Therefore we can restate the equation as approximately 4 c 2 -t * (PV)CF;

t=1

In 1938, Frederick R. Macaulay defined Duration as the total weighted average time for recovery
of the payments and principal_in relation to the current market price of the bond. Bond Duration,
therefore, is

n -t*(PV)CF
D tion = :
uration 2 Market Price

t=1

where Market Price = 2 CE

t=1

t

(1+ i)'
and (PV)CF, = the Present Value of cashflow t.

How to Calculate Bond Duration

The calculation of a bond’s Duration was a time—consuming task in Macaulay’s day. Today the
computer makes the measurement of bond value as a result in a change in market yield — or any
other variable — a relatively minor chore. Yet, bond Duration is still a valuable tool in the hands
of the bond trader, especially in assembling a portfolio of bonds.

Following Frederick Macaulay’s formula, Bond Duration for a 3-year bond, bearing a 6%
coupon and a market yield of 10%, is calculated as:
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Year20 Pmt # Coupon $ | PV Factor] $PV PV/Price | Duration2]
-0.50 1.00 $30.00 0.952381 $28.57 0.0318 -0.0159
-1.00 2.00 $30.00 0.907029 $27.21 0.0303 -0.0303
-1.50 3.00 $30.00 0.863838 $25.92 0.0288 -0.0433
-2.00 4.00 $30.00 0.822702 $24.68 0.0275 -0.0549
-2.50 5.00 $30.00 0.783526 $23.51 0.0262 -0.0654
-3.00 6.00 $1030.00 0.746215 $768.60 0.8554 -2.5663

Market

Value = $898.49 22 1.0000 -2.7761

Therefore this bond, with a current value of $898.48, has a Duration of -2.7761.
The steps in calculating the Duration as it appears above are:

1. Determine the coupon rate. The coupon rate/2 * $1000 = PMT (Coupon $).

2. Determine the PV factor using the yield per period: 1/(1+ i)t where t is the PMT # and i is the
annual interest rate/2

3. Multiply the PV Factor * Coupon$ to get the $PV of the Coupon payment.

4.Add the $PVs of all the cashflows to determine Market Value of the bond.

5. Divide each result of step #3 ($PV) by the current market value of the bond.

6. Multiply this factor by the years in column 1.

The sum of all final values in the right-hand column is the Duration.
Remember that Duration always carries a negative sign.

Determinants of Duration

As we can see from the equations above, coupon rate (which determines the size of the periodic
cashflow), yield (which determines present value of the periodic cashflow), and time-to-maturity
(which weights each cashflow) all contribute to the Duration factor.

Holding coupon rate and maturity constant —

Increases in market yield rates cause a decrease in the present value factors of each cashflow.
Since Duration is a product of the present value of each cashflow and time, higher yield rates also
lower Duration. Therefore Duration varies inversely with yield rates.

Holding yield rate and maturity constant —

Increases in coupon rates raise the present value of each periodic cashflow and therefore the
market price. This higher market price lowers Duration. Therefore Duration varies inversely to
coupon rate.

20 The time in years is negative to conform to Macaulay's formula.

21 Bond Duration is the product of PV/Price * the value under column Year. This is the reason that
Duration is expressed in terms of years, but this is obviously not the capital pay-back period.

22 The Market Price is the summation of all the separate PVs in the cashflow.
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Holding yield rate and coupon rate constant —

Increases in maturity increases Duration and cause the bond to be more sensitive to changes in
market yields. Decreases in maturity decreases Duration and renders the bond less sensitive to
changes in market yield. Therefore Duration varies directly with time-to-maturity (t).

Using Duration to Approximate Value Changes

The magnitude of the Duration is an index to the sensitivity of the bond to changes in market
interest rates. Bonds with high Duration factors experience greater increases in value when rates
decline, and greater losses in value when rates increase, compared to bonds with a lower
Duration.

In order to more closely approximate the percent change in market value as the result of a percent
change in yield, Macaulay derived Modified Duration, which is simply Duration times the factor
which we removed from the formula for Duration above.

. . ) 1
Modified Duration (Dyj) = Duration * m

In the example above, where Duration is —2.7761, the Modified Duration is:

MDuration (Dyp) = — 2.7761 * L _ 6439

0.10
1+ 910
( > )

Note that the value of i (0.10) is the annual yield rate.

Macaulay used this Modified Duration, Dy, to approximate the percent change in bond value for
a given percent change in yield, using the following formula:

Percent change in bond value = D) * percent change in yield.

If yield rates rose from 10% to 10.5%, a 0.5% increase in rates, Macaulay’s formula would
predict a percent change in value as:

Percent change in bond value = Dy * percent change in yield.23

= —2.6439 * (+ 0.5)
= - 1.3220%

The price change calculated by MDuration would be $898.49 * — 1.322% = —-$11.88 The new
bond price would be approximately $898.49 — $11.88 = $886.61. We can confirm the percent
change and new price by entering these data into a spreadsheet: The change takes place in the

PV Factor as a result of the change in market yield.

23 Since Modified Duration is a negative value, a decrease in yield rate results in an increase in bond
value. Multiplying the negative Duration times a decrease in yield results in an increase in bond value.
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Year | Pmt# | Coupon | PV Factor $PV $PV= Price | Duration
-0.50 1 $30.00 0.95012 $28.5036| 0.03215 -0.01608
-1.00 2 $30.00 0.90273 $27.0818 0.03054 0.03054
-1.50 3 $30.00 0.85770 $25.7309 0.02902 -0.04353
-2.00 4 $30.00 0.81491 $24.4474 0.02757 -0.05514
-2.50 5 $30.00 0.77426 $23.2279 0.02620 -0.06550
-3.00 6 $1030.00 0.73564 $757.7128 0.85453 -2.5636
Price $886.70 1.00000 -2.77438

As you can see, the computer indicates a decline in value from $898.49 to $886.70, a loss of
$11.79 vs. $11.88 as predicted by Macaulay’s approximation.

This difference in the answer we have obtained is caused by the convexity of the bond value
curve. Macaulay’s formula describes a straight line, but bond value in response to yield changes
describes a convex curve. When yield changes are small (as in this example), the difference in
value change is negligible, but when these differences are substantial (larger percent changes in
market yield and higher Duration) then the differences in value increase.

If the Duration of our example bond were in the order -8 or -12, an increase of 1.0 % in interest
rates would indicate a loss of approximately 8% ($71.88) and 12% ($107.82), respectively in
bond price. But because of these large changes in yield, and the high Duration, the linearity of the
Duration curve would result in larger pricing errors. Therefore the use of Duration to estimate
change results in a reasonable approximation, especially when the changes in interest rates are
not too large.

Significance of Duration

In the pre-computer days of Macaulay, Duration was conceived as a short-hand method of
estimating price volatility as the result of changes in yield. Today, the value of Duration is
somewhat less evident, since computer price programs are widely available which can indicate
precisely the value of a bond with respect to all the important financial variables: coupon, yield
and time. Still, Duration can be used by the bond investor to implement his investment strategy.

If the investor believes that market yields are going to decline, he may wish to alter his bond mix
to include bonds carrying higher Durations in order to leverage the increase in bond value. If an
increase in yields is expected, he may elect to change the mix to include bonds of lower Duration
to minimize the negative effect on his portfolio..

Obviously bonds are subject to risk beyond changes in the coupon-yield-maturity variables, e.g.
the risk of default, but Duration was not intended to reflect this kind of risk.
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Duration and the Bond Portfolio

Perhaps the most prevalent use of Duration today is as a short-hand method of estimating the
potential changes in the value of a portfolio of bonds.

Assume that a portfolio consists of (for simplicity) three bonds carrying the following current
prices and Modified Durations:

Bond Current Price Mod. Duration
A $845.57 4.12257
B $625.95 7.3523
C $884.17 4.04855

On a given day the market yield increases 20 basis points (+ 0.2%). What effect will this have
on the value of this portfolio? Fortunately, the HP—12C has a set of statistical registers which will

calculate a weighted mean. Here are the keystrokes (set decimal to [Zl 5):

Key In Display Shows Comments

-4.12257 -4.12257 Enters Mod. Duration
0.2 —0.00825 Mod. Duration x % change

845.57 4,9 1.00000 Puts price into statistical register

-7.3523 —7.3523 (same as above)
0.2 -0.01470

$625.95 2.00000

—4.04855 —4.04855

0.2 ~0.00810

$884.17 3.00000

Now, by recalling R (3,8), you will retrieve the total of all the original bond prices:

2 2,355.69  Total of original prices.
6 —23.3354  The loss in value.

(This is a loss since
the rate increased).

2,332.3546 Adds the loss to show the
new value of the portfolio.
2 $2,332.35 Re-sets price to 2 decimal places.
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Bond Convexity

The diagram at the right contains curves which depict the response of a bond's price to increasing
market yield rates. (These curves are exaggerated to help
illustrate the point.) .

Price
Curves A and B depict bonds with increased convexity. The
"curve" labeled C represents Macaulay's formula, which
suggests that the relationship between Price and Yield
follows a nearly straight line.

Comvexity Curves

f

If we were to rely on Macaulay's Modified Duration factor
alone, we would calculate the change in bond price by
multiplying the MDuration factor by any change in market
yield, however small or large. The difficulty here is that the
MDuration factor changes for each change in yield rates.
Therefore if we were to stay with one MDuration factor
when yield changes are more than minimal, we would incur
significant errors in estimating a bond's value.

Increase in Yield ——
The idea behind the Convexity factor is to adjust Duration
for the changing slope of the bond curve. Notice that as
yield increases the rate of loss (slope of the curve) in bond value diminishes. While all three
curves indicate lower prices as yield rates increase, the curve for Bond A shows that this bond is
losing value at a rate lower than C, and bond B is losing value at a rate lower than A. The rate of
loss is less with bonds of greater convexity and more with bonds of lesser convexity.

Notice also that Bond B will have consistently higher values, whether yields increase or decrease,
than Bond A, and either bond A or B will have an actual value higher than the "curve" C would
indicate. For this reason investors typically assign a higher market value (among bonds of similar
maturity) to those bonds with higher convexity. This is especially so in anticipation of a strong
upward move in interest rates and when dealing with bonds of longer maturity. In these cases,
bonds of higher convexity lessen the amount of the loss. In the event of a decrease in market
interest rates, the bond with greater convexity would acquire greater value.

The degree of a bond's convexity is determined by the interplay between the time to maturity and

the coupon rate. But of much greater significance in estimating convexity as it influences value is
the degree of change in interest rates.

Adjusting Duration Formula for Convexity

When significant changes in market yield are anticipated what we really want to know is the rate
of change in the relationship between price and yield.

You will recall that the first differentiation of the bond valuation formula was:
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dVv n —t * CFt

di = (1+i)t+l

t=1
The second differentiation of this formula will give us the rate of change we are looking for:

d’P Z t(t+1)*CF,
di’ < 1+

2
t(t+1)*CF

Convexity is defined as d Iz) * —  where P is the Price of the bond, or (——)—‘
di® P A+i)"2«P

The table on the opposite page configures the convexity for an 8% coupon rate, 5-year bond
currently selling at par ($1,000) The result is the Sum (from the table below) divided by the Price
($1,000), or 80.7543

Duration is given in terms of n periods per year/n, but convexity is given in terms of n periods
per year/ n’. Since n is two periods per year, the factor 80.7543 must be divided by 4, to deliver
20.1886. This is the Convexity factor in years.

The MDuration for this bond selling at par is —4.055448.
The following formula adjusts the current bond price for both MDuration and Convexity:

MDuration * % change ini +( 0.5 * (Convexity) * (% change in i)%)
—4.055448 * 0.02 + (0.5* 20.1886 * (0.02) ?
-0.077071 =-7.7071%

% Change in Bond Price

Using this percentage decline, —7.7071%, the value of the bond will decline from $1,000 to
$922.93. The computer generated value is $922.78 Had we used MDuration alone, the indicated
value would be $918.89.

Notice that when market interest rates decline, (MDuration * i) will be positive, and so also will
be the Convexity adjustment, since i * will always be positive.

Convexity of an 8% Coupon, 5-Year Bond Selling At Par

Period CF A+)Mt+2) | t(t+1DCF | t(t+1)CF
(1+ i)(t+2)

1 $40.00 1.124864 80 71.119709
2 $40.00 1.169859 240 205.15301
3 $40.00 1.216653 480 394.52501
4 $40.00 1.265319 800 632.25162
5 $40.00 1.315932 1200 911.90138
6 $40.00 1.368569 1680 1227.5595
7 $40.00 1.423312 2240 1573.7943
8 $40.00 1.480244 2880 1945.6248
9 $40.00 1.539454 3600 2338.4914
10 $1040.00 | 1.601032 114400 | 71453.902

Sum 80754.323
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Zero Coupon Bonds

“Stripped Bonds” refers to bonds which are “stripped” of either 1) their coupons (dividend
payments) or 2) their reversionary value. These strips can be bought to furnish a series of
dividend payments but no reversionary value, or to deliver one lump sum at the time of maturity
but no intervening payments.

The most popular of the “strips’ are standard U.S. Treasury bonds.24 Bonds are selected by
security dealers, transferred to the Federal Reserve Bank in New York which creates the
derivative instruments and returns the instruments to the bond dealer by Fedwire.25 One can buy
both the stripped interest coupons and/or the stripped principal. The Wall Street Journal denotes
the former as ci, while the stripped principals are earmarked bp.

As short-term investments, Zero Coupon bonds (bps) are very volatile derivative instruments
popular with those who prefer to bet on changes in long-term interest rates.

For example, assume that current long-term (30-year) rates are at 9.5%. The Present Value (Ask)
of a stripped-coupon Treasury maturing in 29 years is quoted at 7:22, meaning 7.6875, or
$76.875 (per $1000 of reversionary value).

A trader foresees long—term interest rates declining to the 7.5% range within three years.
Therefore the receipt of $1,000 in 26 years (29 — 3), discounted semi-annually at 7.5% will be:

n i PV PMT FV
26%2 7.5+2 ? 0 1,000
Solving... -$147.44
This will represent an semi-annual yield in three years of:
n i PV PMT FV
3*2 ? -76.875 0 147.44
Solving.. 11.46

The annual yield will be 11.46 * 2 = 22.92%

A yield such as this is very tempting. But the door swings to and fro. Suppose that yield rates
increase 2% in three years. The results demonstrate the reward and the risk of the high leverage
implicit in Zeros:

24 Corporate bonds are also available as “strips.”

25 The term STRIPS is an acronym for Separate Trading of Registered Interest and Principal of Securities,
a Treasury program which allows bonds of maturities equal to 10 years or more to be transferred over
Fedwire. This action has greatly reduced the cost of insurance customarily associated with transferring
these derivatives.
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The yield now becomes:

n i PV PMT FV
52 11.5+2 ? 0 1,000
Solving.. 54.63
n i PV PMT FV
3 %2 ? -76.875 0 54.63
Solving.. -5.53 54.63

The annual yield will be -5.53* 2 = -11.06%

Duration Of Zero Coupon Bonds

This volatility of Zero Coupon bonds (stripped principal) can also be seen in their Duration. Since
there are no coupon payments, the entire Duration is a function of the last payment, which is the
principal. In the case of a 30-year Zero Coupon bond, discounted over 30 years (60 periods)
@10% (5% per period), the Duration is:

Year Pmt# | Coupon | PV Factor $PV $PV + Price | Duration
-0.5 1 0 0.95238 0 0 0
-1.0 2 0 0.90703 0 0 Os
-30 60 1,000.00 0.05354 $53.53 1.00 -30.00
Total $53.53 -30.0026

For all practical purposes then, the Duration of a Zero Coupon Bond, is approximately equal to its
maturity (in years). The longer the maturity, the higher the Duration, and the more sensitive the
instrument is to even small changes in market yield. A high Duration factor indicates that long-
term Zero Coupon bonds are very sensitive to changes in market rates. An absolute change of
only 0.5% in interest rates would result in approximately a 15% variation in value for a 30-year
bond.

26 Modified Duration would be 28.57
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Taxation of Zero Coupon Bonds

Although zero coupon bonds do not pay interest, they do result in annual taxable income because
a zero coupon bond is treated as an Original Issue Discount bond (OID). The amount of the OID
is the difference between the maturity value of the bond and the price at which the bond was
acquired. The tax is levied on the annual increase in the value of the bond as it approaches
maturity.

The amount which is currently recognized as taxable is determined by a ratio: the ratio is
determined by dividing the number of days for which the bond has been held (in the tax year) by
the number of days to maturity. This factor is applied to the excess of the maturity value of the
bond over the acquisition cost. The result is that portion of the increased value of the bond which
is currently subject to tax at the ordinary rate. (There is no long-term capital gains treatment
available for these amounts. Gains are taxed as ordinary income)

For example, a bond acquired on July 1 for $500 will mature in exactly 10 years. The maturity
value is $1,000. The ratio is 183 days / 3650 days, or 0.05014, or 5.014%. The amount
recognized is ($1,000 - $500) x 5.0104% = $25.05 This amount is reported as interest earned..

Because these instruments produce no income during the holding period, and because they do
result in taxable income, zero coupon bonds are frequently held in tax-deferred accounts.

Zeros As an Investment & Planning Tool

If U.S. Treasury Zero Coupon bonds are acquired for long-term purposes without the need for
intermediate liquidity, they can be important low-risk instruments with which to fund future
cashflow requirements. For example:

An assessment of future income requirements for an
education fund indicates that $250,000 will be required in
18 years. Zero Treasuries which will mature in 18 years are
currently priced at 34:21, or $346.5625 at a time when long
term interest rates are 6.06%. Two hundred fifty of these
strips are acquired today at a cost of $86,640.

What is the risk of loss of principal in year 18 if interest rates
rise to 8.06% at the time of redemption ?

The answer is zero risk, since the bonds will be redeemed at $1,000 per bond. The risk inherent in
this scenario is the calculation of the amount which will be required in year 18. This calculation
must anticipate a reasonable inflation rate, since tuition fees in 18 years will not be at today’s
prices. But if held to maturity, there is virtually no risk in receiving the maturity value of a U.S.
Treasury bond. The purchasing power of the recovered principal, however, is another matter.
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Inflation -Adjusted U.S. Treasury Securities

U.S. Treasury securities are regarded as the safest investments in the world. They are not,
however, entirely risk-free. The risk associated with longer-term securities, especially, is the loss
of purchasing power due to inflation. The reversionary value of a 30-year Treasury bond held to
maturity in a 3.5% inflationary environment is only $353.13 in constant dollars..

In response to public requests for a Treasury instrument which will adjust with inflation, the
federal government began issuing in January 1997 U.S. Treasury Inflation-Indexed Securities.27
The bonds are similar to those issued in other countries, and quite similar to Canada's Real Return
Bonds. U.S. Inflation-Indexed securities now range in maturity from one year Notes to 30-year
Bonds.

On the dividend date the principal amount of the bond is adjusted for inflation using the non-
seasonally adjusted U.S. City Average All Items Consumer Price Index for All Urban Consumers
(CPI-U), which is published monthly by the Bureau of Labor Statistics. The CP-U Index used for
the first day of each calendar month is the CP-U Index for the first day of the third preceding
month. For example, the CP-U Index for April 1 would be the CP-U Index for the preceding
January 1, which is published on February 1.

The original coupon rate for the bond does not change over the life of the instrument. Instead, the
maturity amount of the bond is adjusted and the dividend paid each six months is determined
using the adjusted principal amount. The CP-U for the current day is divided by the CP-U for the
date of issue, and the result is multiplied by the reversionary value. Therefore in periods of
disinflation the value of the bond will be reduced, as will the applicable dividend amount. The
reversionary value of these bonds, however, will never be reduced below par. If the market value
of the bond at maturity is less than the issue price, the government will bring the reversionary
value to par.

Interest received on both paid dividends and the increased value of the reversion amount is
taxable in the year received or credited. This tax treatment is similar to OID bonds. For this
reason Inflation-Indexed bonds are well-adapted to tax-deferred accounts.

Inflation -adjusted bonds are eligible for the governments STRIPS program. Therefore stripped
principal and stripped interest components for bonds of 10-year maturity or greater may become
available.

Inflation-Indexed Bonds Indicate True Safe Rate

These bonds serve another important purpose. Since the effect of inflation is removed, these
bonds are a valuable indicator of the current "safe rate” for money in the United States. Since
inflation is not a factor, movement in the current price and current yield for these bonds is a direct
result of basic market supply and demand forces. The "safe rate" of interest is the foundation rate
used to construct capitalization and discount rates.

27 Sometimes referred to as TIPS: Treasury Inflation-Protected Securities.
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A list of currently traded Inflation-Indexed U.S. Treasury bonds can be found in most financial
newspapers, usually at the end of government bond section.

Chapter Summary

1.

2.

10.

11.

12.

13.

Bonds, as do all other investments, derive their Present Value from the discounted value
of the cashflows realized over the holding period.

Most bonds are interest-bearing instruments whose price varies inversely to the current
market rate interest (yield) for securities of equal risk and maturity.

The Yield-To-Maturity rate of a bond is its IRR, which tends to conceal the time-maturity
rate of return inherent in the pricing of bonds.

The price of bonds is set by the spot rates for money. These rates typically increase with
time to maturity resulting in an upwardly sloping yield curve.

Duration is a means of approximating the change in bond value as a result in a change in
market interest rates.

Convexity adjustments overcome some of the error in using Duration and Modified
Duration alone to calculate bond value.

Zero Coupon bonds are derivative components of bonds. They are highly sensitive to
changes in market interest rates.

Bonds with “call” dates are valued to the call dates when the coupon rate exceeds the
market rate, and to the maturity date when the coupon rate is below the market.

The YTM of a bond can be calculated by adding to the remaining interest payments an
amount necessary to amortize the call premium.

Bond Duration is a sensitivity tool which can be used to approximate the change in bond
price as the result of a change in market yield rates. It is particularly useful in estimating
the impact of yield rate changes on a portfolio of bonds.

The Duration of a Zero Coupon Bond is approximately equal to its maturity, measured in
years.

Zero Coupon Bonds are classified as Original Issue Discount Bonds. The accrued value
of the bond is taxable to the holder even though no interest is received.

Inflation-Indexed U.S. Treasury securities protect the investor from the loss of bond
value due to inflation, although coupon rates are correspondingly low.
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R isk is an element in every investment situation. Many C ha p ter 7

corporations have now become sufficiently

concerned about risk to appoint CROs — Corporate Risk R i S k &
Officers — whose job it is to identify, analyze and quantify
risk..

Reward

While individual investors and financial planners may not
be concerned about risk at the corporate level, they share similar concerns and objectives: the
identification, analysis and quantification of risk.

We would be remiss, having discussed the valuation of both stocks and bonds in the previous
chapters, not to consider the element of risk as it applies to these investments — indeed, to all
investments. Quantifying risk will enable us to make appropriate adjustments to discount rates, to
compare risk among different investments, and to choose investments which fit our risk comfort-
zone. It is also important that we be rewarded for the investment risk we take.

In this chapter we will cover the very basic fundamentals concerning the quantification of risk.
The goal is to help provide an insight to the degree of investment risk and how the investor may
measure and mitigate the risk. The reader is also encouraged to explore further the quantification
of risk by referring to more advanced texts dealing with statistics, probabilities and simulations.

Components of Discount Rates

So far we have arrived at the Present Value of various investments by discounting anticipated
future cashflows by a selected discount rate. Discount rates, which are equivalent to desired
return rates, are composed of:

1) a safe rate for money,

2) an allowance for inflation, and
3) a premium for risk.

Page 7-1



Chapter 7: Investment Risk

For the most part, the safe rate for money and an allowance for inflation are matters of fact which
can be objectively retrieved from existing data sources.

But assigning a risk-premium is a strictly a matter of judgment, or, if you will, a matter of
assessing the risk/reward ratio inherent in every investment. The investor who perceives the risk
of a certain investment to be low will add a low risk premium and use a lower discount rate to
value the cashflows from the investment. The investor who perceives the risk to be greater will
add a larger risk premium resulting in a larger discount rate. The first investor will pay more for
the same investment cashflows than the second investor. It is this difference in perceived risk
among different investors which creates differences in opinions of value, and therefore creates
markets.

Let's first examine the safe rate and the inflation rate.

True Safe Rate and Inflation Rate

You will recall that in Chapter 6 (Bonds) we discussed the U.S. Inflation-Adjusted bonds which
were introduced in 1997. These bonds are not only backed by the "full faith and credit" of the
U.S. government, but also by the government's promise to eliminate any loss of future purchasing
power due to inflation by adjusting the reversion value of the bond which, in turn, determines the
periodic dividends. Therefore the "safest” investment in the United States is an investment in U.S.
Treasury Inflation-Adjusted bonds, and we can truly refer to these investments as "risk-free." As
such, their current market yield is also the current true safe rate for money in the United States.

Most financial writers refer to the standard U.S. Treasury obligations as the "safest" of all
investments, and use the rates applicable to these securities as the "risk-free" rate. But the current
yield on traditional U.S. Treasury securities always contains an allowance for inflation. If one
chooses to use the current yield from standard Treasury bonds, then one must accept the judgment
of the market as to the "built-in" inflation rate. Alternatively, one can add to the current safe rate
for money, as determined by the yield on Inflation-Adjusted Treasury securities, one's own
estimate of future inflation.

In either case, it is to this sub-total (safe rate + inflation rate) that a risk premium must be added.
The total of these three rates will constitute the discount rate applicable to a particular investment.

Risk

There are a number of ways in which to define risk. One definition holds that risk is the
probability of an adverse outcome multiplied by the severity of the outcome. Because most
investors think of risk only in terms of an adverse outcome, risk becomes identified only with
loss. But there is also the 'risk' of a positive outcome: the likelihood of making a gain. Both the

risk of a loss, as well as the likelihood of a gain, are linked to the probabilities of all possible
future outcomes.
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What is Past May Be Prologue

If we want to make some predictions about how an investment - say, a stock- is likely to perform
in the future, we can examine its past performance and extrapolate the results to the future. When
we do this, we make an implicit assumption that the future will be somewhat like the past. But in
this text we have consistently stressed that the value of any investment is the discounted value of
all future returns which are likely to accrue to the investor over the expected holding period. We
have also stressed that (to coin a phrase) "past performance is no reliable index of future
performance."”

A prospective approach to investing requires an estimate of probable future performance. Some
investors, curiously, feel uncomfortable about any attempt to forecast future performance and
prefer to rely on past performance. In contrast, professional investors and fund managers chiefly
concern themselves with the probabilities of future performance and concentrate attention on the
fundamental economic and market factors likely to influence and determine that performance.

Statistics and Probabilities

Estimates of future returns can be based either on the statistics of past returns or on the
probabilities of future returns.

Statistics is that area of science concerned with the extraction of information from numerical data
and its use in making inferences about the population' from which the data are obtained. In the
next few pages we will be concerned with some rudimentary statistical and probability concepts
and how they may be applied to identify and quantify future risk. After that, we will examine
ways in which investment risk may be measured and mitigated.

In either approach, the objective is a forecast of future performance. Although there is a different
method for each, and very likely a different outcome for each, the objective is the same: an
Expected Outcome, or Expected Rate of Return.

Looking Backward

As an example, let's take the stock of PRQ corporation which has delivered the following annual
rates of return over the past 5 years: 19%, 21%, 24%, 28% and 32%. If these data constitute the
entire return history, we can determine the average (mean) rate of return, p (mu), simply by
averaging these past data.. In this case the average is:

n

X,

p- =L _ 24.8 (see footnote %)
n

The term population refers to all the data available to the sampler. A sample is a sub-set of the
population.
If the data collected represent the entire population, the average, p, is determined by dividing the total

by n; if the data collected represent a sample, the average, X ( x bar), is determined by dividing by n—1.
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where p is the average return, x, is the annual return for year t and n is the number of years, in
this case 5. If we limit ourselves to these past 5 years, we can determine the degree to which the
annual return rates for PRQ have varied, and — to the extent they vary — an estimate of how much
future returns might deviate from this average.

Deviation, Variance and Standard Deviation of Historical Data

If we assume that the rates of return we have for PRQ are the entire population of data, we can
proceed to determine the Variance and Standard Deviation for these past returns.

The mean rate of return of the entire population of data, is simply the average of the values given,
or:

W= 19% +21% + 24;% +28% +32% _ 24.8%
The formula for the Variance of a population, 2 is defined as the sum of the squared deviation
of the measurements, x,, about their mean, p, divided by n.

1 4\ 2
oS -w

Retmn 00 | o ew | ew? | e wim
19 248 | -5.80 33.64 6.728
21 248 | -3.80 14.44 2.888
24 248 | 0.80 0.64 0.128
28 248 | 320 10.24 2.048
32 248 | 720 51.84 10.368
J Variance =G > 22.160

| Standard Deviation=6 | 4.707 |

Ii;the values we have are but a sample of the entire population then the formula for the variance,
s”, becomes

1 \ )2
2= n-—l*gf(x" -X)
Notice that the average of the sample is called X (x bar), and the numerator is divided by (n-1)
instead of n. The standard deviation is the square root of the variance, or s.
[When dealing with an entire population the Variance is represented by the Greek (small) sigma,
o 2, while the Standard Deviation, being the square root of the Variance, is simply G .
When dealing with a sample of the entire population, the Variance is represented as s*, while the

Standard Deviation is s.]

The meaning of the Standard Deviation is discussed after the following segment.

Page 7-4



Chapter 7: Investment Risk I

Standard Deviation on the Calculator

Determining Standard Deviation on the HP-12C is a relatively simple exercise. This calculator

has a system of statistical functions all of which are accessed using the blue key, @ .

Since we have only one variable in this simple situation, we can enter the rates of return as
follows:

Key In Display Shows Comment
Iﬂ (3,2) 0.00 Clears statistical registers
19 4,9) 1.00 Enters first value
21 2.00 Enters second value
24 3.00 Enters third value
28 4.00 Enters the fourth value
32 5.00 Enters the fifth (value
Now press @ 4,7 24.80 The average (mean) of the values

Notice that the calculator arrived at this value by dividing the sum of the values (124) by 5, which
is equal to n.

But in the next step, in the calculation of the standard deviation, the calculator subtracts one from
the counter, changing n to (n-1), or 4.. Therefore the calculator assumes that the data are derived
from a sample and not from an entire population.

If you require the standard deviation of a sample, enter the next line —
IEI 4,8) 5.263 The standard deviation of the sample

But if you desire the standard deviation of an entire population (as in our example), do not
execute the preceding line. Instead, continue by entering,

[¢] 49)  6.00 Adds 1 to n, and 24.80 to the values

[g] [s] @7 4.707 The standard deviation
of the population.

By adding one more data point which is equivalent to the average of the preceding 5, we do not
disturb the average but we do change n from 4 to 5.

We will explore the significance of the Standard Deviation after considering the second possible
approach to an obtaining an expected return.
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Looking Forward

In looking forward, we choose to rely not on past performance but rather on estimates of future
performance based on the probability of each possible future outcome. Assessing the probability
of future performance, whether that performance is based on one or multiple factors, is always a
matter of informed judgment. The formula for this approach sums up the probabilities, X, (x-hat)
for each possible Expected Return:
i = Z X‘ * Pl
t=1

where X is the Expected Return, x, is the possible outcome of event t, and P, is the probability
of the outcome t . Therefore the expected return is the sum of the weighted probabilities of each
potential outcome.

As an example, let's assume that PRQ's current Rate of Return is 32%. Its management has
entered its best estimate of the Rate of Growth for next year under each of 5 different economic
scenarios. It estimates that PRQ could encounter any one of these scenarios, but with different
probabilities for the occurrence of each.

If Economic Conditions | PRQ's Change in | Potential Return Based
are Annual Return on Current 32%
Robust +20% 38.4%
Active +15% 36.8%
Average +10% 35.2%
Slow -10% 28.8%
Recession -20% 25.6%

This table tells us how PRQ's might respond to the various economic scenarios, but it says
nothing of the probability that each of these economic scenarios will occur. Therefore we need to
enter our best informed estimate of the probability of each of these possible outcomes so that we
can weight each potential outcome. The weights used are the probabilities assigned to each
possible outcome. The sum of the weighted possible outcomes will be the Expected Return:

If Economic Rate of Return Probability Weighted
Conditions Are.. Might Be... of this is... Outcome
Robust 38.4% 5% 1.92%
Active 36.8% 20% 7.36%
Average 35.2% 55% 19.36%
Slow 28.8% 15% 4.32%
Recession 25.6% 5% 1.28%
Expected Return=Sum = X = | 34.2% rounded
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As you can see, there is a measurable difference between the Average Rate of Return as
determined by the statistics of past performance, 24.8%, and the Expected Rate for next year,
34.2%, as determined by weighting future probabilities.

Variance and Standard Deviation of Expected Returns

Now that we know the Expected Rate we can revisit our possible outcomes to measure how far
each outcome would deviate from the Expected Rate, and given that deviation, the Standard
Deviation:

Economic Possible Rate Expected Rate Difference
Conditions Xq X x,— X)
Robust 38.4% 34.2% 4.2%
Active 36.8% 34.2% 2.6%
Average 35.2% 34.2% 1.0%
Slow 28.8% 34.2% -5.4%
Recession 25.6% 34.2% —8.6%

The result is multiplied by the probability assigned to each outcome, and the results totaled to
deliver the Variance. Again, the square root of the Variance yields the Standard Deviation.

Difference leferencse Probability Product
Squared

4.2% 17.64 5% 0.882
2.6% 6.76 20% 1.352
1.0% 1.0 55% 0.55
-5.4% 29.16 15% 4.374
-8.6% 73.96 5% 3.698

Variance =G~ = 10.856%

Standard Deviation =0 = 3.295%

Both the Variance and Standard Deviation are measurements of the degree to which the possible
rates can vary from the Expected Rate.* In this case we could say that the expected rate of return
is 34.2% + 3.3%, the standard deviation. If a rate actually exceeds the Expected Rate, the investor
has a pleasant outcome, but if the rate falls below the Expected Rate the investor has a less
positive outcome — perhaps even a negative return, or loss.

In the case of PRQ, however, the chances of their having a negative rate of return are nil because
the estimated worst case scenario, a Recession, still shows the firm would have a positive 25.6%
rate of return (nice business). But not all businesses are so fortunate. Let's examine the returns

Squaring the difference (x, — X )’ eliminates the problem of minus numbers.
*  If the data are historical data, we would be measuring the dispersion around the mean (average).
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from two business with the same Expected Return but with greater potential variation (riskiness)
in outcomes.

Company CDF is a manufacturer which enjoys low marginal’ costs but competes in an industry
very sensitive to economic conditions and therefore has returns which are quite volatile.
XYZ, on the other hand, is a food distributor with normal marginal costs but competes in an
industry where supply and demand vary little. Both firms have an Expected Return of 15%.

CDF Manufacturing XYZ Distributors
... | Possible | Weighted ... | Possible | Weighted

Economy |Probability Return Retarn Probability Return Return
Robust 25% 60% 15.00% 25% 20% 5.00%
Normal 50% 15% 7.50% 50% 15% 7.50%
Recession 25% -30% -71.50% 25% 10% 2.50%

Expected Expected
Return 15.00% Return 15.00%

Despite the fact that the Expected Return for both stocks is the same, 15.0%, there is wide
variation in the possible outcomes. The calculation of their Standard Deviations will show this:

CDF Corp.
Outcome | Expected Return | Deviation Dev/2 x Prob. = Product
Xt X (x¢— X) (X¢— X )2
60 15 45 2025 25% 506.25
15 15 0 0 50% 0
-30 15 —45 2025 25% 506.25
Variance = 6* = Sum = 1012.50
Standard Dev.= ¢ = 31.82%
XYZ Corp.
Outcome lExpected Return Deviation Dev/2 x Prob. = Product
X, R %) | (x %)
20 15 5 25 25.0% 6.25
15 15 0 0 50.0% 0
10 15 -5 25 25.0% 6.25
Variance = 6% = Sum = 12.5
Standard Dev. = G = 3.54%

In the case of CDF Inc. we could say that the expected return is 15% + 31.82%, or a range from
+46.82% to - 16.82%. CDF is a boom or bust stock with potentially high volatility.

> Costs, in excess of fixed costs, which vary according to units produced
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XYZ, in contrast, could expect returns of 15% + 3.54%, or a range of + 18.54% to +11.46%. It is
clear which stock is potentially more volatile, and therefore more risky.

Meaning of Standard Deviation

The significance of the Standard Deviation becomes much more meaningful after consideration

of Tchebysheff's Theorem.

Frequency

\
", Three Stand. Dev.
b

Expected Return / Mean

Tchebysheff, a Russian mathematician,
demonstrated that when X....... X, 1S a series
of measurements, and k is an integer equal to
or greater than 1, then at Ileast

(1—1(17) percent of the data will fall within k

Standard Deviations of the mean (or
Expected Value). When Kk is equal to 1, the
expression equates to zero, which doesn't
help much; but when k = 2, then it predicts
that at least

(1 —2%), or 75% of the measurements will

fall within 2 Standard Deviations of the mean (or Expected Return). When k is 3, then at least
89% of the data will fall within 3 Standard Deviations of the mean (or Expected Return).

The Empirical Rule

The histogram,® CDF, plots the frequency of the distribution points of the total return for CDF's
stock against the probability of the return. Intervals, or bins, of the distribution points are plotted

along the x-axis. The probability of the frequency of the
distribution points per bin is plotted along the y-axis.

If we had chosen a continuous series of points between 50.0%
the pessimistic -30%and the optimistic +60%, their plots 10.0% / ‘
on this graph would follow the mound-shaped curve /
which is superimposed over the bar columns.” This 7
curve resembles the "normal" bell curve, a pattern of 20 0%
distribution widely found in nature and in the collection

of many types of "normal occurring” data.

Tychebysheff's Theorem applies to any distribution 30% Remlsy  600%
curve, but when the curve approaches the normal bell-

60.0% -

CDF

30.0%

.

10.0%

| \|

0 Expected

shaped curve, the Empirical Rule applies. This rule

A graph of a frequency distribution in which rectangles with bases on the horizontal (x) axis are given
widths equal to the class interval (bin size) and heights on the vertical axis (y) equal to the frequency.

7 Continuous distribution
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states that 68.3% of all the data will fall within + 1 Standard Deviation of the mean, 95.5% will
fall within + 2 Standard deviations, and 99.7% will fall within = 3 Standard Deviations.

In the case of CDF, one Standard Deviation would encompass values ranging from 15% =*
31.82%, or from -16.82% to +46.82% of the expected return.

The larger (wider) the Standard Deviation, the greater the potential variability; the greater the
potential variability, the greater the risk.

In the case of XYZ, whose mound-shaped histogram appears nearby, the frequency of the
distribution of the possible outcomes is much narrower. Its Standard Deviation is only 2.32%,
indicating that 68.3% of the possible outcomes will fall -
between 15% + 2.32% , or between +13.68% and +17.32% | " ] XYZ
of the Expected Return. Ninety-five percent will fall within 50.0%
2 Standard Deviations, or between +10.68% and +19.32%,
while almost all possible outcomes (99.7%) occur between
8.04% and 21.96%. 30.0% .

40.0%

‘r'
20 0% __//
Investors who are risk-averse most certainly will choose to /
invest in XYZ stock, since it requires more than 6 negative A
Standard Deviations in performance to produce a loss. In 00% 4 |
the case of CDF, less than one negative Standard Deviation 12% " iy 18%

will produce a negative return.

It is easy to see that the stock of CDF can be much more variable and carries much more risk
than does XYZ. Therefore the market capitalization rate (discount rate) for CDF will carry a high
risk premium component, and therefore indicate a lower price. XYZ’s stock will carry a much
lower risk premium and will therefore indicate a higher price. As we saw in Chapter 5, both these
stocks will be sensitive to factors which contribute to growth in earnings. But the potential for
extra-ordinary gain is with CDF, not with XYZ.

Semi-Variance and Semi- Standard Deviation

Since most investors define risk in terms of a potential for loss, one may ask..."why bother to
measure standard deviation which includes positive variations. Doesn't it make more sense to
focus only on negative variations and the potential for loss?"

The answer is that for the great majority of investments whose probability distribution is
reasonably symmetric, standard deviation, taking into account both positive and negative
deviations, is generally a good measure of risk - and one used by most analysts.

But some money managers and analysts choose instead to disregard positive deviations above a
certain targeted return rate. Their purpose is to measure the potential for deviations below a
targeted return. These deviations need not be losses, but they are defined as returns below
targeted or desired yields.
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Variances below the targeted return are known as semi-variances, and the standard deviation of
these variances is the semi-standard deviation. These values can be calculated by eliminating
from the calculations all deviations above the targeted yield, then calculating the mean, the
variance and standard deviation of all the distribution points which remain. Although these results
may be numerically positive, they are really to be interpreted as variances and deviations below
the targeted return and therefore represent the likelihood not of a loss but of not achieving a pre-
defined goal.

Risk Per Unit of Standard Deviation

Standard Deviation is a good index of risk when comparing stocks of equal, or nearly equal,
returns, and when the data are reasonably symmetrical® around the Expected Returns. But a
comparison is often sought between stocks which have quite different Expected Returns and
different Standard Deviations.

For example, Stock A may have a Standard Deviation of 10% and an Expected Return of 30%
while Stock B has a Standard Deviation of 5% and an Expected return of 10 %. In the case of
Stocks A it would take 3+ negative Standard Deviations to create a loss, while Stock B would
produce a loss with only 2+ negative Standard Deviations.

In these instances it makes more sense to measure the Standard Deviation (risk) per unit of
Expected Return: "How much risk must I assume to capture one unit of Expected Return?"

This relation is expressed as the Coefficient of Variation, an index of risk which measures the
Standard Deviation per unit of Expected Return

Standard Deviation

CoefTicient of Variation = CV =
Expected Return

If we apply this measurement to Stocks A and B, then

10.0% : 5.0%
= —2 = 1 V= =0.50
CV, 30.0% 0.33 while CVg 10.0% 0.5

Therefore, by this measure, Stock B is 50% riskier than Stock A, despite the fact that B has a
lower Standard Deviation.

Sharpe's Index - Another Measure of Risk

A variant of the Coefficient of Variation is the Sharpe Index, named after the Nobel laureate in
economics, Stanford's William Sharpe. The Sharpe Index measures the risk premium in relation
to the Standard Deviation - How much risk premium would I receive per unit of risk assumed?

®  When the curve approaches the normal bell-shaped curve.
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_er

The Sharpe Index, a ratio, is equal to , where X is the average return for one period and

X is the return on a risk-free investment (usually U.S. Treasuries). In the analysis of portfolios
which extend over a number of periods, the geometric mean’ of the investment is substituted for
X and the geometric mean for Treasuries replaces x .

Separating Risks

A stock held in isolation has two different sources of risks. One kind of risk, Unique Risk, or
unsystematic risk, is the risk which attaches to one particular stock as the result of circumstances
affecting that particular company, and perhaps its competitors. Market Risk, or systematic risk, is
the risk to which all stocks are prey as the result of circumstances beyond their control or
influence; e.g. inflation, increase in interest rates, economic recession, etc.

This is an important distinction because it has been shown that a large part of unique risk can be
eliminated by a combination of certain stocks in a portfolio. Systematic risk, however, cannot be
eliminated.

Correlation of Risk, Risk Minimization

It would be reasonable to assume that the risk of a two-stock portfolio would be the proportion of
investment in stock A weighted by its Standard Deviation (its measurement of risk) plus the
proportion of investment in stock B weighted by its Standard Deviation. But this is true only
when the return of Stock A moves in lockstep with the return of Stock B, which is to say, when
they are perfectly correlated.

For example, if Stock A increases 10% and Stock B increases 10%, theses securities could be said
to exhibit perfect positive correlation (+1). If Stock B declined 10% while Stock A increased
10%, these two would exhibit perfect negative correlation (-1). Combining two stocks which
have perfect positive correlation will not defend against loss since they will go up and down
together. Combining two stocks in equal proportion which have perfect negative correlation will
completely eliminate the risk of loss since the gain in one will cancel the loss in the other. But it
would also eliminate any gains.

But most stocks are not perfectly correlated. If any two stocks on the New York Stock Exchange
are chosen at random, the correlation will be about +0.6, with a range of about +0.5 to +0.7.
Therefore the choice of two stocks randomly chosen will not completely eliminate unique risk,
but it will reduce it.

®  See Chapter 4-10 for information about the geometric return.
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Expected Return of Stocks Held in a Portfolio

The Expected Return of a portfolio, ip, is the weighted average Expected Return of all the

stocks in the portfolio, where x  is the Expected Return for Stock n. The applied weight (w,) is
the fraction of the total portfolio invested in each individual security. Therefore,

A A

Xp= WX+ W, X, + WyX;.oooooud Wy X

Assume the following Expected Returns for four stocks, S1 through S4:

Proportion Expected
Invested Return
S1 15% 15%
S2 30% 16%
S3 35% 20%
S4 20% 22%

)'ip = .15%.15+.30%.16 + .35*%.20 + .20*.22 =.1845 =18.45%

Although the Expected Return of the portfolio, f(p , is the weighted sum of the Expected Returns

of each individual stock in the portfolio, it is not true that the riskiness of the portfolio (G p) is

the weighted average of the Standard Deviation of each stock in the portfolio. This is due to the
fact that, being imperfectly correlated, the price movement of one stock may reduce or
completely eliminate the unique risk attached to another. As a result, the risk of a well-formed
portfolio will be less than the average risk of all the stocks in the portfolio.

Determining Correlation Between Two Stocks

The degree to which two stocks move together is known as their Correlation Coefficient. A
Correlation Coefficient of +1.0 indicates that the stocks move in positive lockstep; a Correlation
Coefficient of —1 indicates that the stocks move exactly opposite to one another, while a
Correlation Coefficient of zero, or near zero, indicates that the stocks move independently and
with no relationship to one another.

COV(AB
The Correlation Coefficient = r,; = #
GA c B

The term COV(AB) represents the covariance of stocks A and B and is given by the formula

Covariance = COVxp = ) (X, — X, )(Xp, —X5)P,

t=1
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In the first expression following the summation sign, X ,, is the t possible outcome of stock A;
X , is the Expected Return for stock A. The values in the second expression following the
summation sign are correspondingly the same for stock B. P, is the probability of outcome t.
The degree of risk (as measured by Standard Deviation) for a portfolio (0,) composed of stocks

A and B, is given by the following equation:

Portfolio Standard Deviation = G = \/wzci +(1-w)?*63 +2w(l—W)r,g6,05

(where 1,3 is the Correlation Coefficient)

Risk of a Multi-Stock Portfolio, MPT

You can see that determining the risk of a portfolio of a larger number of stocks, such as in a
Mutual Fund, would require the determination of the correlation coefficient for every stock in the
portfolio and could become a complex undertaking. Yet diversification may be a very desirable
strategy in reducing portfolio risk since it has been shown that assembling a portfolio of well-
diversified stocks can materially reduce total unsystematic risk.'’

Harry Markowitz, the father of Modern Portfolio Theory (MPT), demonstrated that through the
selection of a sufficient number of stocks with positive - though not perfect - correlation,
unsystematic risk can virtually be eliminated.

Since the unique risk of a portfolio can be nearly eliminated by the proper choice of stocks, the
remaining risk, — the systematic risk, which cannot be eliminated by diversification — is a
function of the market risk of each stock in the portfolio in its relation to all other stocks in the
portfolio.

Stock Beta - Still Another Measurement of Risk

Rather than compare the risk of a stock to others in a particular portfolio, William Sharpe,
together with Jack Treynor and John Lintner, devised the Capital Asset Pricing Model (CAPM)
which relates the volatility of a particular stock to a broad index of all stocks.

Sharpe's group equated the overall volatility of the market to 1. A stock whose Beta is greater than
1 is more volatile (and therefore supposedly riskier) than the broad market; a stock whose Beta is
less than 1 is less volatile (and therefore less risky) than the broad market. A stock whose beta is
exactly 1 would rise and fall in lockstep with the market.

10" «“Wide diversification is only required when investors do not understand what they are doing.”
W. Buffett
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Shape's CAPM formula states that:
(Expected Return Stock A — Risk-Free Rate) = B*(Expected Return of Market - Risk Free Rate)

where P is the degree of volatility of the return on Stock A, as determined by Stock A's history,
in comparison to the historical return on the broad market. The Expected Return of Market is the
Expected (Average) Return of the S&P 500 Index of stocks. The Risk-free Rate is the rate
delivered by U.S. Treasury Bonds."

Squeezing the formula into a more compact form we have:
(iA _rrf)=B (ﬁm —I)
Therefore, Beta=(B) = (X, —r,)
Xy —1)

Note than the expression (X, —r, ) is equivalent to the risk premium over the risk-free rate

applied to Stock A, while (X,, —r,; ) is the risk premium for the broad market. Therefore Beta

measures the risk premium of a particular stock in relation to the risk premium of the broad
market.

The utility of Beta relates to the fact that the expected riskiness of a portfolio, Bp , is a function

of the weighted riskiness of each stock in the portfolio, as measured by its Beta, such that:

Portfolio Risk = f,= > w B,

t=1

If a number of stocks each with a Beta of 1.0 are contributed to a portfolio, the Beta of the
portfolio will be 1.0. Replacing one of these stocks with a stock whose Beta is 0.8 will lower the
riskiness of the portfolio. Adding a stock with a higher Beta will raise the riskiness of the
portfolio.

The CAPM also enables one to set the expected (desired) return from a stock according to its
Beta, the degree of risk in the broad market, and the current risk-free rate:

X, =B((Xy —rs)+r,

where r; is the "risk-free" rate of return.

"' The "risk-free" rate may be determined either by the rate on U.S. Treasury Bills or Bonds, but more
frequently on Bonds, and, as previously explained, carries an allowance for inflation.
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Alpha

If we were to plot the price increase of a stock against

the Market Index, we would expect that the regression Price Increase Characteristic Line
line'? drawn through the historical price points would g or Mailigg Line
pass through the origin of the graph. But in many cases e
it does not. ,,/ﬁi] Beta

' Alpha | .
The point at which the regression line intercepts the Increase in Market Index

y-axis (vertical axis), is known as the stock's Alpha. The
distance from the x-axis is the difference between a
stock's actual return and its expected return. The Alpha measurement is generally attributed to
some non-market factor such as individual management. Therefore Sharpe's formula is usually
modified to read:

X,-1.)=A+B (Xy —1;)

Finally, many brokerage houses which supply stock Betas add an error factor equal to 2 standard
deviations of the confidence interval for the estimate of the Beta value. This error factor, e, is
added to the formula:

(iA—rrf)zA"'B (iM _rrf) t+e

R- Squared

The R-Squared value (0-100%) of a mutual fund measures the percentage of the fund's movement
which can be attributed to changes in the Market Index. A high R-Squared factor indicates that
most of the fund's movement can be traced to the changes in the Market Index, while a low factor
indicates that very few of the changes can be attributed to the benchmark index.

The R-Square value is used in connection with a reading of the fund's Beta. A high R-Square
suggests that the fund's Beta is more reliable than if the R-Square is low.

Limitations to the CAPM

While the theory of CAPM continues to be taught in most business schools, follow-up studies
which have compared past Beta determinations with actual future stock performance suggest that
in many cases there was little predictive value in published Betas.

The model for the CAPM is intended to be used with expected (ex-ante) data, but the values of
Beta provided by investment service firms are calculated using historical (ex-post) data.
Therefore in practice, the CAPM is predictive of future stock prices based on past performance,
and not as the result of an analysis based on the probability of future performance. To the extent
that a stock's Beta may be predictive of its future performance, the use of Betas to assemble a
portfolio with reduced risk may or may not be helpful.

12 Characteristic Line
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Arbitrage Pricing Theory (APT)

APT is one of the modifications to the CAPM meant to overcome its reliance on one factor alone,
the measurement of a stock's risk in relation to market risk.. APT theory specifies that there may
be a number of factors affecting this relationship: the manner in which a stock's price responds to
interest rates, to inflation, to changes in economic activity, etc.. Two stocks carrying an equal
potential for risk may respond to these myriad factors in different ways.

APT is a mathematical model which attempts to adjust the response to each of these factors. The
derivation and construction of these mathematical models, however, is quite complex and is
beyond the scope of this text, but it is interesting to note that many stock analysts and economists
support their market predictions by reference to a model: “Our model indicates that ....”

Monte Carlo Simulation

The development of computer spreadsheets has taken much of the drudgery out of reworking
financial models. Spreadsheets enable us to determine in a few seconds the particular effect on a
modeled outcome as the result of a discrete change in any variable, provided we are content to
change one variable at a time. We can run any number of trials on the spreadsheet, changing a
single variable each time, but when we are finished we have a large number of possible outcomes
but no real sense of which outcome, or set of outcomes, is most probable.

When we encounter situations in which the variable can take on a large number of different
values extending over a defined range of values, the spreadsheet approach proves very limiting.
When the situation involves a large number of variables as well, the task becomes daunting.

The use of the computer comes to the rescue because it is capable of randomly generating a very
large number of simulated outcomes for one or more variables expressed with limits, or bounds,
set for each variable. Computer programs collect these results and organize them in a way which
permits an estimate of probable outcomes.

These programs involve thousands of runs, the collection of the results for each run, and the
organization of the results either in the form of a histogram or as a Continuous Distribution graph
from which estimates of the most probable outcomes can be read.

Cumulative Distribution

100%

| IR SR R S ] In the accompanying illustration which
80% > depicts a Cumulative Distribution curve,
£ 1T S AR one could say that the chance of
= R R R g ] obtaining a profit less than $250 is about
S R R R I A D 18%. The chance of receiving a return
20% less than $350 is about 80%.
0% /
$150 $200 $250 $300 $350 $400 $450
Profit
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One such simulation which is proving attractive to financial professionals is Monte Carlo
Simulation.

This simulation is a statistical technique'? by which a quantity is calculated repeatedly using
computer-generated random values within a specified range of probable outcomes. "
Commercially available programs are capable of tasks such as pricing derivatives' or estimating
the value at risk'® of a portfolio, or the risk of attaining a capital sum at the time of retirement as
the result of combining a number of different investment vehicles.

These programs involve thousands of runs, the collection of the results for each run, and the
organization of the results either in the form of a histogram or as a Continuous Distribution graph
from which estimates of the most probable outcomes can be read.

A Simple Monte Carlo Simulation

The following example illustrates how Monte Carlo Simulation might be used to calculate the
numerical value of 7t (pi)."”

Consider the area of a circle imbedded in a square. For simplicity's sake we will focus on the
upper right quadrant. We have a machine which can throw numerical darts randomly at the upper
right quadrant.

In order to be sure that all darts land within the
upper right quadrant, we would program the
computer to "throw darts" according to preset
limits along both the X and Y axes; X values would
be between 1 and 2, and Y values would also be
between 1 and 2.

The machine is, of course, the computer which is
programmed to generate random numbers of (X, y)
points such that all darts land somewhere within the
upper right quadrant. Some would land within the
shaded area and some outside the shaded area.

It would be reasonable to assume that the number of darts landing within the shaded area, and the
number landing within the quadrant but outside the shaded area, would be in the same proportion
that the shaded area bears to the total area of the quadrant.

3 A mathematical technique for numerically solving differential equations

Stochastic analysis

A financial instrument whose value depends on the performance of some underlying instrument/

The upper bound on a confidence interval for the probability of the loss/profit that a portfolio will
realize over a specific period of time.

Area of a circle = T r°

15
16
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Therefore,

Number of darts in shaded area _ area of shaded area
Total number of throws area of quadrant

Number of darts in shaded area _ nR?/4 _ nR? m

Total number of throws R? N 4*R? 4

1 = 4* Number of darts in shaded area

Therefore,
Total number of throws

It requires a very large number of "dart tosses" to produce a reasonably accurate estimation of the
value of pi. The greater number of random tosses,'® the more accurate the value of pi. An accurate
value for the determination of pi might take 10-20,000 "tosses," or iterations of the computer for
this simple determination. More complex simulations may require hundreds of thousands of
iterations on a fast computer.

Because of the time and resources required, Monte Carlo simulations are most often reserved for
those analysis problems for which no closed-form solution' exits, or is conveniently available.
A compromise often sought is to reduce the total number of Monte Carlo iterations required to
deliver a reliable answer. One means of reducing these computations is to reduce the required
confidence interval or to tightened the limits of the possible outcomes (variance spread).

But one thing is certain: the more complex the model constructed to achieve a targeted goal (e.g.
a retirement account of a stipulated capital value at some time in the future), the more frequently
the simulation must be run in order to track the potential changes in a large number of variables.

Risk Associated with Bonds

In Chapter 6 we discussed bond risk as measured by Duration alone. But there are other factors
influencing bond risk: liquidity, credit, currency and volatility. All these factors combine to
determine the riskiness of an issue.

Bonds are graded either by Standard and Poor's, by Mode’s Investment Services or by Fitch Inc.
The first two services rate an issue according to "all the information provided to the public." The
grade assigned to a bond gauges the issuer's ability to meet the promised dividend payments and
the return of the principal, and therefore serves as an index to the bond's potential riskiness.

Both services use letter-coded grading systems which are similar, but not identical.

The following charts provide a brief explanation of the risk factors and list the grades assigned by
each service.

The random numbers generated by a computed are quasi-random. Given a starting "seed' value, the
computer will repeatedly generate the same set of "random" numbers. Commercially available
programs, however, will pull a seed number from some transient value within the computer, and thus
approach a true random series.

1% A solution produced by a mathematical equation or computer algorithm
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refers to market demand for the bond and the ability of the bond
Liquidit holder to liquidate his position. Smaller issues may not be able to
1qUICIEY-- | attract a sufficient number of potential buyers if the need to sell
arises. Lowered liquidity increases risk and raises required yield.
refers to the creditworthiness of the issuer and applies directly to the
Credit ... likelihood of a default. Low credit (i.e. "junk") bonds require high
yields to be marketable.
refers to the bond's price sensitivity to changes in market yield.
Duration... | Duration is a function of market yield, coupon rate and time to
maturity. Higher Durations increase risk.
C refers to changes in the exchange rate between the currency in which
UIrency--- | the bond was issued and the value of the holder's currency.
Volatility Refers to the potential for the issue to respond to economic changes.
Rating Standard & Poors Moody's
Highest Quality AAA Aaa
High Quality AA Aa
Upper Medium Grade A A
Obligations
Medium Grade
Obligations BBB Baa
Somewhat Speculative BB Ba
Low Grade Speculative B B
Possibility of Default CCC Caa
Highly Speculative CC Ca
Lowest Graded - C C
Extremely Poor Prospects

Bond Ratings Affect Discount Rates

Consistent with the Capital Asset Pricing Model, bond investors require higher yields for bonds
of higher risk. The yield required is the discount rate which will be applied to all future cashflows
arising from dividends and reversionary value. The higher the discount rate, the lower the Present
Value of the bond.

In our discussion of Duration in Chapter 6, we discounted bonds according to the "market yield."
If we were to construct a yield for a particular bond issue, it would be necessary to calculate an
Expected Return incorporating all of the risk factors mentioned above. The rating services
provide an index to the risk of the bond in their code-letter classifications, and therefore are a
more convenient aid in establishing an appropriate discount rate.

In comparing bonds according to their Durations, it is important to compare bonds with similar
risk ratings, since a risky bond with a high coupon rate may have a Duration equal to a less risky
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bond with a lower coupon rate. Duration measures the potential volatility of a bond to changes in
market interest rates, but Duration alone does not measure changes in the ability of the issuer to
repay interest and principal, the potential for currency rate changes, nor any of the other bond
factors which are involved in risk.

In the Final Analysis...

When all is said and done, the evaluation of risk is a rather subjective exercise. Statistics can
provide some guidelines as to historic performance and, by extension, to what the future may be
like.

Probabilities involve predictive estimates of what the future may hold, irrespective of the past.
But under both circumstances there is the likelihood of error: either that the future will not be
very much like the past, or that our best estimates of the most probable outcomes will be well off
the mark.

Nevertheless, an attempt to quantify risk does focus our attention on both past performance and
the likelihood of future performance, and this attention is better than no attention at all. The
degree of risk as seen through the eyes of one investor will be different from the degree of risk
seen by another investor. As a result, each will add a different risk premium to the safe rate.

It is the combination of the safe rate, the inflation rate and the risk premium rate which adds up to
the discount rate. And it is the discount rate which we use to convert expected future cashflows to
an estimate of present value.

Chapter Summary

1. Risk is commonly understood as the likelihood of an adverse outcome.

Risk can be estimated by extrapolating past performance into the future using historic
data.

3. Risk can also be estimated by identifying all possible outcomes and weighting the
probability of each outcome. The sum of the weighted outcomes is the Expected
Outcome.

4. The sum of the squares of the distance by which each individual value deviates from the
Expected Outcome (as determined by probabilities) or Average Outcome (as determined
by historical data) is the Variance. The Standard Deviation is the square root of the
Variance.

5. The Standard Deviation is the degree to which the collected data deviate form the Mean
or Expected Outcome.

6. It has been demonstrated that in a curve which follows the pattern of the normal bell-
shaped curve, 68.35% of the data will fall within + 1 standard deviation, 95.5% of the
data will fall within + 2 standard deviations, and practically all (99.7%) of the data will
fall within *+ 3 standard deviations of the mean (or expected return).

7. The Coefficient of Variation measures the amount of risk undertaken (as measured by the
Standard Deviation) in relation to the Expected Return. This is a useful index of risk
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10.

11.

12.

13.

14.

15.

16.

17.

which comparing investments of similar Expected Outcomes. It answers the question
"How much risk must I assume in order to achieve the Expected Outcome?"

The Sharpe Index measures the risk premium obtained per unit of risk, as measured by
Standard Deviation. Sharpe's Index asks "How much premium do I receive for each unit
of risk assumed?”

All investments carry both systematic (unique) and unsystematic (market) risk.
Unsystematic risk is the risk specific to a particular investment, while systematic risk is
market risk common to all investments in the same category.

Diversification of a stock portfolio may be able to eliminate virtually all unsystematic 9r
unique risk, but can eliminate none of the market or systematic risk.

The Correlation Coefficient measures the degree to which one stock varies with respect
to another stock. Perfectly correlated stocks (+1) move in lockstep with one another;
perfectly negative correlation (—1) indicates that two stocks move opposite to one
another; O correlation indicates that the price movement of two stocks is completed
unrelated.

The Capital Asset Pricing Model relates the risk associated with one stock to that of the
broad market using stock Beta.

Stock Beta is a measurement of the risk premium of a single stock in relation to the risk
premium of the broad market (as measured by the Standard & Poor's 500 Index).

Stock Alpha measures the difference between a stock's actual return and its expected
return given a level of Beta risk.

Theoretically the systematic risk of a portfolio of stocks may be reduced, if not
eliminated, by choosing a sufficient number of stocks which are positively correlated. In
practice, the use of Beta to select stocks has been shown to be unreliable. A limitation is
the reliance of Beta measurements on past performance.

Monte Carlo simulations offer a means of generating expected outcomes by the use of
computer-generated random values in place of uncertainties.

Duration is a good index of volatility for bonds of similar risk but does not reflect all risk
factors associated with bond investments.
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arising from mortgages and promissory notes.

Before we begin, it may be helpful to define P }" OmiS SO}':y N Otes

some new terms and delineate a few important

concepts related to promissory notes and & Mor‘t’ga geS

mortgages.

In this section we will evaluate cashflows Chapter 8

The most common financial method of acquiring

real estate, as you know, is by combining owner funds (equity) with borrowed funds (debt).
When stocks or bonds are acquired with borrowed funds, they are said to be bought “on margin.”
In either case, these two initial cashflows - equity and debt - taken together equal the acquisition
price of the investment..

Distinguishing Mortgages & Trust Deed Loans

In eastern states, lenders commonly use an instrument called a Mortgage to evidence and secure
their loans. The borrower executes a promissory note as legal evidence of the debt. The
Mortgage is recorded against the owner’s title and acts as a security device in the event of a
failure of the borrower to repay the debt or otherwise fail to uphold the loan agreement. Most
Mortgage forms combine these two instruments, the promissory note and security instrument, in
a single document.

In western states, and some southern states, Mortgages are not used for reasons which reduce to
the fact that they are legally cumbersome. In these states, the promissory note also acts as legal
evidence of the debt, but the security device — which is always a separate, recordable instrument
— is known as a Trust Deed. A Trust Deed is a recordable instrument, whereas a promissory note
is not recordable.
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In those states in which Mortgages are Trustee
used, the relationship is a two-party
arrangement directly between lender and
borrower, with the borrower (mortgagor)
retaining full title to the property. In
those states in which Trust Deeds are
used, the relationship is a three-party
arrangement among 1) the borrower
(trustor), 2) the lender (beneficiary) and
3) a trustee (a neutral third party).

Lender, or Deed Borrower, or
Beneficiary Trustor

In executing the Trust Deed, the Borrower-Trustor establishes a Trust and appoints the Trustee!
as guardian of that which is to be placed in Trust — the deed to the Borrower’s property. This
deed, however, does not carry with it the usual rights to use and possess the property, only the
right for the Trustee to sell the property under carefully proscribed legal conditions.?

If the Borrower-Trustor breaches his agreement with the Lender-Beneficiary, the Lender notifies
the Trustee to initiate a foreclosure action to sell the property under a Power of Sale clause
contained in the Trust Deed. To give public notice to whomever may be interested that the title to
the property is encumbered by a lien,? the Lender-Beneficiary requires that the Trust Deed be
officially recorded against the title to the Trustor’s property.

Time of Recording Establishes Priority of Lien

When more than one Trust Deed or mortgage is recorded against a Borrower’s title, the order in

which the liens are recorded establishes which is the “First Trust Deed,” “Second Trust Deed.”

and so on.... The same is applicable to Mortgages. Each recorded lien

First in Time is stamped with the exact date and time (hour and minute) of recording,

Is and also assigned a sequential Document Number, by the recording

clerk. If one wishes to determine whether a certain lien is a First,

Second or Third Trust Deed or Mortgage, it is necessary to examine the

actual document and note the time of recordation and the Document

Number for each instrument. The Trust Deed or Mortgage document itself gives no other
indication of its priority.

First in Right

Trust Deeds which are recorded earlier in time than others are said to be “senior” notes, while
those recorded later are “junior” notes. Senior and junior refer only to the time-priority of the
Trust Deeds and not to the monetary value of the corresponding promissory notes which they
secure.

These matters are relevant because they relate to investment risk.

1 Usually, but not necessarily, a corporation created and owned by the title company which insures the

title.
Which are listed in the Trust Deed document itself, and, in most states, in its Civil Code.
An encumbrance on property involving money.
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If a lender forecloses under a Trust Deed which is senior to other Trust Deeds recorded on the
same property, the lender takes full title to the property in the condition in which it existed at the
very hour and minute his Trust Deed was recorded. All junior Trust Deeds are automatically
expunged from the title.*

This fact creates risk for junior lien holders, and this risk is factored into the interest rates
charged by lenders who make loans secured by junior Trust Deeds. This helps explain why
second and third Trust Deed loans command higher interest rates.

If the reader seeks more information, he or she may wish to consult a text dealing with real estate
principles or finance, since there is considerable misinformation about the workings of this
important aspect of investment financing.

Is It a Trust Deed or a Note? Or is it a Mortgage?

One particular area of confusion derives from the fact that many people use the term “Trust
Deed” when they are referring to the promissory note. The two are different; and it is more than
just academic hair-splitting to want to maintain the distinction. If the Promissory Note can be
separated from the Trust Deed, then some Promissory Notes can be securitized with collateral
other than a Trust Deed on the subject property. And, by the same token, Trust Deeds may be
used to collateralize something other than a note; e.g. a promise to do, or not to do, something.

Promissory notes are very commonly bought and sold in secondary financial markets. Trust
Deeds never are.> It is the promissory note which not only evidences the debt, but also recites
the term of the loan (n), the amount of the payment (PMT) and its due date, the interest rate (i),
the principal amount (PV), and — in some cases — the amount due at maturity (FV), as well as
other important conditions of the loan. While recorded Trust Deeds may cite some terms of the
loan (PV, PMT, due date), they rarely recite all the terms of the Promissory Note. Our interest is
not in the Trust Deed (nor in the Mortgage®) especially, but in the terms of the Promissory Note,
because it is from the note that cashflows arise, not from the Trust Deed.

Lastly, be aware that many individuals use the term "mortgage" (lower case) to equal loan, or
“trust deed” to equal loan. There’s no way to discern what they mean except by patient inquiry.

In the following sections of this chapter we will discuss a number of common loan constructions
and examine the cashflows which flow between borrower and lender. It is helpful to understand
that lenders change loan programs change very frequently, adjusting the terms of loans in
seemingly limitless ways, all designed to gain a marketing advantage, a financial advantage and

Tax liens, however, are given automatic precedence over trust deeds.
When a promissory note is sold, any Trust Deed which acts as security for the note automatically
transfers, by operation of the law, to the owner of the note. No action by the new owner is required.

6  Since most Mortgage documents usually contain the promissory note, a recorded Mortgage will
provide the terms of the note. This is not the case with Trust Deed documents.
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consumer appeal. Therefore, as you progress through these sections, be mindful of how the
conventional elements of loans can be put together in unconventional ways.

A thorough understanding of the key elements of loan cashflows will help you evaluate a wide
variety of existing loan programs, even loan programs yet to be concocted and, perhaps, enable
you to solve many financing problems using innovative cashflow techniques.

A Word To the Wise

Investments in trust deed notes and Mortgages can offer excellent short-term yields, especially
when they are acquired through an IRA or a 401(k) plan which enables the investor to defer taxes
on the income and to roll-over the total proceeds into another investment. The overriding
consideration, however, is safety of principal..

The first line of defense against loss is the credit worthiness of the trustor-borrower. A current
credit report is an absolute necessity.

The second line of defense is a current and reputable appraisal of the property securing the debt.
The property securing the debt need not be the property purchased with the loan proceeds. Any
real property can be used as the security for any promissory note. The purpose of this appraisal is
to ascertain the amount of net equity which the trustor has in the property and which is offered as
security.

The third line of defense is a current report on the condition of title issued by a reputable title
insurer which will confirm a legal description of the securing property, its current ownership, the
existence and priority of senior liens, tax liens, recorded judgements against the owner's interest
in the securing property and the existence of any non-standard easements or other encumbrances
affecting the title. A junior lien holder should insist on being named "additionally insured" on the
title and fire insurance policies.

Suffice to say, any financial planner or investor lacking the experience and know-how should
obtain the professional assistance of an experienced real estate consultant or real estate attorney.

'Nuff said.
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I - The Amortizing Loan

An amortizing loan is one which is set up on a payment schedule which would eventually
eliminate the balance of the loan. The word amortizing derives from a morte, which means,
literally, “to (the) death.” This pertains to the fact that if the required loan payment is made each
period, the balance of the loan will eventually be paid down to zero (i.e. "killed off" ). In terms of
cashflows, it means that the Future Value (FV) of every fully amortizing loan will eventually
become zero. This is true even if only a few pennies from the regular PMT are available to
reduce the principal.

Amortizing loans, therefore, are a type of ordinary annuity for a definite period of time whose
PMT:s can be calculated by formulas covered in Chapter 3.

The Amortization Schedule

The length of time required for the balance of an amortizing loan to reach zero is called the
amortization schedule of the loan. The graph below illustrates the progress of a loan which will
amortize over a 30-year period, and shows the cash from the payment devoted to interest vs. the
cash devoted to reduction of the loan balance (the equity portion’ of the payment). The hallmark
of a fixed-rate amortizing loan is an equal payment over the entire schedule of the loan Therefore
at any point in the progress of a fixed-rate amortizing loan, the addition of the interest and equity
portions of the fixed payment will always total to the same number.

Annual Interest Payment

/ Equity Buildup
10,000.00

el

30- Year, Fully Amortizing Loan

7 “Equity Portion” because it lowers the outstanding debt and increases the owner’s cash position in his
property.
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The graph on the previous page should not be passed by lightly.

Notice that as an amortizing loan progresses toward a zero balance, the portion of each PMT
devoted to the reduction of the loan increases. If one can assume (take over) an older loan in
acquiring a property, each subsequent loan PMT by the new owner delivers more cash to reduce
the principal. Less interest to the lender and more equity build-up to the owner increases the
equity position of the owner.

Amortization Schedule vs. Due Date

Most commercial and residential amortizing loans are scheduled to be reduced to a zero balance
over a period of from 15 to 40 years.? Since the payments needed to reduce the loan to zero are
typically - but not always - made on a monthly basis, it would be more accurate to refer to these
loans as loans which will amortize over 180-360 months.

The advantage to borrowers of loans which are constructed to amortize over long periods of time
(30-40 years) is that the required payments are kept relatively low. But long amortization
schedules place the lender of a fixed-rate loan at substantial risk to rising interest rates.’
Therefore lenders will either 1) schedule the loan as though it were to last 25, 30 or even 40
years — but “call” the loan!0 at the end of the 5th, or 7th, 10th or x year in the schedule, or 2)
charge substantially more in interest to compensate for the added risk.

This kind of loan is commonly used in connection with income-producing properties and less
frequently, but not infrequently, with residential properties. Whenever a loan calls for a payment
which is more than twice any of the preceding six regularly scheduled payments, that payment is
called a balloon payment. Therefore all loans set up on fully amortizing schedules, but which
require an early payoff by the borrower, contain balloon payments. Loans requiring a balloon
payment must often meet certain legal obligations for notification to the borrower of the
impending due date.

Only Fixed-Rate Loans Offer Constant Payments

Payments of the same amount, month-in and month-out, were once the hallmark of every
amortizing loan. The amount of the payment (PMT) never changed over the life of the loan.
Since the late 1970’s, however, interest rates on certain kinds of amortizing loans periodically do
change, and therefore the PMT necessary to "kill off" the balance of the loan over the
amortization schedule originally selected also changes from time to time.

In order to distinguish between the two types of amortizing loans, we now refer to mortgages
whose PMTs never change as fixed-rate mortgages, and to those whose PMTs change from
time to time (as the result of a change in interest rates) as Adjustable-Rate Mortgages, or
ARMs. Creative mortgage types have even created the hybrid - the adjustable rate mortgage

8  Although other schedules are frequently encountered.
9 Interest paid on deposits will exceed the interest rate obtained from outstanding loans.
10 Require that the loan be paid in full before the end of the amortization schedule.
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which later converts to a fixed-rate mortgage, or the fixed-rate loan which later converts to an
ARM. If you guessed that these loans are now called convertible mortgages, you are right.

The Fixed—Rate, Amortizing Loan

The elements of this loan are the same as for all cashflow problems:

n denotes the number of periods over which a payment will be made. The
total number of periods = the amortization schedule.

i denotes the interest rate of the loan, expressed to correspond to the same
time interval as n and PMT.

PV denotes the Present Value of the loan at any point in its schedule.

PMT denotes the payment per period n which is required to reduce the
remaining balance of the loan to zero.

FV denotes the Future Value, or remaining balance of the loan, at any point in
its amortization schedule. For the fully amortizing loan, this amount, by
definition, will always be zero at the end of the amortization schedule.

These five financial variables and their symbols are used by all financial calculators and by all
financial (computer) spreadsheets. They are represented on the HP-12C by the same keys (1,1)
through (1,5) which we used in solving cashflow problems in previous chapters.

| n | i | pv | PMT | FV |

On Microsoft Excel®, the order of the variables is changed: n becomes nper, and i becomes rate.

| rate | mper | PMT | PV | FV | gpe |

The type variable enables the computer user to set the PMT at the beginning of the period (BOP)
or at the end (EOP). Set type to 1 for PMTs made BOP; set type to O for PMTs made EOP. The
default valuel! is zero (EOP).

Determining the Payment Necessary to Fully Amortize a Loan

Problem:
Calculate the monthly payment (PMT) necessary to
amortize a loan of $100,000 (PV) over a period (n) of 30
years, if the lender charges an annual interest rate (i) of
10%, compounded monthly.

Remember that the time spans of n, PMT and i must all be the same. This problem, however,
expresses n in years, PMT in months, and i in years. Since we are going to solve for the monthly

11 The value used by the computer when no value is specified.
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PMT, we must first translate n into months and i into a monthly rate of interest to maintain time
consistency among these cashflow variables.

The hard way to do this is to key-in 30 (years), multiply by 12 (months/year) and enter the result
(360) into the n register (key (1,1). An easier way is to utilize the blue key [gl 4,3).

Key-In Display Shows

30 g [n] 360.00

This installs 360 (months) into the n register by automatically multiplying 30 x 12.

Similarly, we can conveniently convert the annual interest rate (10) into a monthly rate by using
the blue key @ as a prefix to the E] entry:

Key-In Display Shows

10 [g] [i] 0.83

In this case, using the blue key |__£| before entering 10 into m automatically divides 10 by 12,
=0.83 We have now filled two of the Registers, and El

n i PV PMT FV
360 0.83

Now enter the Present Value (in this case the original loan amount, $100,000) into PV:

KeyIn Display Shows Comment
100000 CHS PV -100,000.00

Pressing the CHS key (1,6) changes the sign
of the number in the display

We have now filled three of the Registers, |£| ,|i] and

n i PV PMT FV

360 0.83 -100,000

Notice that the figure 100,000 was entered as a negative number. We did this by first keying-in
the number 100,000, then keying CHS (1,6) to change the sign, and then entering the result into
PV. Had we not changed the sign, the payment (PMT) would be a negative number. There’s
nothing wrong with this, but you may wish to make it a general rule to enter all PV loan values
— whenever appropriate — as a negative (from the lender’s point of view) and read out all PMTs
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as positive. The sign convention requirement of the calculator requires that at least one of the
cash entries must be a negative number.!? This requirement is also true for computer
spreadsheets.

Now we need to enter something into the Future Value register. Since this loan will be a
completely amortizing loan, we know that in 360 months FV must, by definition, be zero.
Therefore we enter 0 into FV.

n i PV PMT FV
360 | 0.83... -100,000 0

Now all we need to do is to call for the answer by pressing , the unknown:

n i PV PMT FV
360 | 0.83... -100,000 2 0
877.57...

Therefore the PMT necessary to amortize a $100,000 fixed-rate loan over 360 months, with
monthly PMTs including interest calculated at the rate of 10% per annum, but applied monthly,
is $877.57... per month.!3

Solving this problem on the computer’s spreadsheet is a matter of filling

in the blanks. The formula is: Avoid using
=PMT(rate, nper, pv, fv, type) commas to
=PMT( 0.10/12, 360, —100000, 0, 0) format numbers
= $877.57 inside Excel
_ formulas
The type position enables specifying EOP or BOP PMTs. Notice that

the interest rate is entered as a decimal, and not as a percent. Take care
not to use commas except to separate formula entries.

Problem:
Suppose that you wish to determine the PMT for a loan of
this amount, with an identical interest rate, but amortized
over a 15-year schedule (180 months).

What PMT would be required?

12 Cash must flow out and in.

13 The ellipsis (...) indicates that there are additional values for the number which are not shown,
877.5715701
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The only value in the registers which needs to be changed is the value in the register. There
is no need to clear the entire calculator and re-enter all the other values. (Don’t worry about the

value in PMT.) Simply write-over the value in @ and re-solve for PMT:

Key-In Display Shows
15 [g] [n] 180.00
solving
PMT 1,074.61

This solution says that a monthly payment of $1,074.61, which includes monthly interest at the
annual rate of 10%, will completely amortize a $100,000 loan in 15 years ( 180 months).

Not all loans are institutional loans, as you well know. Many are made by private investors.
Consider this situation:

Problem:

Suppose that you are involved in the sale of a property

whose owner has agreed to carry back a note in the amount

of $15,000 as part of the purchase price. He requires,

however, that he receive PMTs such that the note will be
completely paid off (amortized) in 8 years, and he will

settle for nothing less than 9% annual interest on the note. He also
requires that the PMTs be made monthly.

What PMT can he expect to receive?

Here’s how to solve for PMT in this common situation:

n will be 8 x 12 (expressed in months)

i will be 9 + 12 (as a percent per months)

PV will be —15000

PMT ? (will be answered in PMT per month)
FV will be 0 (the loan fully amortizes in 8 years)

The key-strokes are:

Key-In Display Shows
f CLX 0.00
8gn 96.00
9gi 0.75
15000 CHS PV -15,000.00
0FV 0.00
solving
PMT 219.75
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Solving for n, the Number of Periods

Unfortunately you find that Buyer in the preceding problem cannot
make this high a payment ($219.75). Following a discussion, the

Buyer determines that he could make a PMT of not more than
$200.00 per month.

How long will it take for this PMT of $200 to amortize the loan?

n will be ?
i will be 9 + 12
PV will be —15000
PMT 200.00
FV will be 0
Key-In Display Shows
f CLX 0.00
9gi 0.75
15000 CHS PV -15,000.00
200 PMT 200.00
O0FV 0.00
solving
[n] 111.00

Therefore a PMT of $200 will completely amortize this debt within 111 months.

As previously discussed, one of the idiosyncrasies of the HP-12C calculator when it attempts to
solve for n is that the answer is always given in integers (no decimal places). In almost all
cases, the PMT made for n periods will overpay the loan. Therefore when solving for n always
check for an overpayment by re-solving for FV. Enter these values:

Key-In Display Shows
9g i 0.75
15000 CHS PV -15,000.00
200 PMT 200.00
0FV 0.00
n 111.00
solving
-72.50
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Solving for a Balloon PMT

Continuing with the Problem:

Unfortunately, the Seller refuses to carry this note that long. By way of
compromise, the Buyer agrees to pay a balloon payment at the end of the
8th year, if the Seller will agree to the $200 per month payment and if
the balloon payment is limited to not more than $2,500. We already
know that a PMT less than $219.75 will not amortize this loan in 8 years

at the given interest rate.

But what will the balloon payment be?

n will be 8 x 12

i will be 9+12 %

PV will be -15000

PMT 200.00

FV will be ?
n i PV PMT FV
96 0.75 -15000 200 ?

Solving... | 2,762.59

Here are the keystrokes:

solving

Key-In

8gn

9gi

15000 CHS PV
200 PMT

Display Shows

Solving for the Interest Rate, i

Continuing with the Problem:
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Since the balloon payment of $2,762.59 would exceed the Buyer’s limit
of $2,500, the Buyer refuses to agree to these terms. As a compromise,
you negotiate a modification whereby the Buyer will agree to a balloon
payment of up to $2,500 if the Seller will lower the interest rate not more

than one-half percent.

What will the interest rate i be?

96.00

0.75
-15,000.00
200.00

2,762.59
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n =96
i =%
PV =-15,000
PMT = 200.00
FV = 2500
Key-In Display Shows
8gn 96.00
15000 CHS PV -15,000.00
200 PMT 200.00
FV 2,500.00
solving
m 0.73 (Monthly interest rate)
12 [x] 8.78
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